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BBEJEHHUE

Hacrosimee yae6HOE mocoOme COACPIKUT 3alaud M yIpaKHe-
HUS JUTSL OpTaHU3aly CaMOCTOSITENIFHON paboThl IO Kypcy «Mare-
MaTHKa», «CHenriaBpl MaTeMaTHKN.

Conepxanne yueOHOTO TOCOOMS COOTBETCTBYET IMPOTPaMMe
Kypca MaTeMaTHKH [Uii OakalaBpOB  HWH)KEHEPHO-TEXHUYECKUX
CHelHabHOCTEW BTY30B, paccuuTaHHOW Ha 508 4acoB M yTBeEp-
x’aeHHo MunuctepcTBoM oOpasoBanusi Poccuiickoit deneparun
B COOTBETCTBUM C HOBBIMH 0OOpa30BATEIbHBIMH CTAHIAPTAMH.

3AHATHUE Ne 1

METOJ I'AYCCA UCCIENJOBAHUS U PELHNEHUSI
CUCTEM J/IMHEUHbBIX YPABHEHHUMN.
METO/ ’KOPJAHA-I'AYCCA

Jluteparypa: [3], c. 23-35; [5], c. 77-87; [4], c. 50-54;
[7], c. 145-146; [15], c. 43-45; [16], c. 23-28.

KoHTpoJibHBIE BONIPOCHI M 32/1aHUA

1. B ueM cOCTOMT METOJ MOCIEN0BATEIBHOIO HCKIIOUYEHUS
HEN3BECTHBIX?

2. Kakas marpuiia Ha3bpIBaeTCA PACIIMPEHHOW MaTpPULEH CH-
CTEMBI?

3. Kakue mpeoOpa3oBaHHUs MATPHUIbl CUCTEMBI Ha3bIBAIOTCA
3JIeMEHTapHbIMU?

4. CocTaBUTh AITOPUTM PELICHUS TUHEHHBIX CUCTEM METOJ0M
l'aycca.

5. Kak uccnenoBarb CUCTEMY JIMHEWHBIX YPAaBHEHHUH C IOMO-
ipi0 MeToa ['aycca (B MaTpudHOM BUje)?

6. B ueMm cocrout otiinuue meroaa XKopnana-I'aycca ot meto-
na ["aycca?



7. CoCcTaBUTh aITOPUTM PEILIECHUS TUHEUHBIX CUCTEM METOJIOM
Kopnana-T'aycca.
8. B xakux MHXKXEHEPHBIX 3aJa4axX UCIOIB3YIOT MeTo ["aycca?
IIpumepsl pemieHus 3aga4
Ipumep 1. Metonom [Maycca nccnenoBat COBMECTHOCTh M HAWUTH
oO11ee peneHne CUCTEMbI IMHEWHBIX YpaBHEHHHA

6X1 —3X2 —3)C3 —X4 = -9
X1 +2x2 +2X3 +3X4 =1
—7x1 +x2 + X3 —ZX4 =8
—3x1 + 9.X2 +9.X3 + IO.X4 =12
Pemienue. MensieM mMecTamu IepBO€ W BTOPOE YPAaBHEHMS W 3aIlH-
ChIBAEM pACHIMPEHHYIO MAaTpHUIly CUCTEMBI. 3areM noj | B mepBoM
cToJO1Ie AenaeM HyH. J[Js 3TOro nepByro CTPOKY YMHOXKaeM Ha —6
U MpubaBisieM KO BTOPOH CTPOKE (CKIIAAbIBAIOTCS COOTBETCTBYIO-
M€ IEMEHTHI), EPBYIO CTPOKY YMHOKaeM Ha 7 U NpuOaBisgeM K

TpeThel CTPOKE, MEPBYIO CTPOKY YMHOKaeM Ha 3 W mpuOaBisieM K
YETBEPTOU CTPOKE:

I 2 2 3|1 (1 2 2 3 1 )
6 -3 -3 -1|-9 0 -15 -15 -19 ‘ —15
-7 1 1 2|38 : U 1> 1> 1Y | 1> :
-3 9 9 10]12 LO 15 15 19 ISJ

Henaem nynu noxa —15 Bo BTopom cronbie. s 3Toro npu-
0aBIiieM BTOPYIO CTPOKY K TPEThel U ueTBepTol. Tak Kak TpeTbsd U
YeTBEpTask CTPOKHU COCTOST U3 HYJIEH, TO BBIYEPKUBAEM UX:

1
-15

(1 2 2 3 ‘ 1)
0 —15 =15 —-191-151 (1 2 2 3
V) V) V) U V) D\U —-15 —15 -19Y
to 0 0 0 ‘ OJ




Taxkum 00pa3oM, pacmmpeHHas MaTpUlla CUCTEMbI PUBE/IC-
Ha K TpeyroibHOMy Buay. [IpomsBogum oOpaTHBIA X0 MeETOaa
lNaycca. 3anucsiBaeM cucTEMY ypaBHEHUMN C HOBBIMH KO3 duunen-
TaMH, SKBUBAJICHTHYIO HCXOHHOﬁI

X +2x) +2x34+3x4 =1
15x, +15x3 +19x, =15
Bynem cunTarh 0asMCHBIMH MIEPEMEHHBIMH X; U X,, a CBO-
OOMHBIME X3 M X4 . I3 BTOPOTO ypaBHEHHS BBIPAKAEM X, :
X =l-x; —me
15
IIOJICTAaBIISIEM B [IEPBOE YPABHEHHE U BBIPAXKAEM X :

19 7
xi=1-2|1-xy——x4 |-2x3-3x,=—1——x,.
1 ( 3715 4) 3 4 574

O06o03Hayass cBOOOHBIE NEPEMEHHBIE X3 =C] U X4 =Cy, IO-
JTydaeM olliee pelIeHre CUCTEMBI B BUJIE

a7,
X 152
X = *2 = l—Cl—BCZ
% 15
X4 G
)

Ipumep 2. Metonom [Maycca nccnenoBat COBMECTHOCTh M HAWUTH
oOliee pelieHne CUCTEMbI JIMHEHHBIX YPaBHEHUI

xl +X2—X3 :—4
X1 +2X2 —3X3 =0
-2x — 2x3=3



Pemenue. 3anuceiBaeM pacIIMPEHHYI0 MaTPUIly CHUCTEMBI. 3aTeM
YMHOKaeM IEepPBYIO0 CTPOKY Ha —1 U mpubaBisieM KO BTOPOiA, YMHO-
’KaeM MEPBYIO CTPOKY Ha 2 U pUOaBIIsieM K TPEThEH:

1 1 -1]-4 (1 1 —1|—4H
1 2 =3|0||0
-2 0 2|3 L02—4\—5U

YMHOaeM BTOPYIO CTPOKY Ha —2 U IpUOaBJIsieM K TPEThEi:

(1 1 1] 4
21| 4
Lo 0 0 |-13

Takum oOpa3om, pacuupeHHas MaTpulla CUCTEMbI IpUBEJIE-
Ha K TpeyrojbHoMmy Buny. llpomsBogum oOpaTHBI X04 MeTona
lNaycca. 3anuceiBaeM cucTeMy ypaBHEHUMN ¢ HOBBIMH Ko3(dduunen-
TaMH, SKBUBAJIEHTHYIO UCXOIHOM:

x1+x2—x3 =4
Xy —ZX3 =4
0=-13

3ameuaeM, YTO TPEThe YpaBHEHHUE CUCTEMbl HE UMEET pellie-
HUH, TOATOMY CHCTEMa HECOBMECTHA (HE UMEET PEeIIeHUN).

3agauu U ynpaskHeHus JAJIs CAMOCTOSITEIbHOT0 peleHust
Pemmte 3amaum NeNe 3.190-3.194, 3.198-3.203, 3.208-3.212,
3.214, 3.240, 3.244 [7].
CocTaBuTh MpOrpaMMy pelieHus] CUCTEMbl TUHEHHBIX ypaBHe-
Huit Ha OBM (3.265) u pemmts 3anaun 3.266-3.268 [7].

dopma OTHYETHOCTH: KpaTKuil pedepar ¢ peuieHueM 3ajad,
KOTOPBIM MPEACTABISAETCS IO XOAYy HM3Y4YEHHs IPOrpaMMbl Kypca
BbICLIEN MareMaTuku. Pemenus 3anady Ha OBM (mporpammsl u pe-



3yNbTaThl CYETA) MIPEACTABISAIOTCSA 110 X0y M3y4yeHus Kypca "Auro-
PUTMHYECKHE A3BIKM U IPOrpaMMUpOBaHue" .

3AHATHUE Ne 2

MATPUIIBL. JENCTBUSI C MATPUIIAMU.
PAHI' MATPHUILIbI

Jlureparypa: [3], c. 16-18, 86-92.; [15], c. 18-36.
[16], c. 21-22.

KoHTpoJibHbIE BONPOCHI U 3a1aHUSA

1. Yto Ha3bIBaeTCs MaTpULEH, pa3MEPHOCTHIO MATPHUILIbI?

2. Kakue onepanuy MO>KHO BBITIOJIHATH C MaTpULIAMU?

3. Kakne MaTpuIbl MOKHO CKJIaJbIBaTh, [IEPEMHOXKATH?

4. Yto Takoe paHr MaTpHIIbI?

5. Kak HaxoAuTCs paHr MATpPUIbl METOJAOM OKaWMIISIOIINX
MHHOPOB, METOJIOM 3JIEMEHTAPHBIX MPeoOpa30BaHMIA?

6. Kakue MeToapl pelIeHHs] MHKEHEPHBIX 3a4a4 MCIHOJIb3YIOT
MAaTpPHUIBI ?

7. Kak ¢ mOMOLIbIO paHra MaTpulbl BbISICHUTH COBMECTHOCTh
CHUCTEMBI?

8. O0BsicHuTh Teopemy Kponekepa-Kamemmu.

IIpumepsl penienus 3axaq
Ipumep 1. Haiiti nuneiinyro komOunammto Matpun 24+ 38, rae

1 2 3 -2 30
A= , B= .
01 -1 2 1 1
1 2 3 -2 30
Pemenne.2A+3B=2- +3- =
01 -1 2 1 1

_246+—690_—4136
o 2 =2 6 3 3) (6 5 1)



Ipumep 2. Haiitu npousBenenus matpul AB u BA, ecnu

3 4 5
1 2 3
A= , B={6 0 -2].
1 0 -1
7 1 8
3 4 5
1 2 3
Pemenune. AB = 46 0 2=
1 0 -1
7 1 8

( 13+2:6+3-7  1-4+2:0+3-1  1-5+2:(-2)+3-8 )
| 1340:64(=1)7 1:4+0-0+(=1)-1 1-5+0-(=2)+(-1)-8)

(36 7 25
|l 3 )

[MpousBeneune BA He cyliecTByeT, Tak Kak YHCIIO CTOJOLOB MaT-
puibl B He COBMagaeT ¢ YUCIOM CTPOK MaTpuiel A (3 #2).
Ipumep 3. BerauciauTs paHT MaTPUIIbI

0 -1 -1 3
A={1 2 4 7
5 0 10 5

METO/I0OM 3JIEMEHTAPHBIX MpeoOpa3zoBaHUil.

Pemenne. [IpuBoum MaTpuily K TPEyroJlbHOMY BUIY:

0 -1 -1 -3
| MEeHAeM MecCmamid |
A=|1 2 4 7|0
nepeyro u emopyro CmpoKu
5 0 10 5 |nepey. DYy POKU|
( 1 2 4 7\
D |VMH().’){(T‘{1€M nenkvH) CmnokKv HaA —Sl
U npuoasisiem K mpemsveu
5 0 10 5) i v |



( 1 2 4
[]
lo -10 -10 -30) |
(1 2 4 7\ |6bmepi<u6aem| oo 4 7]
0 0 .
L 0 -1 -1 =3
Tak KaK YKMCIO0 HEHYJIEBbIX CTPOK PABHO 2, TO PaHT MaTPUILI paBeH
2.

7
lvumoscaem amorvio emnoxv wa —10

u npuoaensiem K mpembveu |

o

0 O OJ‘ CMpOKy ‘

3agauu U ynpaskHeHus JAJI CAMOCTOSITeIbHOI0 peleHnst
Pemuts 3amaun: [7], 3.76, 3.81, 3.83, 3.85, 3.92, 3.159-3.168.
CocTaBuTh nporpaMmy NepeMHOXKEHUS IBYX MaTpull: [7], 3.247.
CocTaBuTh MpOrpaMMy TPAHCIIOHUPOBaHUS KBaJpaTHON Mat-
putsl: [7], 3.248.
dopMa 0TYETHOCTH: KpaTKHil pedepar ¢ mporpaMmmoil.

SAHATHE Ne 3

NCCIEJOBAHME U PEHIEHHUE
OJHOPOJHbBIX CUCTEM

Jureparypa: [1], c. 267-269; [4], c. 45-50; [7], c. 142-143;
[15], c. 35-40;[16],c. 37-43.

KoHnTposabHbIe BONIPOCHI M 32JaHUA

1. Kakas cuctema JIMHEHHBIX ypaBHEHUN Ha3bIBA€TCSl OJHO-
ponHOI?

2. MoXeT 11 0THOpOIHAsI CUCTEMA ObITh HECOBMECTHOM?

3. KakoBbl He00X0AMMBIE U I0OCTATOYHBIE YCIOBUS HATUYUS Y
OJTHOPOJTHOM CHCTEMbI HEHYJIEBBIX pelleHHH (C T0Ka3aTenbCTBOM )?

4. Yto HazpiBaeTcsi (yHAAMEHTAIbHOW CHUCTEMOH perieHuit
OJIHOPOJIHOM CUCTEMBI?



5. Kak Haiitu ofmiee peuieHne HEOJAHOPOIHOW CHUCTEMBI, UC-

noJib3ysd (yHJAMEHTAIBHYIO CUCTEMY PEUICHHH COOTBETCTBYIOIICH
OJTHOPOJTHOM ?

IIpumepsl pemieHus 3aga4

Ipumep 1. Haiitn (yHIaMeHTAIBHYIO CHUCTEMY PEIICHUN U
oOIiee pernieHrne 0THOPOTHON CHCTEMbI TIMHEHHBIX YPaBHCHUN

X +2xy +2x3+3x4 =0

6x; —3xy —=3x3—x4 =0

—Tx1+xy +x3—2x4=0
=3x; +9x5 +9x3 +10x4 =0

Pewmenue. [IpuBenem maTpuily CUCTEMBI K TPEYTOJILHOMY BULY

1 2 2 3 VMHONCUM Nepeoe ypasHeHue
6 -3 -3 -1 Ha —6. 7.3 u nnubarum
-7 1 1 =2 nocne008amenbHo

-3 9 9 10 ‘ ko 2, 3, 4 ypasHnenuro

( 1 2 2 3 ) ‘yMHowcuM emopoe ypaeHeHue
0 —-15 —-15 -19

(VI T T R £
LO 15 15 19J
(1 2 2 3)
0 —15 =15 =191 (1 2 2 13\
v U U v D\U 15 1 1Y)
Lo 0 0 oJ

Takum oOpa3zom mMarpuia KO3PPUIUEHTOB UMEET paHr 7 =2
. 3anuceIBaeM CUCTEMY YpaBHEHUH ¢ HOBBIMM KO3 pULIMEHTaMU

xl +2.X2 +2.X3 +3X4 =0
15x2 +15.X'3 +19X4 =0 '

Ha |

0
U npuoasum nocieoo8amelbHo

k 3, 4 ypaenenuio

10



Tak kak panr cuctembl 7 =2<n=4 - 4uclia NEPEMCHHbIX,
TO CHCTEMa MMeeT OECKOHEYHOE MHOXECTBO pelleHuid. B kauecTe

TJIaBHBIX IEPEMCHHBIX MOKHO BI)I6paTI> X| U X5, COOTBETCTBYIOIIINEC

1 2
cToi0IamM HEeHYJIEBOTO MHHOPA 0 15 ; B KQuecTBE CBOOOIHBIX ITe-

PEMEHHBIX — X3 U X4. J% 3 BTOPOTO ypaBHCHHUA CUCTEMBI ITOJTYYHUM
19

Xy =—X3— Ex4. [loacrasnss 3TO BEIpaKEHUE B IEPBOE YPaBHEHHUE,

O603HauaeM cBOOOJHbBIE TIEPEMEHHBIE Yepe3 MPOU3BOJIbHbBIE

MIOCTOSIHHBIE X3 = ¢y, X4 = C)y W 3alIUCHIBAEM

xlz—lcz, x2=—cl—ch.
15 15
Takum oOpa3om, oOI1iee pereHne CUCTEMbl UMEET BU/T

T ) (0 Le, 7
15 15 0 15
X = —CI—QCZ = —CI—QCZ =q -1 +c —Q
15 15 1] 72 15

q aq+0-c, 0 0

Cy 0-¢+c, 1

N3 oOmiero pemenus HaxoauM (yHIAMEHTAIBHYIO CUCTEMY pellie-
HUU:

0 -7
E -1 z - -19
1~ 1 ’ 2= 0

0 15

11



C ucnonp3oBaHueM (PyHIAMEHTATBLHOW CHUCTEMBI PEIICHHIA
obmiee pemieHre MOXeT ObITh 3amucaHo B Buue X =k +c6kE;,

rac Ez 202/15.

IIpumep 2. Haiitu o0miee penieHUEe HEOIHOPOJHON CHCTEMBI
4X1 —X) —3X3 +2)C4 =-1
8x) —5xy —6x3 +3x4 =2 , UCcrIONB3ys PyHIAMEHTAILHYIO CHCTEMY
12x1 —7.X'2 —9X3 +5.X4 =3

pPELIEHUI COOTBETCTBYIOIIEH OJJHOPOJHON CUCTEMBI.

Pemenne. 3ameyaeM, 4YTO YaCTHBIM PEUICHUEM JAHHOW HEOJHOPO-

HOW CHCTEeMBI siBysieTess X, = (—l, -2, 1, 2).

[IpuBeneM MaTpuily CUCTEMBI K TPEYTOJIbHOMY BHLY

4 -1 -3 2 (4 -1 -3 2\ (4 -1 3 2\
8§ -5 —6 3|0
12 -7 -9 5 Lo —4 0 —1} Lo -12 0 —3}

4—1—32(4—1—32
0 12 0 4|0 0 1
0001(0001

Takum O6p2130M, OJJHOpOJHasA CUCTEMA ITPUMET BU

4x1 —X2—3X3 +2X4 =0
3x2 +X4 =0.
.X4:0

Pemenne »osrtoit cucrembr umeer Bum x4 =0, x,=0,

x| =Zx3. O6o3Hauass x3 =4c, noiayduM oOliee peleHue OHO-

12



3c 3
y 0 0 y
pOIHOM cucTeMbl X = 4 =c Al OO6miee perieHue MCXOJIHOM
c
0 0

HEOHOPOJAHOU CUCTEMBI OYAET UMETh BU/T

3 -1 3c—1

oy ol |=2] | =

= —+ = —+ = ,

et P I T I P
o) |2 2

T.e. X =3c—1, x, =2, x3=4c+1, x4, =2.

3agauM ¥ ynpakKHEeHHs JAJIs1 CAMOCTOSITE/IbHOTO pelleHusl
Pemuts 3amaun:[7], 3.225-3.232; 3.236-3.239.

dopMa 0TUYETHOCTH: YCTHBIN OMPOC, KOHTPOJIbHAS paboTa.
3AHATHUE Ne 4

CMEIIAHHOE NPOU3BEJAEHUE BEKTOPOB.
ABOUHOE BEKTOPHOE ITPOU3BEJTEHUE

Jlureparypa: [1], c. 190-195; c. 25-31; [15], c. 61-65.
[16],c. 50 -52.

KoHTpoabHbIe BOnpochl U 3aJaHUsA
1. [aiiTe onpenenenre CMEMIaHHOTO MPOU3BEACHHS BEKTOPOB.
2. KakoBblI CBOMCTBA CMEILIAHHOTO TPOU3BECHUSI BEKTOPOB?

3. KakoBo HE0O0X0oaMMOe U IOCTAaTOYHOE YCIOBUE KOMILIaHap-
HOCTH BEKTOPOB?

13



4. Kak BbIpa)KkaroTCsi BEKTOPHOE U CMEIIAHHOE MPOU3BEACHUS
4yepe3 KOOpAMHAThl IEPEMHOKAEMbIX BEKTOPOB (C J0OKa3aTellb-
CTBOM)?

5. KakoB reomeTpu4ecKuil CMbICII CMEIIAHHOIO IIPOU3BENCHUS
BEKTOPOB?

6. JlaiiTe onpenieneHrue BEKTOPHOTO IPOU3BEICHUSI.

7. Kak HaxouTCsl IBOMHOE BEKTOPHOE MTPOU3BEIEHUE?

IMpumepsI peneHus 3a1a4
Ipumep 1. J[aHbl BepIIMHBI MAPAMUIBL: A(S,l,—4), B(I,Z,—l),
C(3,3,—4), D(Z, 2, 2). Haiity mivHy BBICOTBI /1, OMYIIEHHOW U3

Bepumnael D Ha rpans ABC.

1 k1%
Pemenue. Tak xak oO0beM mupaMujipl ecth V' =§Sh , T0 h =?,

roe S —momans ocHoBanus ABC.

1
Haxomum V' kak 3 o0beMa mapauieNienuIieia, MOCTPOSHHOTO Ha

BekTopax AB, AC u AD. OmnpeienseM KOOPAHUHATHI 3TUX BEKTO-
pos: AB=(—4,13), AC= (—2, 2, 0) , AD=(-3,1,6) u BBIUKCIsIEM

00BeM MMApaMHAbI:

-4 1 3
V:é‘A_B-A_CE‘:%]—Z 2 0|=1|—24|=4.
-3 1 6
HaxonuMm miomans ocaosanus ABC :
1 1 P k 1
SZE‘ABXAC‘:E|:421 ; (3)|:5‘—6z—6j—6k‘:3\/§.

14



CnenoBaTeabHO, h = ﬁ = ﬂ .

3.3 3

Mpumep 2. JlaHsl BEKTOPSI 6_12(2,—3,1), 5:(—3,1,2) u
52(1,2,3). Beruucnure (c_le;)xE.

Pemenne. 1-ii cioco0. Berancnsiem cHadasia BEKTOPHOE MPOU3BEIC-
HHE, CTOSIISe B CKOOKAX:

i j ok
axb=2 -3 1|=-7i-7j-Tk.
-3 1 2
[Tomy4yeHHBIN pe3yapTaT yMHOKAEM BEKTOPHO HAC :
i j ok
(axb)xe=|-1 =7 =7|==Ti +14j -7k .
1 2 3

2-#1 coco6. Bocnonszyemcest popmynoii:
(axb)xc=b(a-c)-a(b-c)=b(2-6+3)-a(-3+2+6)=
=-b—5a=(3-10,-1+15,-2-5)=(-7,14,-7).

E

F,

Puc. 1
3aga4u U ynpaskHeHus JAJIs CAMOCTOSITEIbHOTO peleHust

Pemuts 3amaun: [6], 871, 873, 874 (1,2), 875, 876, 877, 878,
879, 881.

15



Ykazanue k pewenuio 3a0auuNe §81. Bekrop CE nepreH-

mukynsipeH Bekropam CB u CA, a Bektop CF', mapasuienbHbIi BbI-

core AD , nepnennukyisper Bekropam CE u CB (puc. 1).
®dopMa OTYETHOCTH: YCTHBIM ONPOC, TUIIOBOW pacyer, KOH-
TpOJIbHAS padoTa.
BAHATHUE Ne 5

JUHEWHBIE TIPOCTPAHCTBA

Jlutepatypa: [3], c. 80-114, 121-135; [8] c. 166-191;
[15], c. 66-75; [16],c. 29-36.

KoHTpoJibHbIe BONPOCHI M 3a1aHUSA

1. [JaiiTe onpeneneHne TMHENHOTO npocTpancTsa. [IpuBennre
MIPUMEPHI.

2. Uto Takoe 0a3uWc JMHEHHOTO MPOCTPAHCTBA U €T0 CBS3h C
Pa3MEpHOCTHIO JTUHEUHOTO TPOCTPAHCTBA?

3. Kak ompenensierca Marpuiia nepexojia MExIy CTapbiM U
HOBBIM Oa3ucamu?

4. Pacckaxkute 0 JTMHEHMHOM onepaTope.

5. Kak BBIMISAUT MaTpulla JIMHEHHOTO NMpeoOpa3oBaHuUs B HO-
BOM Oa3zwuce?

6. [laliTe ompeneneHre COOCTBEHHBIX 3HAYCHHH M COOCTBEH-
HBIX BEKTOPOB.

IIpumepsl penienus 3axaq
Ipumep 1. Spnsgercs mu MuokecTBo M, Bcex MaTpuIl pasmepa

MX N TAHEHHBIM MIPOCTPAHCTBOM?
Pemenne. [IpoBepuM BBITIONHEHHE YCIOBUL, MONB3YsICh OMEpalusi-
MH HaJl MATPUIAMHU:

1) A+B=C, rne A, B u C — marpuisl pasmepa
mxn . [ToaToMy 1epBO€ yCIOBUE BBIMOTHSICTCS.
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2) AA=B,tne A u B — marpuisl pasmepa mxn, a
A — npou3BoJIbHOE YKCI0. [I03TOMY BTOPOE YCIOBHUE BBINOJIHSICTCS.

3) Onepauuu CIOKEHUS MaTpULl U YMHOXKEHUS MaT-
PHIIBI HA YKCJIO YIOBIETBOPSIOT CIACIYIOIIUM CBOMCTBAM:

a) A+B=B+A4;

6) (4+B)+C=A4+(B+C);

B) A+0= A, tne () — HyneBas mMaTpuiia,

1) A+B=0 = B=-A;

0 1A= A;

e) a( ﬂA) =(a,B)A, rae & u ff — NPOM3BOJILHBIC YHCIIA;

x) (0{+,B)A=0(A+ﬂA;

3) a(A+B)=aAd+aB.

Taxum 00pasom, MuOKecTBO M, BCex matpui pasmepa

M XN SBISETCS JIMHEHHBIM MTPOCTPAHCTBOM.
IMpumep 2. HaliTu KOOpAWHATHI TE€OMETPUYECKOTO BEKTOpA

X=—-i+2j+k B HOBOM Ga3uce @'z(é{, &, Eé), roe e =1+],
&=j+k,d=i+k.
Pemienne. BoinuineM KOOpAMHATHI BEKTOPOB &, € M &5 B MCXOJI-

HOM Oazuce B = (ZT, f, /;)

1 0 1
E=[1|, Ey=[1]|, E=|0
0 1 1

CocraBnisieM cTonOIBI MaTpULBl iepexoga I OT craporo Oaszmca K
HOBOMY U3 3alIUCAHHBIX BBIIIE KOOPAWHAT BEKTOPOB U MOJTy4aeM
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—_— O

0 1

Hcnone3ys 3Ty martpumy, mojiydaeM KOOPAMHATBI BEKTOpa
X B HOBOM 0Oasuce:

X’=T’1X=% 11 11|2|=2

Takum oOpaszom, X =2¢e) —é5.
IIpumep 3.B £; 3amaH ITUMHEHHBIN OIlEpaTop, MaTpHUIla KOTOPOTO B

Oazuce B= (El, &), 53) paBHa

1 2 0
A=|3 0 -1].
2 5 3

Haittu  marpunly  storo  omepatopa B Oasuce
B=(e,8,8)==(q,q+8, g+ +8).

Penrenne. BoinuiieM KOOPAMHATH BEKTOPOB €], € U & B HCXOJ-

HOM Oasuce:
1 1 1
E/=10|, Ey=|1]|, E;j=|1|.
0 0 1

CocragisieM CTOJIOLBI MAaTPHILBI epexoaa I oT craporo Oa-
31ca K HOBOMY M3 3aIllMCAaHHBIX BBIIIE KOOPAMHAT BEKTOPOB U MOJTY-
JaeM

111 1 -1 0
T=l0 1 1|, T'=l0 1 -1/
0 0 1 0 0 1
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Haxoxum matpuiry omnepaTopa B HOBOM Oa3wuce:
I -1 0)1 2 0)1

A=T'4T=|0 1 -1{/3 0 -1]/0
0 0 1/l2 5 3]/lo

_ O = =

-2 2 1)1 11 -2 0
=1 -5 44|01 1(={1 -4 -8].
2 5 3){0 01 2 7 10

3agauu U ynpaskHeHus I CAMOCTOSITEIbHOTO peleHnst
Pemuts 3amaun: [8], 1281, 1311, 1446, 1469.

®dopMa OTYETHOCTH: YCTHBIM OMNPOC, TUIOBOW pacyer, KOH-
TpoJibHas paboTa.

SAHATHUE Ne 6

CUMMETPUYHBIE MATPHUIIBI.
INPUBEJEHUE K TUAT'OHAJIBHOMY BUAY

Jureparypa: [2], c. 213-219; [5], . 102-111, 119-122;
[7], c. 181-182; [15], c. 84-91;[16],c. 41-45.

KoHTpoabHbIe Bonpochl U 3aJaHUSA

1. Kakas MaTpuiia Ha3bIBa€TCA CUMMETPUYHON?

2. Yrto Ha3bIBaeTCs COOCTBEHHBIM 3HAYEHHEM M COOCTBEHHBIM
BEKTOPOM MaTpPUIIbI?

3. Kak HaxonsaTcsi COOCTBEHHBIE 3HAYEHHUS U COOCTBEHHBIE
BEKTOpPBI?

4. B kakom 0a3uce cUMMETpUYHAs MaTpulla UMEET Iuaro-
HaJbHBINA BUJ (T€OpeMa C T0Ka3aTeIbCTBOM)?

5. Ilpu u3y4eHHH Kakux 3a/1a4d UCTIOJb3YIOTCS CUMMETPUYHBIE
MAaTpULbI U MPOLECC UX TUATOHATIU3AINH?
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IIpumeps! pemenus 3agaq
Ipumep 1. Haiiti co6cTBeHHBIE 3HAUEHHS U COOCTBEHHBIE BEKTOPHI
JIMHEMHOTO OIlepaTopa, 3aJJaHHOr0 CBOEH MATPULIEH

7 =12 6
A=|10 -19 10].
12 24 13

Pemenne. 3anucsBacM XapakTePUCTUYECKOE YPAaBHEHHUE:
7T-4  -12 6
10 —19-2 10 [=—=(A=1)’(1+1)=0.
12 24 13-4
Kopuu storo ypaBuenus: 4y =4, =1u 43 =-1.

CocraBiisieM cHUCTEMYy JUIsl ONpPENCTCHUsS KOOPAWHAT COO0-
CTBEHHBIX BEKTOPOB:

(7—2))6'1 —12X2 + 6X3 =0
10x1 +(—19—A)X2 +IOX3 =0 .
12x1 _24XQ +(13 _ﬂ/)X3 =0
[Moxacrasnsiem B cuctemy Ay =4, =1:
6x1 —12X2 + 6X3 =0
10x1 —ZO.X2 +10.X3 =0 .
12x) —24x, +12x3 =0
PaznenuB nepBoe ypaBHeHue Ha 6, BTopoe Ha 10, a Tperbe Ha 12,
3aMe€4aeM, UYTO 3Ta CUCTEMA SKBUBAJICHTHA OJIHOMY YPaBHEHUIO
X1 —2X2 +)C3 =0.
CrnenoBaTenbHO, CUCTEMA UMEET JBA JINHEMHO HE3aBUCHUMBIX
pElIeHHs, COOTBETCTBYIOIIMX KOOpJAMHATAM JABYX COOCTBEHHBIX
BEKTOPOB, HAIIPUMED:

a=(1,0,-1) n a=(0,1,2).
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IToacraBum Teneps B cucteMy Az =—1:
8x1 —12x, +6x3 =0
10x —18x5 +10x3 =0 .
12x) —24x, +14x3 =0

[IpubaBuB mepBoe ypaBHEHHE KO BTOPOMY, 3aMedaeM, 4TO
3Ta cUcTeMa YKBHUBAJIEHTHA CUCTEME

4x; —6xy +3x3 =0 (4x, —6x> +3x, =0 [ 2% —x> =0
=4 =
5x—=9x, +5x3 =0 | 6x—dx3=U [6X; —dx3 =0

YacTHOMY pEIIEHUIO 3TOM CHCTEMBI COOTBETCTBYET COOCTBEH-
HBIH BEKTOp @3 = (3, 5, 6) )
Haiinennsie cOOCTBEHHBIE BEKTOPHI 4y, d,, a3 00pa3yloT Oa-

3HC, B KOTOPOM Marpuna 4 JHHEHHOTO oleparopa UMEeT CIICIYFo-
AN TUaroHaJIbHBINA BU:

1 0 0
01 O
0 0 -1

OtmeTHM, 4TO BCce COOCTBEHHBIE BEKTOPbHI, COOTBETCTBYIO-
mue COOCTBEHHOMY 3HaueHHI0 A =1, ompemensroTcss paBeHCTBOM
Fz( a=1) = aa; + fpa,, rae & u f — NPOU3BOJIbHBIC YUCIA HE PaBHbIE

OJIHOBPEMEHHO HyI0. Bce coOCTBEHHBIE BEKTOPHI, COOTBETCTBYIO-
mue coOCTBEHHOMY uuciy A =-—1, ompeaenstorcss paBEeHCTBOM
E( A=1) = yay,rae y # 0 — Iponu3BOJIBHOE YHUCIIO.

IIpumep 2. HaiiTu opTOHOPMHUPOBaHHBIN 0a3uC U3 COOCTBEHHBIX
BEKTOPOB U MaTpPHUILy B 3TOM Oa3uce AJs JIMHEHHOIro oneparopa, 3a-
JTAHHOTO B HEKOTOPOM 0a3uce CUMMETPUYHON MaTpuLeit
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2 2 2
A= 2 5 —4].
-2 -4 5
Pelenue. 3annceiBacM XapakTePUCTHICCKOE YPaBHEHHUE!
2-4 2 -2
2 5-1 -4 |=—(a-1)*(4-10)=0.
-2 -4 5-1
Kopnu atoro ypaBuenns: 4 =10 u 4, =4, =1.

CocraBnisieM cHUCTEMYy JUIsl OTpPENETCHUs KOOPAWHAT COO0-
CTBEHHBIX BEKTOPOB:

(2—/1)x1 +2xy) —2x3=0
2x+(5-A)x; —4x3=0 .
—2x —4x, +(5—ﬂ,)x3 =0
[Moxacrasnsiem B cucremy A =10
I 2 =0 e =0 (240
2x=5x) —4x3=0 = =
| X+x3=U | Xy +x3=U
—2x1 —4x, —5x3 =0
YacTHOMY pELICHHIO STOH CHCTEMBI COOTBETCTBYET COO-
creennbiii Bektop @ =(1, 2, —2). ToxcTasnsem B cucTemy
b =4 =1:
X +2xy —2x3=0
2x+4x, —4x3=0 =] ) —2x3=0
—2x) —4x, +4x; =0
YacTHOMY pEIICHUIO 3TOM CHUCTEMBI COOTBETCTBYET COOCTBEHHBIN
BEKTOp ap = (2, 0, 1). 3ameruM, 4uto ;- d, =0 = a; L a,.
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Tpetnii cOOCTBEHHBI BEKTOP HAXOAMM KaK BEKTOPHOE MPOU3BEe-
nne: a3 =@y xa, =(2, -5, - 4).

OpToHOpMUPOBaHHBIHM 0a3uc OyAYyT COCTABIIATH BEKTOPBI:

-_(1 2 _zj , _[i 0 Lj
373 3) B s)
_ _( 2 5 4 ]
R EV NN )
Matpunia 4 JTHHEWHOTO OTepaTopa B 3TOM 0Oa3uce UMeEeT
ArnaroOHaJIbHbBIN BUJ

10 0 O
0 1 0].
0 0 1

3agauu U ynpaskHeHus JAJI CAMOCTOSITEJIbHOTO peleHn st
Pemuts 3amaun: [7], 4.134, 4.136,4.172-4.175, 4.184.

dopMa 0TYETHOCTH: YCTHBIN OMIPOC, KOHTPOJIbHAS padoTa.

SAHATHUE Ne 7

INPAMASA HA IINIOCKOCTHU. PA3JIMYHBIE BHU/IbI
YPABHEHMSI MPAMOI. PACCTOSIHUE OT TOYKH
A0 MPAMOMU. YI'OJl MEXIAY ABYMA NPAMbBIMMU.

Jlureparypa: [1], c. 51-60; [2], c. 59-66,; [15], c. 111-116;
[16],c. 41-45.

KOHTpOJIbeIe BOIIPOCHI U 3aTaHUSL
1. Hamumure 06mee YpaBHCHUC HpHMOﬁ " YaCTHBIC ClIydau
9TOI'0 YpaBHCHUH.
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2.Hanumure ypaBHEHHE MPSAMOM € YIIOBBIM KO3((HUIHECH-
TOM.

3. Kak Bblumcisercss yrioBoil Ko3(Q(uUueHT NnpsMou, mpo-
XOJIA1IeN uepes /1B JaHHbIE TOUKU?

4. Kak MoxHO npeoOpa3oBaTh 00llee ypaBHEHUE MPSIMOM B
HOPMaJIbHOE ypaBHEHHUE?

5. Kak HaxouTCs yroia MexXIy JByMs MPSIMBIMU Ha TIOCKO-
cTH?

6. HanumuTe ycnoBus napajuieIbHOCTH U MEPIEHIUKYISP-
HOCTH JIBYX MPSIMBIX Ha TUIOCKOCTH.

7. Tlo kakoil hopmyse ompeaensercs pacCTOSHUE OT TOUKH
JI0 JAaHHOM MPSIMOM HA IUIOCKOCTH?

IIpumeps! pemenust 3aga4
IMpumep 1. YpaBHenue npsimon 4x-3y+12=0 npexncraButh B pas-
JUYHBIX BHUJIAX: C YIJIOBBIM K03((duiMeHTOM, B OTpe3Kax, B BUIEC
HOPMAJIBHOTO YPABHEHUS.
Pemenue. /{5 monydeHus: ypaBHEHUS TPSIMO ¢ yriIoBbIM Kodhdu-
LUEHTOM Pa3pelUM JAHHOE YPaBHEHHUE OTHOCHUTEIBHO Y , MOJYy4YUM

y= Ex +4 - 310 ypaBHEHHE MPSAMOW C YIIIOBBIM KOA(PUIIHEHTOM

k —,b=4 — opauHara TOYKH repecedeHus npsamoi ¢ ocsio Oy.
3 b

Jlyis monyyeHus: ypaBHEHUsSI MIPSIMO B OTpe3Kax MepernuiiemM
ero B Buje 4x —3y =—12wu pa3znenum obe yacTu ypaBHEHUs Ha -12,

x .
B pe3yJbTaTe MOJYy4YUuM —3+% =1 - ypaBHeHHe IpsAMOIl B oTpes-
Kax, rjae a = -3,b = 4 — KoopAUHATHI MepeceyeHns MpsIMOM C OChIO
Ox 1 Oy COOTBETCTBEHHO.

IIpuBenéM HMCXOAHOE YpaBHEHHE K HOPMAJIbHOMY BHIY

x-cosa+y-sina — p =0.. Jlng 3Tor0 yMHOKHUM 00€ YacTH JaHHO-
ro ypaBHEHUS Ha HOPMUPYIOLTUH MHOHTEIIb
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1 1
=== (u<0, Tak xkak C=12>0). B urore no-
JA2+(=3)? 5
4 3 12
JydUM HOPMaJbHOE€ YpPaBHEHUE — gx +—= 5 V- 5 =0, rme cos
12

o= 3 sina = 3’ p= = paccrosHue ot Touku O(0, 0) 1o mps-

MOH.
IIpumep 2. HanucaTh ypaBHEHHE NPSAMOM, TPOXOASILEN yepe3 ToU-
ku A(0, 2) u B(-3, 7).

Pemenne. VcronesyeM ypaBHEHHE. YT XN Monaras B
Vo= Xy X
-2 x-0
HeM X1 = 0, X, =-3, y1 = 2, y» = 7, nony4um 37}_2 = 320° T.€. -3y

+6=5xumu 5x +3y—-6=0.
HMpumep 3. Haittu yron mexny npsameiMua 2x—3y+10=0 wu
Sx—-y+4=0.

Pemenune. Bocronb3zyemcs ¢opmynonn (ge = M , ToJI-
A A, + BB,
ctaBuB B Hee A= 2, By = -3, A, = 5, B, = -1, noaydum
_[2eD-5-3) _z
sy e

IIpumep 4. YUepes Touky nepecedyeHus npsAMbix 3x-2y+5=0 u x+2y-
9=0 npoBeneHa npsimasi, napauienabHas npsmoin 2x+y+6=0. Cocra-
BUTH €€ YPABHEHHUE.

Pemienue. Haninem cHagana Touky M mepecedeHHs AAHHBIX IIpsi-
MbIX. J[JI1 3TOTO pelmnM CUCTEMY YpPaBHEHHMN:

3x-2y+5=0 4x—-4=0 x=1
= =
x+2y-9=0 x+2y-9=0 v=4
[Tomyuaem M(1,4) — Touka mepecedeHus: ITUX MPSIMBIX. YT-

noBoi kodpdunment npsmon 2x+y+6=0 k; = -2, ciemoBaTenbHO
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YIII0BOM KOA((UIIMEHT NpsSAMOi, mapaienbHo nTaHHoi kr =k; = -2.

3anumeM ~ ypaBHeHHe ~ HCKomou — mpsmoil.  Ilo  dopmyne

y=y, =k(x—x,) nomrydaem y-4=-2(x-1), 1.e. 2x+y-6=0.

Ipumep S. Haiiti paccTossHue MexIy mapauleIbHBIMU MPSMBIMH

3x+4y-20=0 u 6x+8y+5=0.

Pemienne. Bo3pMEéM Ha mepBOM MPAMOUN MPOU3BOJBHYIO TOUKY A.

[Tycte, Hannpumep, x=0, Torna y=5, 1.e. A(0,5).

Ax, + By, +C|
. HaliJIeM paccTOSTHUE OT TOYKH JI0

‘ NA® +B? ‘

BTOPOM NMPSAMOU, MOJY4IHUM:

ITo dopmyie d =

g_|6:0+8:5+5/ 45 ¢
V67 +8? 10

3agauu U ynpaskHeHus JAJIs CAMOCTOSITeIbHOT0 peleHus
1) loka3ath, 94TO yCIOBHUE MPUHAICKHOCTH TPEX TOYEK M
(X1, y1), M2 (X2, y2) 1 M3 (X3, y3 ) OTHOU MPSMON MOYKHO 3amucaTh
B BHJIE:

xooy 1
x, ¥, 1]=0
X3 y; 1

2) Pemmth 3amaun [6], NeNe 215, 223, 227, 234, 266, 312, 322.
@opmMa 0THYETHOCTH: YCTHBIN OMpOc, KOHTPOJIbHAS padoTa.

3AHSATHE Ne 8
MNPEOBPA30OBAHUE OBHIET'O
YPA BHEHUS KPUBOM BTOPOI'O MOPSJIKA
K KAHOHHMYECKOMY BUAY
Jlutreparypa: [1], c. 129-139.; [15], c. 138 -146;
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[16],c. 45-48, c. 60-61.
KoHTpoabHbIe BONPochl U 3a1aHUA

1. Kakoit Bux umeer o011ee ypaBHEHUE KPUBOW BTOPOTO IO-
psanka?

2. Kakoii BUJ HMMEIOT KaHOHHUYECKHWE YpaBHEHUS DIUIUIICA,
OKPY>KHOCTH, runep00Jibl, napadosib1?

3. 3anumure npeodpazoBaHUE KOOPAUHAT IPU MOBOPOTE CH-
CTEMBbI KOOpJMHAT Ha Yyrojl «& .

4. 3anumuTe npeoOpa3oBaHre KOOPAUHAT MPHU MapajiIeIbHOM
MEPEHOCe CUCTEMbI KOOP/INHAT.

5. KakoB anroputm mnpuBeaeHUs OOIIETO ypaBHEHUS KPUBOU
BTOPOTO MOPSAJKAa K KAHOHMYECKOMY BUIY C MOMOIIBI0 MpeoOpaso-
BaHHUS CUCTEMbBI KOOpAUHAT?

IIpumeps! pemienus 3aaa4
IMpumep. [TpuBecTn K KAHOHUYECKOMY BHIY YpaBHEHUE
29x% —24xy+361* +82x-96y-91=0,
M300pa3uTh Ha YEpTEkKEe OCU KOOPIUHATHBIX CUCTEM U FeOMETpHYe-
CKHI1 00pa3, onpeensieMblil TaHHBIM YPaBHCHHEM.
Pemenue. 3anuceiBaeM GopMysbl IpeoOpa3oBaHus KOOPAUHAT, CO-
OTBETCTBYIOIIETO TIOBOPOTY OCE Ha yros o
x=x'cosa—y'sina, y=x'sina+y'cosa
U TOJICTaBJIsIEM UX B MCX0JHOE ypaBHeHue. [locie neperpynnupos-
KU CJIaraeMbIX MoJTy4yaeM

x'? (29 cos’ o — 24 cos asin a + 36 sin’ a)+
-|—y'2 (29sin2 o +24sina cosa +36 cos’ a)+

+x'y'(—24 cos® a +24sin? o +14sina cosa)+

+x'(82cosar—96sinar)— y'(82sinar +96cos ) —91=0.

Haxomum yroj moBopoTa & W3 YCIOBHUSI PaBEHCTBA HYIIO
ko3¢ duienta npu x'y’, T.e.
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12sin’ o+ 7sinacosa—12cos’ a =0.

Pa3znenuB 310 ypaBHeHHE Ha cos’a, HOJIy4yaeM KBaJpaTHOE
ypaBHEHUE OTHOCUTENBbHO tgcr . Pemas ero, Haxoaum

toea 4 tea 3
= — — u =—.
ga 3 ga) 4

3 o
Bribupaem 3HaueHue «a, = arcth ~37 . DTOMYy 3HAYECHUIO

. 4
COOTBETCTBYIOT SINQ =§ u cosa =g. [loncraBnseM UX B MOJy-

YEHHOE BBIIIE YpaBHEHUE W BBIACISIEM MOJHBIE KBajpaThl. Toraa
YpaBHEHHUE MTPUMET BU/T

(x'+1/5)° +(y—7/5)2 ~
9 4

[IpousBouM 3aMeHy MEPEMEHHBIX, COOTBETCTBYIOIIYIO Ma-
1

l.

aJUIeIbHOMY TepeHocy oceil koopmuHatr x' u )':
y y Yy

5

5

. TakuM 00pa3oM UCXOHOE ypaBHEHUE MPUHUMAET BUJ

—+—=1.

9 4
DTO KaHOHMYECKOE ypaBHEHHE DJUTUIICA C MOJYOCSIMH a =3
u b=2 (puc.2).

Puc. 2
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33)13‘{1/1 n ynpa)KHe}mﬂ OJd CAMOCTOATECIIBHOT O pemelmﬂ
Pewruts 3amaun: [6], 676(1-5), 693(1-3).

dopMa 0TYETHOCTH: YCTHBIN OMIPOC, KOHTPOJIbHAS padoTa.
3AHATUE Ne 9

KAHOHUYECKHUE YPABHEHUSA HOBEPXHOgTEﬁ
BTOPOI'O IIOPAJAKA. METOJA CEYEHUU

Jlureparypa: [3], c. 157-164; [1], c. 229-242; [15], c. 147-157;
[16],c. 67-76.

KoHTpoJibHbIE BONPOCHI M 3a1aHUSA
1. Knaccuduxanus moBepxHocteid BToporo mnopsiaka. Kakue
KaHOHWYECKHE YpaBHEHUS W BUJ MMEIOT JJUIMIICOU[, OJHOMOJIOCT-
HBIN ¥ ABYITOJIOCTHBIN THIIEPOOTIOUTHI?
2. Kak 3ammcare ypaBHeHHe cdepbl paguyca R ¢ IEHTPOM B

TOYKE (a, b, c) ? Kak CBsSI3aHO OHO ¢ ypaBHEHHEM AJUIHIICOUAA?

3. Kakue kaHOHWYECKHE ypaBHEHUS U BUJ UMEIOT AJUIUITHYE-
CKHUM M TUTIEPOOTUYCCKUI 1TapadboIouIb?

4. Kakne kaHOHWYECKHE YPaBHEHUS U BUJ UMEIOT LHJINHIPH-
YeCKHe MOBEPXHOCTH?

5. Kakoe xaHOHHMYECKOE ypaBHEHHE M BUJ UMEET KOHYC BTO-
poro nopsiaka?

6. Kak ompenensiercs BUI OBEPXHOCTU METOAOM Mapaienb-
HBIX CEYEHUn?

IIpumep peenus 3agaqu
IIpumep. MetoioMm ceueHmit uccaenoBaTh GOpMy M HOCTPOUTH IO-

2
BEPXHOCTb, 3aJITaHHYI0 ypaBHEHHEeM X~ +2yz=1.
Pemrenne.
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1) B ceuennun noBepxHOCTH IIOCKOCThIO z = () MMeeM JiBe na-
payieNnbHbIe IpsiMble X = *1.
2) B cedeHnM NOBEPXHOCTU INIOCKOCTIMH z =z, >0 unMeeMm

2
. X
CeMeWCcTBO mapabon y=-———-——, BEPUIMHBI KOTOPBIX MPHUOIIH-
2ZO 2Z0
*KaroTcs K ocu Oz TpH yBEITMUCHUH Z, .

3) B ceueHMH NOBEPXHOCTU INIOCKOCTIMH z =z, <0 HMeeM

2
1 X
———, BEPIIMHBI KOTOPBIX IPH-

CeMEeNCTBO Mmapaboy y = —m + 2|
20 20

ommkarorces Kk ocu Oz Tpu yBEJTMUYCHUN |ZO| .
4) B ceueHuH MOBEPXHOCTH IUIOCKOCThIO ¥ =0 umeeM JBe
napajuieNibHbIe psMbie X =*1 .

5) B cedyeHun NmoBEpXHOCTHU IUIOCKOCTAMH )y =V, >0 umeem

2
. X
ceMeicTBo mapabosn z=-—————, BEpIIMHBI KOTOPBIX MPUOIH-
2yo 2y
KaroTcst K ocu Oy TIPH yBEIIMYECHUH ) .

6) B ceueHun MoBepXHOCTH IUIOCKOCTSIMHU Y =), <0 nmeem

1 x?
———+———, BEpIIMHBI KOTOPHIX HpH-
2|yl 2|y

O6mkaroTcst K ocu Oy TpH yBeTUYEHUU | y0| .

ceMmeiicTBo mapabon z=-

7) B ceuenun MMOBCPXHOCTH IUIOCKOCTAMHU X = X; UMCECM CC-

MeHcTBO runepbon z = ! npn|x0| <lwmz=- ! npu |x0| > 1

(conpspxeHHble runepoosisl). B cinydae |x0|=1 noxyyaercs z =0,

YTO COBIAaeT ¢ 1).
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3ameuaeMm CUMMCTPUYIHOCTD CeucHUI NMOBCPXHOCTU OTHOCHUTCIIBHO

x=0
MPSIMOU . [losTomMy panbHElIIEe UCCAETOBAHUE MPOBOIUM
z=-y

C Y4E€TOM 3TOI'O 00CTOSTEIIECTBA.

Puc. 3
8) B ceueHnn mOBEpXHOCTH IUIOCKOCTAMU Z =—) +Zz; HMEEM

2 2
ceMencTBO THUnepOoI x* - 2()/ — %Oj =1 —270 >0 HpI/I|ZO| <2 wu

2 2
2[)/—%0) —x? =Z?O—1 >0 mpu |ZO| >\2 (compspKEHHBIE TUTIEp-

60mb1). B ciyuae |zo|:\/§ IIOJIy4aeM JIBE IIepeceKarolmecs nps-
z,
MbIE xzi\/z y—?()

9) CeueHuss NMOBEPXHOCTH IUIOCKOCTAMHU Zz =) +Z; HMEIOT

HpOCKI_[I/II/I Ha ITIJIOCKOCTH xOy, OIINChIBACMBIC ypaBHeHI/I}IMI/I
2 2
2 20| _1.,%0
x“+2 y+? —1+7, T.C. DJUJINIICHL, Y KOTOPBIX ITOJIYyOCH YBE-

JIMYUBAKOTCA C YBCINYCHHUCEM |Zo| . OtHomICHHUE HOJIYOCCI‘;I 9THUX DJI-
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JIMIICOB PAaBHO /2, a INIOCKOCTH z = Y+ z, COCTaBILIOT yrox 45° ¢
IUIOCKOCTRI0 x(Oy , TIOATOMY CaMH CEYCHHUS UMEIOT (POopMy OKpYyK-

HOCTei. BrIToTHEHHOE MCCIieIoBaHNE TIO3BOJISIET TEMEPh JOCTAaTOY-
HO JIeTaJbHO M300pa3uTh 3aJaHHYIO MOBEPXHOCTH (puc. 3). DToit
MMOBEPXHOCTHIO SIBJISIETCS OJHOIOJIOCTHBIN THIIEPOOJION, OCh KOTO-
x=0

z=-y
3agauu U ynpaskHeHus JJIs CAMOCTOSITEIbHOIO peleHnst
MeTto10M cedeHuii uccaenoBarb GOpMy U MOCTPOUTH MOBEPX-

poro — npsMas

HOCTH, 33JJaHHbIE ypaBHEHUSAMU:1) z =X} ; 2) 2= xy.

dopMa 0T4eTHOCTH: YCTHBIN onpoc. [Ipm oTuere no Teme 3a-
HATUS YMETh OMpPENENSITh BUJ MOBEPXHOCTU 2-TO MOpPsAKa MO BUILY
KaHOHMYECKOTO YpaBHEHMS M CTPOUTH IOBEPXHOCTh METOJIOM IIa-
paJIeIbHBIX CEUCHUH.

SAHATHUE Ne 10

OCHOBHBIE 3JIEMEHTAPHBIE ®YHKIIUH,
X CBOUCTBA, T PA®OUKHU

Jureparypa: [12], c. 19-28, 89-96; [11], c. 137-139;
[7], c. 19, 23-24, [16],c. 89-99.

KoHTpoabHbIe BONPOCHI M 3a1aHUA

1. HMaiite onpenenenue ¢ynkuuu. KakoBbl crocoObl ee 3aja-
Hus?

2. Yto takoe rpapuk pyHkmuu? KakoBbl crocoObl mocTpoe-
Hus rpaduka QyHKIHI?

3. Kak mpezncrasnsierca vaie Bcero (pyHKIIMOHAJIbHAs 3aBH-
CHUMOCTb BEJIMUMHBI B MHKCHEPHBIX MTPUIIOKEHUAX?

4. Kakue (yHKIMU HA3bIBAIOTCSA YETHBHIMHU, HEUYETHBIMHU, MEPH-
onuueckuMu? KakoBbl 0COOEHHOCTH UX TpapuKOB?
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5. Kak ctpourcs rpaduk GpyHknum no merony "Jlebopmarmu
casura"?

6. B xakoii mocienoBaTeNbHOCTH CIEAYET BBITOIHATH IOCTPO-
enue rpaduka QyHKIHH Y = k~f(wx—a)+b ?

7. B xakoM COOTHOILIEHUU HAaXOJATCs 0071acTU ONpPEeNICHUs U
M3MEHEHHs B3auMHO oOpaTHbIX QyHKImii? Kak cTpositcs rpaduxu
oOpaTHbIX PpyHKIMH?

8. KakoBwl 00jacTu ompeneieHuss U U3MEHEHHUS OOpaTHBIX
TpUrOHOMETpHUecKUX QpyHkumii? KakoBsl ux rpaduxu?

9. Uto Ha3bIBaeTcs aOCOJIOTHOM BEIMYUHON (MojyneM) Jei-
CTBUTEJIBHOTO YHcia?

10. KakoBel ocoOeHHOCTH MOCTpoeHHs I'paduKoB (YHKIIHH,
COJIep’KalliuX B CBOEM 3a/IaHUU 3HAK MOAYJIsA?

IIpumep pemieHus 3agaun
IMpumep. [ToctpouTts rpaduku cieayrOmux GyHKIUI:

a) y=log,(x=3); 6) y =log,(4x—12);
B) y=2log,(x-3); 1) yz‘logz(x—3)

n) y=log,|x-3.
Pemenne.

3

a)['padux pynkuu y =log, (x—3) moJIy4aercsi u3 rpaduka

y =log, x cnBurom Ha TpH eIUHUIIBI BIPaBo (pHC. 4,a).

YA , VA
N
L N
: e
j« 4\‘:’%1Qc
PS> )
\}/ —E—P
0 /1 3: /4 x 0
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e
Il

=
 v=llog,(x-3)|
: )
0 3 /4 %

0

r)

VA )
yZIOgZ‘x'?" - I>I< ,5\

0 2\3; /4 g
"
Puc. 4
0) I'paduk pyHkmm

log, (4x—12) =log, (4(x=3))=2+log, (x-3)
IIOJIYy4acTCsa U3 NpEAbLAYHIETO CXKaTHUEM BIOJb OCH Ox B 4

pa3a OTHOCHUTEJIBHO BEPTUKAIBHOW MPSAMOW X =3 WM CIBUTOM Ha
JIBE €TMHUIIBI BBEPX (pHC. 4,0).

B) I'padux ¢pynkuun y =2log, (x—3) noJiyqaercst u3 rpadu-
ka y=log, (x—3) pacTsbkeHreM Bosib ocu Oy B JiBa pasa (puc.
4,B).

r) [Ipu nmoctpoenun rpaduka GyHKIUA y = ‘logz (x—3)‘ yua-
cToK kpuBoi Y =log, (x—3) , pacmonoxeHHelii Hmke ocu Ox,

OTO6pa)KaCTC$I CUMMETPUYIHO OTHOCUTCIIBHO 3TOH OCH (pI/IC 4,F).
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n) I'padux pynkiun y =log, |x—3| COCTABJISIIOT JIB€ KPUBBIE:
y =log, (x—3) ¥ CHMMETpPHYHAs el OTHOCHUTEJIBHO MpsIMOi X =3

kpuBas ) =log, (3—x) (puc. 4,n).
3aa4u U yNpasKHeHHs ISl CAMOCTOSITEILHOIO PelieHust
Pemuty 3amaum: [7], 1.106-1.111, 1.141-1.143, 1.146-1.151,
1.186, 1.188, 1.204, 1.209; [13], 47, 48, 54, 59, 77, 113, 117
(6,9,14,16), 129, 138, 145.

dopMa 0THYETHOCTHU: YCTHBIN OTIPOC, KOHTPOJIbHAS paboTa.
3AHSTHUE Ne 11

BECKOHEYHO MAJIBIE 1 UX OCHOBHBIE
CBOMCTBA. CPABHEHUE BECKOHEYHO MAJIBIX

Jurepatypa: [12], c. 39-42, ¢. 59-60, [16],c. 101-102.

KoHTpoJibHbIe BONPOCHI U 3aJaHUs
1. Jlatite onpeneneHue 6ECKOHEYHO MaJIol (PYHKITHH.
2. JlokaxxuTe Cleaylolue TeopeMbl O OECKOHEYHO MallbIX
GyHKIUSX:
— 00 aynreOpanyecKol CyMMe JIBYX, TPEX W BOOOIIE ompe-
JIEIEHHOTO YKcia OECKOHEYHO MAIbIX;
— O MpOU3BEJICHUN OECKOHEYHO Majol (PyHKIMU Ha orpa-
HUYEHHYIO (DYHKIIUIO;
— 0 YaCTHOM OT JieJieHUs1 0ECKOHEYHO Majoi BeTMYHUHBI Ha
GyHKIHIO, Tpeaes KOTOPO OTINYEH OT HYJIS.
3. Kakue OeckOHEYHO Mallble Ha3bIBAIOTCS OECKOHEYHO Mallbl-
MU OJIHOTO HopsiaKa?
4. Kak onpezaensieTcst MOpsSAOK OAHON OECKOHEYHO MaJoi OT-
HOCHUTENBHO IpYroi?
5. Kakue OeckOHEUHO Malble HA3bIBAIOTCS YKBUBAJICHTHBIMU ?
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6. Kak ucroyis30BaTh 3KBUBAJIEHTHOCTh OECKOHEYHO MaJIbIX
IIPU BBIYMCIIEHUU IPEIEIOB?

I[IpuMepsI peliennst 3agaq
B 1-cosx

Ipumep 1. CpaBHUTH OECKOHEYHO Mable a(x) = u
X
,B(x)=\3/1+§/;—lnpnx—)0.
Pemenue. BeruncisieM npeaesn OTHOIECHHUS:
_ 3
fim &0 _ iy Acosx s
0 B(x) x—>ox(3/1+g/;_1) 3
.2 X
_ 2sin b |.ox vl x2/2 . 323
= lim —===sin—-[J —=—=Ilm——=0.
x—0 %/; 2 2] x>0 x4/3/3 =0 2
P A
3

W3 Moayd4eHHOro CIEAYET, YTO a(x) — OECKOHEYHO Masias
00J1e€ BLICOKOIO MopsaKa yem [ (x)

IMpumep 2. OnpenenuTs NOPSAJIOK MAJOCTH & (x) OTHOCHUTEJIBHO X

npux —>0, ecin a(x)zln(l—\/\/;+2 +\/§)

Pemenne.llpu x — 0 umeem
VMHOXMCAeM U Oelum

A ar—
ln(l—\/\/;+2+\/5)D . +2—\/§): HA CONpsdCeHHoe |=

eblpaoicerue

e b)(el) e

JWx+2+2 \/\/;+2+\/5D N2
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U3 TOJyYEHHOTO CIIEYEeT, YTO MOPSIA0K MaJIOCTH O (x) oT-

HocuTenbHO X mpu X —> (0 paBeH 5

_ tg(4x—-7)
Mpumep 3. Beruucnuts npegen lim —————, UCHoib3ys SKBH-
x_)ﬁ 2x——
4¢ 2-1
BAJICHTHbIE OECKOHEYHO MaJible.
Pemenue.
oenaem 3aMeHy nepemMeHHOl
5 tg(4x—7) ynep o tg(dy)
im == z P e T
—— —_ —— = —_— % —
H2e2x2—1 y=x=s X=y+y y—0 e
tg(4y)0
= gz( y) |:llm4—y:2.
e -10 02y

TMpuvep 4. Boruucauts npesen lim (ctgx)”, ncnonssys sksusa-
x—0

JICHTHBIE OECKOHEYHO MaJlbl€.

Pemenne. O603HavaeM lim (ctg x)x = {ooo} =u , a 3aTeMm Jiorapud-

x—0
MHUpPYEM:
Inu =1In lim (ctgx)" = lim In(ctgx)" = lim xInctgx = {0-00} =
x—0 x—0 x—0
. CosXx .. J1-sin’®x )
= lim xIn— :llmxln_—:|sme
x—0 sinx  x—0 sin x
xZ
. \/1 - )C2 2 v | . 1- 7
= lim xIn =N1-x"[] : lim xIn =
x—0 X 2 | x—0 X

2 2 2]
—limx| In| 1= |=Inx |=|In| 1-2- |
x—0 2 2 Z|
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x—0 x—0 x—0 1/ X

2
- limx£—%—lnx]:—limxlnx:{O-oo} :—hmh‘—x:{f}z

npumeHsiem '
. (Inx) . 1x :
=| npasuno |=-lim =—Ilim / 2=111r(1)x:0.
0 ' 0—
Jlonumansa = (1/ X ) R S

Takum oOpazom lim (ctg x)x =¥ =1.
x—0

3agaum U ynpakHeHusl JJIsl CAMOCTOSITEJIbHOIO PelleHust
Pemmmute 3amaum: [13], 210, 220, 245-251, 283-302, 344-348,
369-378, 396-401, 414.

®opmMa 0TYETHOCTH: KOHCIIEKT, YCTHBIN OTIPOC.
ZAHATUE Ne 12
MMPOU3BOJHASL. IIPABUJIA JTUOPEPEHIIUPOBAHUSA
Jluteparypa: [12], c. 64-77, [16],c. 106-110.

KoHTpoJibHBIE BONIPOCHI M 32/1aHUSA
1. JlaiiTe onpeneneHune Npou3BOIHOM.
2. KakoB ¢u3nueckuii CMbICI IPOU3BOIHOM ?
3. Uto Ha3bIBaeTCA KacaTeJIbHOU K KPUBOM?
4. B yem COCTOUT r€OMETPUYECKOE 3HAUYEHUE TPOU3BOAHON?
5. JIokaxuTe CIEYIOIIUE TEOPEMBI:
— MIPOU3BOAHAS MIOCTOSIHHOM paBHA HYJIIO;
— MOCTOSIHHBI MHOXKUTEIb MOKHO BBIHOCUTD 32 3HAK IPO-
HU3BOTHOIM;
— O MPOU3BOJTHOW CYyMMBI KOHEUHOTO uucia quddepeHiiu-
pyeMbIX (HYHKIUH;
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— O MPOU3BOJHON OT MPOMU3BEACHUS IBYX MU(PepeHInpy-
eMbIX (DYHKLIHUH;
— O TIPOM3BOJJHOM YAaCTHOTO OT JEJICHUS IBYX (DYHKIIUH.

IIpumepsl pemieHus 3aga4
B npumepax 1-9 HaiiTu ipon3BoaHy0 )’ QyHKIUU y(x) .
2 1

1 _
TMpumep 1.y = 0, —5,2x =0,1x 3-52x2.
3/x2
Pemenne. JInst HaXOKIeHUST MPOU3BOIHOW BOCIIOJb3yEeMCs Mpa-

BUJaMu JuddepeHunpoBaHusl CyMMbl U U depeHInpOBaHus CTe-
MEeHHOW (PyHKIUH.

! ! !

2 1 2 1

y'=|0,1x 3—5,2x5 ={0,1x 3 | —|52x2 | =

5 1
=0,1- 2 ‘X 3—5,2-l-x 21 —2’6.
3 2

15365 Jx
IIpumep 2.y=(1+\/;)-(1+x3).

Pemenne. Jiist HaXOKJIEHHsI TIPOM3BOTHON BOCTIOJIB3yeMCs TIpa-
BwiIaMH TudpepeHInpoBaHus MTPOU3BEICHUS, CyMMBI U Au(depeH-
[UPOBAHMSI CTEIICHHOW ()YHKIINH.

y'=((1+x1/2)(1+x3)), =(1+x1/2)'(1+x3)+(1+x1/2)(1+x3)' _
:[1'+(x1/2)’J(1+x3)+(1+x1/2)(1'+(x3),]:

{o%x—vz}(nxz)+(1+x1/2)(0+3x2)= 1276; 302 (1445).

sin x

IIpumep 3.y = Trcosx
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Pemienne. JIns HaXOXKIEeHUST TPOU3BOIHOW BOCIIOJIb3yEMCS Mpa-
BuiamMu nuddepeHIpoBaHUs 4acCTHOTO, CyMMBI U auddepeHiupo-
BaHUS TPUTOHOMETPHUCCKUX (PYHKITHA.

. ( sin x j’_(sinx)'(1+cosx)—sinx(l+cosx)'

7= I+cosx (1+cosx)2 -
_ cosx(1+cosx)—sinx(—sinx) cosx+cos® x+sin’x
- (l+cosx)2 - (1+<:osx)2 -
I+cosx 1

(1+cosx)2 ~l+cosx’

arccos x
Ipumep 4.y =——.

Pemtenue. Jly1s1 HaxoXI€HHS MMPOU3BOJHOM BOCIIOJIB3YEMCS MPABHU-
namu nuddepennupoBanus yactHoro u auddepeHnupoBanus 00-
PaTHBIX TPUTOHOMETPUYECKUX (DYHKIIMH.

x
, ,  ———————arccosx
, _(arccosx) x—arccosx(x)  \/1—x2
Y= 2 - 2 =
x x
1 arccos x

— >, 2

xy1-x? X

Ilpumep 5. y = x-arctgy/x—1.

Pemenne. [l HaxoXAe€HUS MPOU3BOJHOM BOCIOJIB3yeMCs NpaBU-

namu nuddepeHInpoBaHUS IPOU3BEACHUS, OOPATHBIX TPUTOHOMET-
pudeckux GyHKIHMHI, CIIOKHON (QYHKIIUU U CTEICHHON (YHKIIUU.

y'= (x : arctg(x—1)1/2 )’ = x'arctgy/x —1 er(a.rctg(x—l)l/2 )’ =
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=1-arctgv/x—1+x ! 2((x—1)1/2)' =
12
1+ ((x-1)"?)
=arctgyx—1 JrL-l(x—l)_l/2 (x—l)' =

1+(x-1) 2

1 -1/2 1
= arct \/x—1+£-— x—1 1=arctg/x—1+ .
2 X 2( ) g 240x—1

Inx
Ipumep 6.y =2 ~ .
Pemenue. JIy1s1 Hax0XIE€HUS MPOU3BOJHOM BOCIIOJIB3YEMCS MPABHU-
namu nudepeHInpoBaHms TMOKa3aTeIbHON (YHKIIUH, CIOKHON
(GYHKIHMH, YaCTHOTO U JIorapupMudeckoil QyHKIUH.

nxY Inx Inx

Inx Inx 12 nx 1 ! _1 !
yo[27 | <2 a2 gl
X X
1
by o ox—hx o
=2 ln2x—2:2x 1112 5 .
X X

Tpumep 7.y =(tg x)gx .
Pemenne. IIponorapudMupyeM JaHHYIO GYHKIHUIO H OTYdHM
Iny= ln(tgx)gx =8x-Intgx.

[IponuddepenurpyemM JeBYIO U MPABYIO YaCTU MOJIY4EHHOTO
paBeHCTBA:

! !
(lny) =(8x-1ntgx) .
[IpumeHuM K JIeBOM yacTH paBuiio UG GEPEHIIUPOBAHUS CIOKHON
GbyHKIMY, a K paBoii — npaBuia quddepeHInpoBaHus MPOU3Bee-
HUS, CIOKHOU (pyHKIMU, TorapudmMudecko (yHKIMU U TPUTOHO-
METPHUYECKUX (PYHKIIHIA:
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iy’ = (Sx)' lntgx+8x(lntgx)' =8In tgx+8xtgix(tgx), =

=8Intgx+8x-ctgx

8x
5 =8Intgx+——.
cos” x sin x cos x

B urore, Belpaxasi NpoU3BOJAHYIO U3 3TOI'O PaBEHCTBA, MI0JIy4aeM

' :(81ntgx+_8—xjy 2(81ntgx+ ‘16x J(tgx)gx

SINn X COS X sin2x

IMpumep 8.y = 50+

Pemenne. B nanHom mpumepe ¢yHKuMs y = y(x) 3ajaHa He-

saBHO. [luddepenunpyem 06e yacTH paBeHCTBA [0 X , pacCMaTpUBast
Y Kak (yHKIMIO OT X, a TaKXke NMpuUMeHss npaBuia nuddepeHin-

pOBaHMs MOKa3aTeNbHON (DYHKIMH, CIOKHON (DYHKIIMU U MPOU3BeE-
JNCHUSA:

y' :(SXJ’H) =5+l 1n5(xy+1)' =591 In5(y+x/").
BhipaskaeM MPOM3BOIHYI0 ) M3 3TOTO PaBEHCTBA:
xy+1
V=059 5= y59 1 ms, :yS—llnS .
1-x59" In5

— fain 2
pumep 9.1 tsint™
y=1+t

Pemeﬂﬂe. HaHHaﬂ (byHKHI/IH 3a4aHa HapaMeTpI/IquKI/I, H03TOMy
! ! 1
N Vi (1+7) _ (1) +(2) _ 1 _
X ’ ’ ’ ’
X, . . . .
t (ts1nt2) () sint? +t(smt2) sint® +1cost? (tz)

1 1

sint? +1cost’ (2¢) sin t? + 212 cost?
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IIpumep 10. Haiitu ypaBHEHuUs KacaTeJIbHONW U HOpMaIM K KpUBOM
2

y~ =4x B TOUKE M(l, 2).

Pemenne. 3anuiiem ypaBHEHUs KacaTelbHONH U HOPMAJIU:

Yk :y0+y'(x0)(x—x0),

Yo (x )
Yu=JXo y'(x()) 0)-

B nanHoM mpumepe KOOpAMHATBI TOUKH Xy =1 u y, =2. Haiinem
' o ) 2 4 '
y (x) KaK IPOU3BOJHYIO HESIBHOM (YHKIMHU: (y ) =(4x) , T.e.
: ,_ 2 : 2 2
2yy'=4, otkyna y' =—. 3Ha4YUT, Y (xo):—zizl. Ortcrona
y

Yo
MoJTyJaeM ypaBHEHHUE KacaTelIbHOHW B Touke M

Ve=2+(x-1), Te. ye=x+l
U ypaBHEHHE HOpPMaiH B Touke M
yo=2-(x-1), te y,=-x+3.

3aga4u U ynpaskHeHus JJIs CAMOCTOSITEIbHOT0 peleHust

Pemnrte 3apaum: [13], 466-468, 492-497, 539-546, 547, 659-572,
593-596, 631-640, 662, 754.

dopma oT4eTa: KOHCIIEKT, YCTHBIN OMPOC, KOHTPOJIbHAsA paboTa.
3AHATHUE Ne 13

NCCIEJOBAHUME INTOBEIEHMUSA @YI-!KIIHFI
C nmoMoumbIoO 1MpPOMU3BOAHOU

Jluteparypa: [12], c. 144-154.16],c. 41-45,[16],c. 117-132.
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KoHTpoabHbIe BONPOCHI U 3a1aHUA

1. Kakas ¢yHKIMS HaszpIBaeTcs BO3pacTarolieid M yObIBalo-
iei?

2. Kak nmpuMmeHsieTcs Mpou3BOIHAS UL HCCIETOBAaHUA (PYHK-
[IUH HA BO3PACTaHUE U YObIBAHUE (JIOKAKUTE TEOPEMY)?

3. Jaiite ompeneneHne MakCUMyMa U MHUHUMyMa (YHKIUHU B
TOYKE.

4. ChopMmynupyiiTe U JOKaKUTE HEOOXOTUMOE YCIOBUE CY-
IIECTBOBAHUSI SKCTPEMYMa.

5. KakoBBbI JOCTaTOYHBIE YCIOBUS CYLIECTBOBAHUS IKCTPEMY-
Ma (YHKIMH B TOUKE?

6. KakoBa cxema uccienoBanus auddepeHuupyeMoin ¢GyHkK-
MY HA MAKCUMYM U MUHUMYM C IIOMOILBIO TTEPBOM MPOU3BOIHO M.

IIpumeps! pemienus 3axa4
IIpumep 1. [IpoBecTu uccnenoBanue u MOCTPOUTH rpaduk QyHKIIHH

= 1-2x
xX2—x-2
Pernenmne.

1. OGnactp ompeneneHuss (GYHKIMM HAXOIUM U3 YCIOBHS
2

x“—x—2#0. Pemass kBagpaTHOE ypaBHEHHUE x> —x=2=0 , Haxo-
JMM 3Ha4eHHs1 KopHer X; =—1, x, =2. Takum oOpazom

re(=e U U

2. Haxoaum Touku MNepeCCUCHUA C OCAMU KOOPAHUHAT:

N

1 1
y(0)=—5; y(x)=0 npu x=7

3. O‘{eBI/II[HO, 4YTO AaHHasA q)YHKI_II/ISI HC ABJIACTCA IICPpHUOANYC-
CKOfI, TaK KaK HE€ COHCPKUT JSJIECMCHTAPHBIX MEPUOIUICCKUX (I)YHK-
107078 I[J'IH MMPOBECPKU q)YHKI_II/II/I Ha YCTHOCTb HJIM HCUCTHOCTH HAXO-
JUM
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- 1-2(—x) I+2x
A

[TosryueHHOE BBIpa)KEHUE HE PABHO HU y(x) HI/I—y(x), I0-

9TOMY JlaHHas QYHKIUS HE SIBJISIETCS HU YETHOM HU HEYETHOI.
4. Vccnenyem TOYKH pa3pbiBa GYHKINH.

: 1-2x : 1-2x 1-2:(-1) 3

lim —————= lim = = =—+4w.
x>-1-0 x> —x—2  x>-1-0 (x+1)(x-2) -0-(=3) +0

. 1-2x . 1-2x 1-2-(-1) 3

lim —= lim = =~ — o

X140 x2 —x—2  x>—140 (x+1)(x—2) +0-(—3) -0
Tak kak nipejienbl OeCKOHEUHbIE, TO X = —1 SBJISIETCS] TOUKOU

paspbiBa BTOPOTO poja, a mpsMmasx =—1 sBIsSETCS BEPTHKAILHON
ACUMITOTOM.

) 1-2x ) 1-2x 1-2-2 -3

lim — = lim = =—=+4©
¥>2-0 x> —x—2 x>2-0 (x+1)(x-2) 3-(-0) -0

) 1-2x ) 1-2x 1-2-2 -3

lim —= lim = =

x>2+0 x2 —x—2  x-2+0 (x+1)(x—-2) 3-(+0) +_0=_oo

Tak kax IIpeaciibl 6CCKOHC‘IHBIC, TO X =2 sBISETCS TOYKOMN

paspbiBa BTOPOrO pojJia, a mpsMasx =2 SBISCTCA BEPTHKAIbLHOU
aCHUMITOTOM.

5. TlpoBepsieM Hanu4ue y (PYHKIUU HAKIOHHBIX aCUMIITOT,
UMEIOIIUX YpaBHEHUE y =kx+b

k= lim M: lim =2
xX—>two X x—>too x<x2_x_2)
1_2
3 2
lim 2 x -9
x—>too l—l—l 1
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b= lim (y(x)—kx): lim _1-2x

X—>*to0 X—>*too x2_ x—2
1.2
2
TN SO S
xX—>too 1_1 2 1

X x2

Takum 00pa3om, QyHKIHS UMEET TOPU30HTAIBHYIO aCHMII-
ToTy y =0, COBMajaroNIyto ¢ ockio Ox .

6. Uccnenyem (yHKIHIO Ha SKCTPEMYM M y4acTKH MOHO-
TOHHOCTH, JIJIsl 4ETO HaXOAUM €€ IMMPOU3BOIHYIO

y'=( 1-2x J’:2x2—2x+5= 2x% —2x+5
()cz—x—Z)2 (x+1)2(x—2)2

[IpousBognas He cymiectByer mpux =—1 u x=2. [Ipous-
BOJIHAsT HE paBHA HY/IIO, TaK KaK KBaJpaTHOE ypaBHEHHE

x2—x-2

2x? —2x+5=0 umeer OTpUIATEIbHBIA JUCKPUMUHAHT. Pe3ynbTa-
THI UCCJICIOBAHMI MEPBOM MPOU3BOJHON ITOMEIIAEM B TAOJIHILY

x| (o, -1) 1, 2) &, )

' + Z + Z +

W3 Tabnuiel BUAHO, YTO JaHHAs (YHKUIUS HE UMEET TOYeK
HKCTpEMyMa, TaK Kak IIPOU3BO/IHAS BCET/a MOJOKHUTEIbHA.

7. UccnenyeM (QyHKLHIO HAa TOYKM Iepernda U y4acTKU BbI-
IYKJIOCTU U BOTHYTOCTH, JUIS YEro HAaXOAUM €€ BTOPYIO IMPOM3BOJ-
HYIO

!
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1)/ 2
4 x——|(x*-x+7
4 +6x7 —30x+14 (x 2](’“ x+7)

(x2 —x—2)3 (x+1)3 (x—2)3

Bropas nponsBonHas He cymectByer npux; =—1 u x, =2. Ho
B THUX TOYKaX (QYHKIUS HE ONpPEJeNICHa, TI09TOMY OHH HE MOTYT 5IB-
JSITCSL TOUKaMK repern6a. J[ins HaXoXIeHHs APYTHX KPUTUIECKUX
TOYCK TPUPABHUBAEM BTOPYIO TMPOW3BOJHYIO HYII0 M IOJIy4aeM

1
X3 =—. PGSYJIBT&TBI HCCIICOJ0BAHUU BTOPOU NPOU3BOJHON IOMEHIA-

€M B TaOJIHITy

1
11 1—
X —o0, —1 -1, — —22 2, + 0
(o0, -1) ( 2) (22 ) (2, +0)
J R 0 g
0
y | BOoruyras BBIYKJIas BOTHYyTast BBIITYKJIas

1
s Ta6.]'II/II_[I>I BUJIHO, 4YTO IIpU X =EBTOpa${ IMPOU3BOJHAA

paBHa HYJI0 U MCHSET 3HAK, CIEIOBATEIBLHO, 3T TOYKA SIBJISCTCS
TOUYKOM neperuda rpaduka GyHKIUN.

8. [To pe3yabpTaTtamM BCEX UCCIICIOBAHUHN BBIMOJHAEM ITOCTPO-
eHue rpaduka gaHHoi ¢pyHkuuu (puc. 5).

Puc. 5
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IIpumep 2. [IpoBectu uccieq0BaHUEe U TOCTPOUTH Tpaduk QyHKIIUN
y=(x+4) .
Pemienne
1. OGnacTeio omnpenencHUs YHKIUN SBISETCS BCS YHCIOBAs OCh.
Taxum obpazom x € (—oo, + OO) .
2. HaxomuMm TOYKHM TiepecedeHH sl ¢ OCSIMH KOOPIUHAT:

y(0)=4; y(x)zO npu x =—4.3. OueBUAHO, YTO JIaH-

Has (YHKIMS HE SBISIETCA NEPUOANYECKOM, TaK KaK HE COAEPIKUT
AJIEMEHTApHBIX Neproaudeckux GyHkuuid. /st nposepku GyHKIUU
Ha YETHOCTh WJIM HEYETHOCTh HAXOAUM

y(—x)=(-x+4) e,
Tonydentoe BeIpaskenue He pasuo Hu y(x)mn—y(x), mo-

3TOMY JlaHHas QYHKIUS HE SIBJISIETCS HU YETHOM HU HEYETHOI.
4. NlanHas (QyHKIUS OMpeneieHa BCIOAY, IMOITOMY TOUYEK
pa3pbiBa HET U BEPTUKAJIBHBIX ACUMIITOT TOKE HET.

5. TIpoBepsieMm Hanuuue y (YHKIUH HAKIOHHBIX aCUMIITOT,
MMEIOIINX YpaBHEHUE ) = kx +b

2x
ke tim 20 gy (AT

X—>400 X X—>+00 X
4
(1+ o>~
. X .
= lim % — lim &> =+w.
X—>+00 1 X—>+00

CrnenoBarenbHO, IPaBOH aCUMITOTHI y (DYHKIIUU HET.
2x
X . x+4)e
() ()t

k= lim
X—>—00 X X—>—00 X
4
(1—1— e>*
) X )
= lim ~—*  _ |im &**=0.
X—>—00 X—>—00
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x+4

b= lim (y(x)—kx)= lim (x+4)e** = lim ~—

X—>—00 X—>—00 xX——0 ¢
Takum o0pazoMm, mpux —>—o0 (QYHKIUS HUMEET TOPU30H-
TaJIbHYIO acuMnToTy y =0, coBnagaroulyto ¢ ockio Ox .

0.

6. Uccnenyem QyHKIHIO Ha SKCTPEMYM M y4aCTKH MOHOTOHHOCTH,
JUI YET0 HaXO/AUM €€ MPOU3BOAHYIO

!
y'= ((x+4)ezx) = e +(x+4)62x2 =™ (2x+9).

[IpousBoiHas onpejeneHa Mnpu Jro00M 3HaU€HUU X U paBHA
HYJIIO npu x = —4,5. Pe3ynbrarsl ncciaeaoBaHuil NEpBOM NPOU3BOI-
HOM TIOMEIIaeM B TaOJIUIly
x (—o0;—4,5) | —4,5 (—4,5; )
V' - 0 +
N3 Tabmutel BugHO, uTO PyHKIMS npu x = —4,5 UMEET TO4-

Ky MUHUMYyMa, TaK KaK IPOW3BOJHAS B 3TOI TOYKE paBHA HYJIO U
MEHSET 3HaK.

7. UccnenyeM yHKIMIO HAa TOUKH Meperuda v y4acTKU BBITYKIOCTH
Y BOTHYTOCTH, JIJIsl 4Y€ro HaXOAUM €€ BTOPYIO MPOU3BOAHYIO

y"=((2049)™ ) =262 +(2x+9)¢?2 = > (4x+20)

.Bropas npousBoaHas onpezeneHa npu Jr000M 3HAUEHUU X U PaB-
Ha HYJIIO TIpu X = —5. Pe3ynbTarhl HccineqoBaHuii BTOPOi MPOU3BO I-
HOU MmomeniaeM B TabIuIly

X (—oo, —5) -5 (—5, oo)
y' - 0 +
y Bhinykias | —e !0 | Borayras

W3 Tabnuiel BUAHO, YTO MPU X = —3 BTOpasi MPOM3BOIHAS paBHA HY-
JII0 U MEHSET 3HAaK, CJIEJOBATEIbHO, 3T TOYKA SIBJIETCS TOUKOU Ie-
peruba rpadpuka ¢ynkuuu.llo pesynbraTam Bcex HCCIEIOBaHUMN
BBITNOJIHAEM TOCTpoeHue rpaduka qanHoi GpyHkuuu (puc. 6).
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-5 -4 0

Puc. 6
3agauM U ynpakKHeHus JJIsl CAMOCTOSITEJIbHOIO PelleHust
Pemutn 3amaum: [13], 1399-1414, 1437, 1462-1464, 1465-
1469, 1472-1477.
®opMa 0TYETHOCTH: KOHCIIEKT, YCTHBIN OTIPOC.

3AHATHUE Ne 14

BEKTOP - ®YHKIIUA CKAJIAPHOI'O
API'YMEHTA. KPUBU3HA KPUBOU

Jluteparypa: [12], c. 195-211, 305-313; [7], c. 237-247,
[16],c. 41-45.
KoHTpoJibHBIC BONIPOCHI M 3a]aHUs

1. JlaiiTe ompezneneHue BEKTOP-(YHKLIUU CKAJISIPHOTO apryMeHTa.
I'me, B KakuX TEOPETUYECKUX U INPAKTUYECKUX INPUIOKCHUIX HC-
M0JIb3yeTCs 3Ta PyHKIUsA?

2. Yro Takoe rogorpad Bexrop-pynkiuu? Kak HaliTu ero ans
KOHKPETHO 33aJJaHHOM QyHKuMn?

3. Uro Takoe M KaKk HaXOJWUTCA IPOU3BOAHAS BEKTOP-
byHKIIH?

4. Kak HaxoauTCs mpesen BeKTop-(pyHKuun?

5. Kak HaliTu KacaTeiabHYH K IPOCTPAHCTBEHHON KPUBOW?
Kak Hanucate ypaBHEHHE HOPMAJIBHOM INIOCKOCTHU?

6. Uto Ha3pIBaeTCsl KpUBHU3HOM IUIOCKOW M MPOCTPAHCTBEHHOMN
KpUBOH B IaHHOH TOYKeE?

7. Yo Takoe panunyc kpuBu3Hbl? Kak oH HaxonaatTcs?
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8. UTto Takoe 3BOJIIOTA U 3BOJIbBEHTAa KpuBOii? Kak oHM Haxo-
IsTCs?

9. Uto Takoe KpydyeHue NMpPOCTPAHCTBEHHOW KpHUBOM B 3ajaH-
HOH TOUKe?

IIpumepsl pemienus 3agaq
IIpumep 1. HaiiTu TpaekTopuio TOUYKH, ABMXKYIIEHCS IO 3aKOHY
7(t)=2sinti +3cost j .
Pemenue. [Tapamerpuyeckne ypaBHEHUS TPACKTOPHUH
x(t)zZSint x2 y2
= —+—=1,

y(t)=3cost 4 9

MO3TOMY TPAEKTOPUEH ABMKEHHS ABISETCS IUIUIC C MOIYOCAMHU 2
n3in LOCHTPOM B Ha4YaJIC KOOPAWHAT, HAITPABJIICHUC JABUXKCHHUA ITIOKA-
3aHO CTpeNKoi (puc. 7).

VA

3

Puc. 7

Mpumep 2. JlaHO ypaBHEHHWE MABIKECHUS MATCPUAILHOW TOYKH
— - 2,—= 7

r =(sht—1)z +ch”t j +3k . Onpenenuts TPaeKTOPHIO, CKOPOCTh U
YCKOPECHUE JBMDKEHUS TOYKU. [lOCTPOHUTH BEKTOPBI CKOPOCTH W

yCKOpeHHs sl MoMeHTa BpeMenu ¢ =0.
Pemenne. [Tapamerpuueckue ypaBHEHUs TPACKTOPHH

x(t)=sht—1,
y(t)=ch?,

z(t) =3.
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Bocroib30BaBIIMCE OCHOBHBIM TOXKJIECTBOM ISl THIIEPOO-
TU4ecKuX (YHKIUHI, HCKITI0UaeM napaMeTp [ U mojayvdaem

2
ch’t—sh’t =y —(x+1)" =1,
Takum 00pa3oM, TpaeKTOpHUEH IBMKEHHS TOYKH SBISETCS
2
napaboJra y=(x+1) +1, nexamas B miockoctd z=3 (puc. 8).

I[J'IH TOTrO, YTOOBI ONPCACINTEL HAIIPAaBJICHUC IABUKXCHUSA TOYKH II0
TPACKTOPHUH, BEIYHUCINM NPCACIIbI

li =1 ht-1)==+
Jim x(t)= lim (shi=1)= e,

lim y(f)= lim ch’ =+o.
t—>*oo t—>*oo

[lomydeHHOE HampaBiieHUE ABWXEHMs IIOKa3aHO Ha pHC. 8
cTpenkoi. [lanee onpenensemM BEKTOP CKOPOCTH

v()=7(t)=x"(t)i +y'(¢t)j+2'(t)=chti +sh2t
1 BEKTOP YCKOPEHHS
w(t)=7"(¢t)=x"(¢)i +y"(¢)] +2"(t)k =shti +2ch2tj .
W3 3amucaHHbIX BBIPAKEHHUN T0JIydacM 3HAYCHUS BEKTOPOB
CKOPOCTH V ;g =1{ W yCKOPEHHS W|.o=2j B ToUKe C KOOp/MHa-
TaMu x(O) =-1, y(O) =1, Z(O) =3. DTH BEKTOPBI H300paXKEeHbI Ha
puc. 8.
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33)13'{1/[ U YIIPA)KHEHUS JJISA CAMOCTOATE/IbHOT0 PCHICHU S

Pemmuts 3amaum: [7], 5.533, 5.537, 5.549, 5.550, 5.558-5.561,
5.563, 5.564, 5.566, 5.570, 5.581, 5.583; [13], 1529, 1337, 1544,
1554, 1556, 1572.

dopMa 0THYETHOCTHU: YCTHBINA OTIPOC, JOMAIIIHSS KOHTPOJIbHAs
paboTa c MocieayonuM OTYETOM 0 HEH.

ZAHATHUE Ne 15

KOPHMU MHOI'OYJIEHA. OCHOBHAS TEOPEMA
AJITEBPBI. PA3JIOKEHUE MHOI'OYJIEHA
C JEACTBUTEJBbHBIMA KO2®PUIIMEHTAMMU
HA MHOXHUTEJIN

Jluteparypa: [12], c. 230-235, [16],c. 77-84.

KoHTpoJibHbIE BONIPOCHI M 3a1aHUS

1. YTo Takoe MHOTOWICH CTCIICHH X ?

2. Yto Ha3bIBAETCSI KOPHEM MHOTOWJIeHA?

3. Kak unTaercs u nokasbiBaeTcs TeopeMa bezy?

4. ChopmynupyiiTe OCHOBHYIO TEOPEMY aJIreOpHI.

5. Kak packnagpiBaroTCs Ha MHOXKHTEIIM MHOTOWICHBI 71 -OU
creneHu (IpUBEACHHBIC, HE IPUBEICHHBIC)?

6. Kakue MHOTrO4IeHbI Ha3bIBAIOTCS PABHBIMU?

7. Uro Takoe KpaTHOCTh KOpHS MHoTowieHa? Kak BBITIAIUT
pa3ioKEHUE MHOTOWICHA HAa MHOXKUTEIM TPH HAJTUYUH KPaTHBIX
KOpHEn?

IIpumeps! pemenus 3aaa4
IIpumep 1. Pemuts ypaBHeHHE

¥ +dx>+x-6=0.
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Pemenue. IToacraBnsis JICIIUTEIIN CBOOOJIHOTO YJICHA
+1, £2, +3, +6 B ypaBHEHUE, MOJy4aeM, YTO €r0 KOPHSAMH SIBIIS-
totcst yucna: 1, -2, -3. CrnenoBaTenbHO, YpaBHEHHE MOKHO 3aIUCaTh
B BHJIE (x—l)(x+2)(x+3) =0.

IIpumep 2. Pa3noxxuth Ha MHOXKUTEIU MHOTOWIEH

Os(x)=3x" —6x* —=9x°> +18x% —12x +24.

Pemenne. HetpynHo yboenuThes, 4To OAUH U3 JieNnTeENed cBOOO -
Horo uiena 1, +2, +£3, +4, +6, +8, +12, £24 gBusaercs kop-

HEeM MHOTOWIeHa — X = 2. Boimonusem nenenne Qs (x) Hax —2

3x5—6x4—9x3+18x2—12x+24‘ x—2

3x° —6x* 3xt—9x? -12

—9x> +18x% —12x+24

—9x” +18x7
—12x+24
—12x+24
0
U ToJy4aem QS—(XZ) =3x* —ox? —12. [IpupaBHHUBaEM 3TO BBIpaKe-
x J—

HHE K Hymo. PelleHus nojaydyeHHOro OMKBAJpaTHOIO ypaBHEHUS
2 2

uMeroT BUI X33=4, xjs=-1. Orcioma x;=+2, x3=-2,

X4 =+i, x5 =—i. Utak, MHOTOUNIEH Qs (x) UMEET JICHCTBUTEIBHBIN

KOpPEeHb X =2, KpaTHOCTh KOTOPOTO paBHA 2, IEHCTBUTEIBHBIH MPO-
CTOM KOpeHb X =—2 W JBa MPOCTHIX B3aHMMHO-COMPSDKEHHBIX KOM-
IUIEKCHBIX KOpHs x =ti. Takum 00pa3oM, pas3nokKeHUEe Ha MHOXKU-
TEJIM JaHHOTO MHOTOWIeHa Oy/JIeT UMETh CIEeTYIONINI BUT:
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Os (x)=3x" —6x" —9x” +18x% —12x+24 =
=3(x=2)" (x+2)(x?+1).

3agaum U ynpakHeHus JJIsl CAMOCTOSITEJILHOTO peleHust
Pemmuts 3amaun: [7], 1.512, 1.514, 1.518, 1.523, 1.525.
dopMa 0THYETHOCTHU: YCTHBIN OTIPOC, KOHTPOJIbHAS padoTa.
3AHSATHUE Ne 16

HUHTEI'PUPOBAHUE JUO®OEPEHINAJBHBIX
BUHOMOB. ITIOACTAHOBKH YEBBIIIEBA.
MOJCTAHOBKHN DWJIEPA

Jlutepatypa: [12], c. 361-364, 369-370, [20], c. 138.

KoHTpoJibHbIe BONPOCHI U 3aJaHUs

1. Kakoe BbIpaxeHue HasbiBaeTcs nuddepeHiraaIbHbIM Ou-
HOMOM?

2. B kakux cimydasx uHTEerpan ot nuddepeHnnantbHOro OuHO-
Ma BBIPAXAECTCS uyepe3 dJIeMEHTapHble (QYHKUUU (sBIsieTCS Oepy-
Mmcest)?

3. C momouipl0 KakuX MOJICTAHOBOK WHTETPUPYIOTCS TaKHe
muddepeHnranbHbie OMHOMBI?

4. IlpuBeaure mpumep uHTerpaia ot auddepeHIanIbHOro
OMHOMa, HE BBIPAXKAIOLIETOCS Yepe3 dJIeMEHTapHbIe (PYHKIINU.

5. Kakue unTerpans 6epyrcst ¢ MOMOIIBIO MOJCTAHOBOK Dil-
nepa?

6. KakoBa mepBasi mojcTaHoBKa Jiiepa U KOTJa oHa MpUMe-
HAeTcs?

7. KakoBa BTOpas mojcTaHOBKa Diliepa M KOTJa OHA MpUMe-
HseTcs?
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8. KakoBa TpeTbs moacraHoBKa Jijiepa W KOIJla OHa IpUMe-
Hsercs?

9. Kakuwm emie MeTo1oM OepyTcsl T€ K€ UHTErpalibl, B KOTOPBIX
MIPUMEHSIOTCS TI0JICTAHOBKH Dilsiepa?

10. Kak u xakue TpUrOHOMETPUUYECKUE MOJACTAHOBKU HCIOJIb-
3YIOTCS JJIsl BBIYUCIICHUSI WHTErpanoB?

IIpumeps! pemieHus 3aga4

IIpumep 1. Haiitu unrerpan j%/;%/l +33x? dx.

Pemenmne. IlpencraBum maHHBIN MHTETPaN B CIEAYIOIIEM BHUJE:
1

1 23
I%/;\3/1+3%/x—2dx:jx3 1+3x3 | dx.

Ortcroma BUAHO, YTO TOJ 3HAKOM HHTErpayia cTouT nuddepeHiu-

2
aJIbHBI OMHOM, IIPU 3TOM m:§, nzg, p=§. Tak kak p - He

1[Ee]I0€ YHUCIIO, TO JAHHBIM MHTErpaj He OTHOCUTCA K MEPBOMY CIIY-
1

—+1
m+1 3 .
4aro. ==——=72 - [eJ0€ YHCIIO0, TO3TOMY JaHHBIH HHTETpaI
n 2
3
OTHOCHUTCSI KO BTOPOMY CJIy4ar0 ¥ COOTBETCTBYIOIIAS MOJICTAHOBKA!
3
2 £-1)2
3 3
1+3x° =¢. Bblpaxaem oTCOIa X= T U HaxoIuM
1
N3(3 22
dx—T t” —1)? t°dt . Takum oOpazom,

56



1
IJ_\/1+3 2 dx= )2 t73(t3—1); dt =

lers N3, lere 3y, L[t ¢ ~
_Ej(z —l)t dt_EI(t —t )a’t_E 1 +C=
6038paAAEMCSL . 7 ;

=| K ucxoouou =ﬁi/(l+3%/x—2) —53\/(1+33x3) +C.
nepemeHHou

dx
IIpumep 2. Haiitn nuHTETpANn | ——F=.
I x'! 1+ x*

Pemenmne. IIpencraBum maHHBIN MHTETPaN B CIEAYIOIIEM BHUJE:

N e

Jx_11(1+x4) 2 dx .
Ortcroia BUJHO, YTO TOJ] 3HAKOM HHTErpaja cTouT mudde-
. 1
pEeHIMANBHBIA OnHOM, Tipu 3ToM m=—-11, n=4, p= 5" Taxk kak

P - HC II€JI0€ YUCJIo, TO HaHHBIﬁ HHTErpal HE OTHOCUTCS K IIEPBOMY

m+1 -11+1 5 .
cJIydaro. = =—— - HC€ 0OCJI0€ YHCJIO, 3HAYUT HOaHHbIH

n 4 2

m+
MHTCrpajJl HE OTHOCHUTCA KO BTOpOMY ClIy4yalwh. ——+ p = -3 - oc-
n

JIOC€ YHUCJI0, MTO3TOMY JaHHBIN HUHTCIrpaJl OTHOCUTCA K TPETbEMY CIIY-

1+ x4 _4
Yarw U COOTBCTCTBYHOMIAA IOJACTAHOBKA: 4 = +1=¢". BrI-
X
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1 5

paXkaeM OTCIOa X = (t2 —1) 4 u HaxogMM dx = —E(tz —1)_Z tdr.

Takxum oOpazom,

1 5

o 3l 1)

:_%I(tz—l)zdt:—%[§—§+tJ+C:

8036pawujaemcs K UCXOOHOU NepemMeHHOl

- C NOMOWbIO 0OPAMHOU 3aMeHbl t = /1+L4 -
X
5 3
:—L l+i +l 1+L 1 1+L+C.
10 x4 3 X4 2 x4

IIpumep 3. Haittu unrerpan J. &
(x+1)\/x2 +x+1

Pemenne. D10 UHTErpai BUaa J.R(x,\/ax2 +bx+c)dx. B namem

ciyqae a =1>0, mo3TOMy IPUMEHUM TEPBYIO MOJACTAHOBKY Die-

pa: \Vx?+x+1=x+¢. Bo3Bens 06e 4acTH paBeHCTBA B KBajIpar,
2 -1
HOHyI‘II/IM x2 + x+l = x2 + 2xt+t2 . BLIpa>KaeM OTCrOAa X = ﬁ u
Y
2 —t+1

(1-2t)°

HAXOIuM dx =—2 dt . Takum oOpa3zom,

(t2 —t+1)dt

I(HIN{ZH+1 =_ZI[’2—1+1][’2‘1+1](1—202 )

1-2¢ 1-2¢
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dt dt d(t-1) lr-2]
=2 =2 =2 =1 +C=
It2—2t J‘¢2—2¢+1—1 I(1—1)2—1 R

6036pawjaemcs K UCXOOHOU nepemenHou

C NOMOWbIO 0OPAMHOU 3aMeHbl t = VX2 +x+1-x

\/x2 +x+1—x—2‘

\/x2+x+l—x ‘
dx

x\/2+x—x2 .

Pemenue. 310 mHTErpans Buaa IR(x, \/ax2 +bx+c)dx. B mamem

=In +C.

IIpumep 4. Haiitu unrerpan J‘

2

clydae KBAJIpAaTHBIA TpeXwieH 2+ X —Xx°~ HMEEeT ICHCTBUTEIbHBIE

KOpHH X; =—1 U X, =2, MOATOMY NPUMEHHM TPETBIO IOJICTAHOBKY

Diinepa: \2+x—x” =(x+1)¢. Bossenss obe YacTH paBeHCTBA B

2.2
kBapart, nonydum —(x+1)(x—2)=(x+1)"¢". Beipaxkaem orcrona
2
2—t —6t
xX== Y HaxoIuM dx = —zdt . Takum oGpasom,
" +1 2+ 1)
dx tdt dt
-6 =2 =
2+ x—x2 J.Z—tz 2-2 t(t2+1)2 jttz
21l 241
1 I =2 N 60368pawaemMcs K UCXOOHOU nepemeHHOU
=—1n = =
\/5 z+\/5 ¢ NOMOWbIO 0OPAMHOU 3AMEHbL
2
N2+x—x
L e
= —In|——=2X& +C.
V2 \/ 2+x-x°

+2

x+1
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3agaun U ynpaxKHeHHs Il CAMOCTOSITEJILHOTO PellieHus
Pemuts 3amaun: [13], 2076, 2078, 2080;

®dopMa OTYETHOCTH: YCTHBIH ONPOC, TUIIOBOW pacyer, KOH-
TpOJIbHAS padoTa.

ZAHATUA Ne 17

HECOBCTBEHHBIE UHTEI'PAJIBI.
NNPUJIIOXKEHUA OHNPEAEJIEHHOI'O UHTEI'PAJIA

Jlutepatypa: [12], c. 429-448, [20], c. 141-146.

KOHTpOJIbele BOIIPOCHI U 3a/laHUA
1. Kak BBIUHCISAIOTCS HECOOCTBEHHBIC MHTErpaiibl 1 poma (¢
OCCKOHEYHBIMHU TIpeeamMu ) ?

2. ChopmynupyiTe TPHU3HAKH CXOIUMOCTH HECOOCTBEHHBIXHH-

terpaioB 1 poga ?

3. Kak BbIUHCHSAIOTCS HECOOCTBEHHbIE UHTETpalibl 2 pona ( OT

HEOTpaHUYEHHOUN QYHKIUH ) ?
4. CdopmynupyiTe HpU3HAKU CXOIUMOCTH HECOOCTBEHHBIXHH-
TErpajioB 2 poja.

5. Kak BBIUMCIHUTH C TOMOMIBIO ONPEAETICHHOIO WHTErpaia Iuio-
b TIOCKOM (pUrypsl B ciiyyae 3a/laHusi €€ TPaHUIlbl B IBHOM BU-
e, B MOJIIPHBIX KOOPAMHATAX, TAPAMETPUUYECKUMU ypaBHEHUSIMU ?

6. BpruncnuTte ¢ MOMOIIBIO OMPENEIEHHOTO HHTErpajia JIUHY
YT KPUBOM B Cilydae 3aJjaHusl €€ ypaBHEHUEM B SIBHOM BHJIE, Ma-
paMeTpUYEeCKOM BU/JIE, B TIOJAPHBIX KOOPAUHATAX ?

7. Kak BBIYHCIUTH 00BEM Tela MO TUIOMIA/IIM MOTEPEYHbIX ceue-
HUIT; 00beM Tena BpaieHus Bokpyr ocu Ox , ocu Oy ?
8. Kak BbIYMCIIUTD TOBEPXHOCTDH T€JIa BpPAIlCHUS ?
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9. Kak HaiitTi BenmnuuHy paboThl ¢ TOMOIIBIO OTPEICICHHOTO HH-
Terpana’?

10. Haiigute KOOpAMHATHI LEHTPa TSHKECTH IUIOCKON JIMHUU,
TUIOCKOM (UTypHI?

IIpumepsl pemenus 3agaq

+00 dx
I[Mpumep 1.Borunciauth I - 0
2
X +x-=2
Pemenne. D10 HeCOOCTBEHHBIN MHTETpall ¢ 0ECKOHEUHBIM BEPXHUM
npenenoM. Tak Kak nmoAbIHTErpajibHask ApoOb pas3iaraercs Ha

npocTeimmue 1podu BruIa
1t 1 \T1o
PHx+2 3\x-1 x+2)

7—11m17—hm fb(i‘ : jd":
2 3 —x42  og 2 x+2 5w x—-1 x+2
1

- ——lnf—fl 2.
31,,1I£1| bia "33

x—l
x+2|,

1
=lim=In—
lim3

o dx
IMpumep 2.MccnenoBaTh CXOAMMOCTb UHTETpAJIa L T

ix’ -1
Pemenue.Bocnosnb3yeMcst mprU3HAKOM CXOJAUMOCTH JUIsl HECOO-
CTBEHHBIX UHTErpajioB 1-ro poaa B BUje HepaBeHCTBA. OUeBUIHO,

1 1

> 1pu x>2. Beruncinum r
Ix’ =1 X

pacxoauTcs.

IIpumep 3. HCCJ‘IG,Z[OB&TL Ha CXOJIUMOCTh HECOOCTBEHHBII

e

Pemenue.llpu x — o
1 1 11 1

NS = S 1 o
Xl \/x3(1+i3j x? \/1+—3 x2
x X

0

4TO "

—hmf ——hmlnx

HHTCI'pall I
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o0
Taxk kak I CXOJIUTCS, TO CXOJUTCS U UCXOIHBIA UHTETPa.
1

3/2
X
dx

2
o (x=1)
Pemenue. 31ecy nmoapIHTErpaibHas PYHKIMS UMEET

pasphIB Ipu x=1.2T0 HECOOCTBEHHBI HHTETPAJI OT
HeorpaHuueHHoO! pyHkuu (2-ro poaa). Ilo onpenenenuto

IIpumep 4. Borurcnuth UHTErpai .[

2 1-¢

| P i j D lim [ _x

0 (x — 1) &0 (x 1) (5—)0 s (x 1)
.1 .

= EI_I}(')I(; — 1) + 11_1;1;)1(3 — 1) = 00,

3HAYWT JaHHBIA UHTErPaj PpaCXOJIUTCH.

«/_dx

IMpumep S. MccrnenoBaTh CXOAMMOCTh UHTETpaia I \/_
I-x

Pemenue. B nannom ciydae nmoabiHTerpaibHas GyHKIUS UMEET
pa3pbIB MPHU X=/. BOCHOJIB3YeMCsl IPU3HAKOM CXOJIMMOCTH HECOO-

CTBCHHBIX MHTEIPajioB 2-T0 ponaa.

Jlist cpaBHEHMS BO3bMEM (DYHKIIHI0 ————.
(1-x)
OuesuiHo, ut0 7 _ Jx 1o
=t Jiex)1ex)(1407) iox
npu x €[0,1]. Halinem

{ Jff—;lgiggl:(l—x)idx:—zgx(;M\ = lim(2-2Jz) =2
1 1 «/_dx
i~

Tak kak I CXOOHUTCA, TO CXOOUTCA U

Ipumep 6. Boruncnauts miomanp GUrypsl, orpaHquHHoﬁ JMHHU -
MU, 38/JaHHBIMH YpaBHEHUSAMHU
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_ 3
{x—8cos t’x:—l (xS—l).

y=3sin’t,
Pemrenue. M300pa3uM JaHHBIEC JIMHUM M 3alITPUXYEM HCKOMYIO

momans (puc. 9). Halinem 3naueHust mapameTpa f, COOTBETCTBYIO-
e TOYKaM ICPECCUCHUA NAaHHBIX KPHBBIX. I[JI?[ 9TOro pemacm

ypaBHenue 8cos’t=-1 wmm cost=—1/2 u monywaem ¢, =27/3

(cootBetcTBYeT Touke B) u t, =47/3 (cootsercTByeT Touke C).

Touke ACOOTBETCTBYET 3HAueHWE MapamerTpal, =7 TaK Kak
x(t0)=—8 u J’(to):()-

X

\
/8

Puc. 9
[Tnomans ¢puryper ABC HaxoauM Kak yABOECHHYIO ILIOIIA/Ih
BEepXHEH MOJIOBUHBI ABD , WHTErpuUpys IpPH 3TOM B HAIPaBJICHUU

BO3pacCTaHuA X OT TOYKH A J0 TOYKH B:
273

Spc =2 J‘3sin3 t(—8 -3cos’t- sint)dt =144 J‘sin“ tcos’ tdt=

273

=18 I(l —co0s2t)’(1+cos2t)dt =

27/3

18 I(l —c0s2t —cos’ 2t +cos’ 2t)dt = 18[1 - Sln2tj

27/3

4

27/3

-9 f(l +cosdt)dt +9 T(l —sin® 2¢)d sin2¢ =

27/3 27/3

63



. z -3 i
P R —9(”31“4’] +9] sin2r— S 2
3 4 4 ) 3

21/3
93 [ 2 fjg{ffj 3

=6r 7—79 ~ -2
3 8

2

Mpumep 7. Haiitu mimomanp GUrypsl, Jexamieil BHE OKPYKHOCTH
r =1 u orpaHMYEHHON KPUBOH 7 =2Cc0S2¢ .

Pemenne.Tak kak pyHkuus »=2cos2¢ umeer nepuon I =, TO
npu w3MeHeHun @ ot 0 g0 27 paauyc-BEKTOp OMKCHIBAET JBa
paBHBIX JenecTtka KpuBou.Ilpu 3ToM JOMyCTUMBIMU AJIsl @ SBISIOT-
Csl T€ 3HAYEHUs, IPU KOTOPBIX cos2¢ =0, oTKya

—%+kﬂ£(p£%+kﬂ (k=0,21,%2,..).

CrnenoBarebHO, OJUH W3 JICTIECTKOB OTMCHIBACTCS MPH H3-
MeHeHHH @ oT —77/4 no 7 /4. BTopoii JIenecToK mojydaercs mpu
usmeHenuun @ ot 37 /4 no 57/4 (puc. 10). Beipesast u3 nemnecTkoB
9acTH, NMpUHAUICKANMEe Kpyry 7 <1, mMbl momyuum urypy, mio-
Iab KOTOPOH HYXXHO OTPEAeIHTh. SICHO, YTO MCKOMasl IUIONIA/Ib
S=4S ;.. B cBoto ouepens S ;- =S, — Souc- Toukam B u C
COOTBETCTBYET 3Ha4yeHue mnoisipHoro yrina @, =0. Haiinem mossip-
HBIC KOOPAWHATHI TOYKH A TiepecedeHus TaHHBIX KPUBBIX. J[i1st 3TO-
ro pemum ypaBHeHue2cos2¢ =1 T1.e. cos2¢=1/2. Mexnay 0 u
77 /4 Haxomurcst TOJBKO KopeHs 7 /6. Takum o6pasom, Touke 4 co-
OTBETCTBYET MOJISAPHbINA yroa ¢, = 7/6.

Puc. 10
Jlanee ompezaensieM UCKOMYIO TUTOIIA/Ib:
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7/6 7/6

1 1

S=48 e =4Sy — Souc )= 4(5 [4cos® 2¢dgp - > [r dgo} =
0 0
o oz B
_z N3

7/6 i
) a6 sin4@
_4_(|)'(1+cos4(0)d(0—2§0|0 —4((”"’ 4 jo 33 2

IIpumep 8. Boruncnuts miomaas GUIrypsl, OrpaHU4E€HHON KPUBBIMU
r=sing u r=+/2sin(p-7/4).
Pemenne. Tak kak sing >0 npu 0 < ¢ < 7, To epBas KpuBas Jje-

KUT B BEPXHEH IMOJYIUIOCKOCTH W TPOXOIUT yepe3 mojroc 7 =0.
UToOBI IOCTPOUTH €€ TepeiieM B JIEKapTOBbIE KOOPAUHATHI, TIOJIb-

3yAch COOTHOmEHUAMH r° =x"+y> u sing=y/r. Ionyuaem

x> + y*> = y. IlpuBens 310 ypaBHEHHE K KAHOHHYECKOMY BHIY, Oy-

nem umets x° +(y—1/2) =1/4. D10 ypaBHEeHHE OKPYKHOCTH C
uentpom (0, 1/2) u pamuycom pasubiM 1/2 (puc. 2). Bropas kpusas
onpenenena npusin(p —7/4)> 0 r.e. npu 7/4 <@ <57/4 u TaKe

npoxoaut 4depe3 momoc r=0. IIpeoOpasyeM ypaBHEHHE BTOpOW
KpHUBOH

r= x/Esir{go —Zj = ﬁ(\lﬁ sing —\/licosgoj =sing —cose

U [epeiieM B JIEKapTOBBIE KOOPIMHATHI
r=sing —cos@ :y/r—x/r = X+ =y—x.
IpuBeeM MoJydeHHOE YpaBHEHHE K KAHOHHYECKOMY BHUJLY:
(x+1/2) +(y—1/2) =1/2. Buzano, 4T0 370 ypaBHEHHE OKPYKHO-
CTH C IIEHTPOM (— 1/2,1/ 2) U PaiiyCcoOM paBHbBIM 1/ V2 (puc. 11).
U3 BBINIECKA3aHHOTO CIIEAYET, YTO TOJIOC €CTh TOYKa Mmepe-
cedeHHs OKpYKHOCTeil. J[pyras Touka mepecedeHHs OKpYKHOCTEil

HAXOJHUTCS W3 PpEIIeHHs YpPaBHEHHUS SIng = J2 sin((p—ﬂ/4) WIH
sing =sing —cose, otkyna ¢ =/2. U3 puc.11 BumHO, YTO Hc-

KOMas I1uiomaiab S paBHa CymMME ILUTIOIIaJIeli CerMEeHTOB Sl u S2:
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IIPUYEM CETMEHTBI IPUMBIKAIOT JAPYT K APYTY 10 yday ¢ = /2. Jly-
ra IepBOrO CErMEHTa OINMCHIBAETCS KOHIIOM IIOJSPHOIO pajhyca
BTOPOH OKpyXHOCTH TIpH 77/4 < ¢ < 77/2, I03TOMY €T0 IO b

3 pia 17 P
S == | 2sin’| p—= |dp == l-co§ 2¢p——||dp =
7| [(/’ 4j(”2j( {‘”2))(”

/4 /4
T i(z_x 1z 1.
202 4 2 8 4

2

_ %((p_ sin(2¢ —ﬁ/Z)j

¢p=n

Puc. 11
Jlyra BTOpPOro CerMeHTa OIHUCHIBACTCS KOHIIOM TOJISPHOTO

paauyca nepBoil OKpy:KHOCTH Npu 77/2 <@ < 7T, MO3TOMY €ro IIo-

maab

/4

S, :% _.‘sinzgodgo:% I(l—cos2¢)d¢=

/2 /2

1 sin2¢ ” 1 T\ 7w
= — ¢)— =—\|\ T ——|=—.
4 2 ), 40U 2) 8

T—1
Takum 0Opa3om, uckoMas momane S =S, + .5, = T .

Ipumep 9. Haiitu nnomans QuUrypbl, OrpaHUYEHHON KPUBBIMHU
rF=CcosQ u rzl/\/i+sin(p.
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Pemenne. Onpenenum 061acTb, B KOTOPOW PacIoyIOKEHa TepBast
KkpuBad. [ng sroro pemwnm HepaBeHCTBO cos@ =>0. Ilomydaem

—7/2<@p<7/2. Tak Kak cOSQ = X/r, TO B JIEKAPTOBBIX KOOP/UHA-
Tax ypaBHEHHUE IEPBOW KPHUBOM 3alMILIETCS CIEAYIOIUM 00pa3oM
x* 4+ y> =X W B KAHOHAYECKOM BHUJIE (x—l/2)2 ++y>=1/4 -
3TO ypaBHEHHE OKPYKHOCTH C LEHTPOM (1/ 2, O) U PaIIyCcoM paB-
HeM 1/2. OKpYKHOCTBH pacroyio’keHa B MPaBOil MOJYIUIOCKOCTH H
npoxo Ut uepe3 noiroc » =0 (puc. 12).

Q=T

Puc. 12

Jns mocTpoeHuss BTOPOM KpUBOW pelIaeM HEPaBEHCTBO
1/\/5 +sing >0. Tonysaem —7/4<¢ <57/4. Bumno, uto npu
IPaHUYHBIX 3HAYEHMAX TonspHoro yrina r=0, a npu =7/2 no-

CTUTACT MAaKCHUMAJIbHOTO 3HAYCHHUS 7 = 1/ V241~ 1,707 (puc. 12).

W3 BBIIEU3I0KEHHOTO CJIeayerT, 4To 0,[[HOI71 TOYKOM rnepece-
YCHU JAHHBIX KPUBBIX SABJISCTCS IOJIOC. HaiigeM octaiabHbIE TOUKH
NEepeCCUCHUA KPUBLIX. I[J'IH 9TOr'0 pCUINM CUCTEMY

r=CcosQ, Vs T
— <<=
r:I/\/E+sin(p,( 4 v 2]
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31ech ykazaH JQUama3oH yIriioB, OOMHUX Ui 00€UX KPHUBBIX.
[IpupaBHUBas npaBble YaCTH YPaBHEHUM, I10Iy4acM

COS@ —sing = 1/\/5 ,

cosp —sing =2 (stf” S?“’] \/500{(p+%j=1/\/§,
! z

cod o+ 2% | == 2 -
TR T Ty T

N3 puc. 12 BuaHO, 4TO HCKOMAas IUIOMIAJb PaBHA CyMMeE
wiomaneit S, u S, IBYX CErMEHTOB, IPHYEM CEIMEHTHI ITPUMBIKa-

10T JIpYT K ApYTy 10 Jiydy ¢ = /12. Jlyra mepBoro cerMeHra OIH-
CBIBAETCS KOHIIOM IIOJIIPHOTO pajguyca 7 = 1/ V2 + sing Tpu u3Me-

HEHMH MOJIAPHOTO yriia @ ot — /4 no 7/12, nostomy
7[/12

=— j (1/\/_+sm(o)zd(p—— j( +\/_sm(0+s1n (pjdgo—

-n/4 —m/4

/12 712
_1fe -
—E(E—ﬁcosgpj +Z I(l—cos2(p)d(p—
A 2+4/3 1( sin2¢j
— 4+ == +1|+=|p-
" 2024 8 2 4 2 e/

-7/4 /4
r 1 [2+43 1(7[ r 1 1) r 5 [2443
+ +—= + .

/12

12 2 8 4\12 4 4 2) 6 16 8
Jlyra BTOpPOro CerMeHTa ONUCHIBACTCS KOHIIOM IOJIIPHOTO pajuyca
¥ =COS@ NpU MU3MEHEHHH HoJsipHoro yrma @ or7z/12 no /2, mo-

ITOMY

17 17 sin2¢
S, == cos’ pdp == |[(1+cos2 =—| @+
2 7[7[2 ver= 7!7[2 ¢)d¢ 4( 2 j

7/2

/12
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_fz_ =z 1\ 5z 1
4\2 12 4) 48 16
Taxum 06pa3om, UCKOMas IUIOMIA/Ib PaBHA

S=8+8, =% 1 2443
48 4 8

38}18‘1“ U YIPA)KHEHUSA JJISA CAMOCTOATEC/ILHOIO PEIICHUS

Pemmmts 3agaun: [19], 6.456, 6.470, 6.478, 6.480, 6.485, 6.494,
6.502, 6.509, 6.512, 6.521, 6.534, 6.535, 6.537, 6.562, 6.575.

dopmMa OTYETHOCTU: YCTHBIH OINpOC, KOHTPOJIbHAs padoTa,

KOJJIOKBHYM.
3AHATHUE Ne 18

JIA®PEPEHIINPOBAHUE HESIBHBIX ®YHKIIWI.
YPABHEHUE KACATEJIbHOM W HOPMAJIA
K IOBEPXHOCTH. YCJIOBHbIA 3KCTPEMYM.
METOJ MHOXUTEJIEN JIATPAHKA. HAUBOJIBIIEE
N HAUMEHBIIEE 3HAYEHUS. @ YHKIUU
B 3AMKHYTOM OBJIACTH

Jureparypa: [12], c. 272-276; [13], c. 434-437;[20], c. 172-
174, c. 183-189.

KoHnTposabHbie Bonpochl U 3aJaHUsA

1. Kax HaxoauTh MPOU3BOJAHBIC HESIBHBIX (PYHKINI
(cmyvaii GpyHKIMH OJTHON TIEpeMEeHHOM ) ?

2. Kak HaxoJquTh MPOU3BOJIHBIC HESIBHBIX PYHKIMH (cmydaid
(YHKIIMHM HECKOJBKA TIEPEMEHHBIX ) ?
1. JlaTh onpeneneHue KacaTeabHON U HOPMAJH K
MOBEPXHOCTH U BBIYUCIIUTh UX YPABHEHHS.
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4.KakoBa [MOCTaHOBKA 33J1a4yi HAa HAX0XJACHHUE YCIIOBHOTO JKC-
TpeMyMa (QyHKIUU HECKOIBKUX MEPEMEHHBIX?

5. KakoBbl HEOOXOAMMBIEC YCIOBHS YCIOBHOTO 3KCTpeMyMa?
Jokaxure ux.

6. B uem cocrout merton MHoxutenen Jlarpamxa? Uto Takoe
¢bynkuus Jlarpamxka?

7. KakoBbl JOCTaTOYHBIE YCIOBHSI YCIIOBHOTO 3KCTpeMyMa?

8. Kak mo 3naky BTOporo muddepeHiana BCnoMoraTeabHOM
(YHKIMH ONIPEEINTh XapaKTep YCIOBHOTO IKCTpeMyma?

9. Kak HaiiTu HanOoJibllIee UM HauMEHbIIIee 3HaYeHUEe PYyHK-
U1 HECKOJIbKUX TMEPEMEHHBIX B 3aMKHYTOU 00s1acTu?

10. Kakue Touku (pyHKIIUU HA3bIBAIOTCS CTAIIMOHAPHBIMU?

11. Kak uccnemyrorcs GpyHKIIUU Ha TpaHuile 00acTu?

12. Kak 3amaJa Ha HaXOJKJeHUE HauOOJbIIEr0, HAMMEHBIIIETO
3HAYeHUs B 3aMKHYTOW 00JacTH CBsi3aHa C 3aJadyeil Ha YCJIOBHBIN
3KCTpeMyM?

IIpumepsl peieHus 3aaa4
Ipumep 1. Haiitn HanbospIliee 1 HAUMEHBIIIEE 3HAUYCHUS (DYHKIIUN

z= —IOxy2 +x% +10x+1 Ha orpe3ke AB, eciam KOOpPIUHATHI TOYEK
A(-7,0), B(0,2).

. X
Pemenne. YpaBHenue npsimoit AB B oTpes3kax —+§ =1. Takum

o0pas3oMm, TmoJiydaeM 3a1a4dy Ha YCJIOBHBIA DKCTPEMYM: HaWTH JKC-
TpeMyM  (QyHKIMH  Z = —10xy2 +x% +10x+1 Opyd  YCJIOBUH

X +§ =1. Cocrasisiem Qynkiuro Jlarpamka:

L(x,3,4)=-10xp" +x* +10x+1+ 1 —34%_

Niem cranimoHapHbie TOUKH STOW (PyHKITNH:
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a—L=—10y2+x+10—i=0
ox 7
a—L:—20xy+£20
oy 2
OL_ XY 19
)

[TepBoe ypaBHEHHE YMHOXXHM Ha 7, BTOPO€ Ha 2 U CIOXKHUM
UX. DTHUM HCKITIOYHAM MapameTp A U3 CHCTEMBI:

~70y%* —40xy +14x+70=0
_7y 4

2
HenocpeacTBeHHOM MOACTAHOBKOW MPUXOUM K YPaBHEHUIO,

X

KOTOpOE Mmociie cokpamieHuii umeet Bua 30 y2 —-47y+4=0. Orcro-
na HaxomuMm )y =1,5, y,=0,1 u u3 cucremsl mosydaeM TOYKH
M, (—1, 75;1,5) M, (—6, 65;0,1), NPHHAUICKAIINE  OTpe3Ky AB
.Boeruucnsiem 3HaueHust GYHKIIMU B CTAIIMOHAPHBIX TOYKAX
z(M)=2z(-1,751,5)~-25,9,
Z(MZ) = Z(—6,65;0,1) ~-22,9
Y Ha KOHI[aX OTpe3Ka
Z(A) = Z(—7;O) =20, Z(B) = 2(0;2) =1.

CpaBHUBast BCE MOJIYYCHHBIC BEIHYUHBI, IPUXOIUM K BBIBO-
Ay: HauOouiblllee 3HauCHHE (GYHKIMU Ha OTPE3KE JOCTUTaeTCs B
Touke A, a HauMeHslee B Touke M| .
IMpumep 2.Haiitu Hanbosbiliee U HAaUMEHbIIIEE 3HAYCHUS (PYHKIIUN

3 2 . .
z=2x"—6xy+3y° B 3aMKHYTOH 00JaCTH, OTPaHUYCHHOW OCHIO

Oy , nmpsMoi#t y =2 u napaboiioit y = x2/2 npu x >0 (puc. 13).
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0] 1 2 2 x
Puc. 13
Pemenne.
1) Haxoaum cranmoHapHble TOUKH (QYHKIIHU.
0
—Z=6x2—6y; %=—6x+6y.
ox oy
L 6x2=6y=0
PemuB cucremy ypaBHeHHI ,
—-6x+6y=0

HOJIy9UM JBE CTAI[HOHAPHBIE TOUKH O(0,0) u H (l,l). [TepBast u3

HUX MPHHAUISKHUT TpaHulle oomactu. CrenoBaTeiabHO, eciu () yHK-
U zZ TPUHUMAET HamOojblee (HAaMMEHBIIee) 3HaYCHUE BO BHYT-

peHHel Touke 00JIaCTH, TO 3TO MOXKET OBITh TOJBKO B Touke /1 (l,l).
Haitnem z(H)=z(l;1)=-1.

2) Uccnenyem (pyHKIIMIO HA TpaHULIe 00IacTH

a) Ha orpeske OA umeem x=0, mosromy z= 3y2 (O <y< 2) -
Bo3pacraromias (YHKIUS OJHOW IepeMeHOW y ; HauboJibliee U
HaMMEHbIIICe 3HAYCHUS OHA NMPUHMMACT Ha KOHI@ax orpeska OA.
Haiinem Z(O) = Z(O;O) =0; Z(A) = 2(0;2) =12

0) Ha oTpe3ke AB umeeM y = 2, ClIeJIOBATEIbHO,

z=2x>—12x+12 (O <x< 2) npezcTaBiseT (yHKLINIO OHOW nepe-

MEHHOM X , €€ HanOOJIbIlIee ¥ HAUMEHBIIICE 3HAUCHUS HaXoOATCsA
cpeau ec 3HA4YEHHUI B KPUTUYCCKHUX TOYKAX U Ha KOHIAX OTPE3Ka.

Pemas ypaBHeHue z' = 6x> —12=0, Haxomum X = +2. Bnyrpu
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orpeska 0 < x <2 uMmeeTcs JIMIIb OJJHA KPUTHYESCKAsi TOUKA X = J2

; COOTBETCTBYIOIIEH TOUKOM 0Tpe3ka AB sBiseTCS TOUKa Q(\/E; 2).

Wrak, Hanbonpiliee 1 HAUMEHBIIICe 3HAYCHUsT QYHKIIUN Z HA OTPE3-
ke AB HaxomaTcs cpenu ee 3Ha4YeHH B Toukax A, Q u B.

Haitnen 2(0) = 2(v2:2)=12-82;  z(B)==(2:2) =
B) Ha nayre OB mapabonbr )= X2 / 2  wumMeeM

3
z= ZX4 —x3 (0 <x< 2). Pewas ypaBhenue z'=3x> —3x% =0, 1o-

ayauM x; =0 #m X, =1; coOTBEeTCTBYIOIIMMHU TOYKaMH MapadOIIbI
SABJIAIOTCS TOUYKU 0(0,()) u P(l;l/ 2). Takum oOpazom, HaubobIIEe
U HauMeHbIlee 3HaueHns1 QyHKuuu z Ha ayre OB HaxomsTcs cpe-
1 ee 3Hauennii B Toukax O, P u B . Haiinem z(P)=z(1;1/2)=-1/4

3) CpaBHuBas 3HaUYCHUS PYHKIUU Z = 2% - 6xy+3 y2 B TOY-
kax H, O, A, Q, B u P, nony4ynm perieHue 3a1aqu

s=z(4)=12, Zyany = 2(H ) =—1.

ZHaI/I

3agaum U ynpakHeHusl JJIsl CAMOCTOSITEILHOTO peleHust
Pemnts 3amaun: [6], 3.25, 3.26, 3.27, 3.28, 3.35, 3.36, 3.37, 3.38.

@opmMa 0THYETHOCTH: YCTHBIN OMpOc, KOHTPOJIbHAS paboTa.
3AHATHUE Ne 19

TN®PEPEHIIUAJIBHLIE YPABHEHMS,
MPUBOJSAIUECS K OJHOPOJIHBIM

Jlureparypa: [12], c. 25-30; [13], c. 113-114;
[20], c. 190-192; [33], c. 7-11.
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KoHTposbHbIe BONpochl M 3aJaHUSA
1. Kakue ypaBHEeHHUs [1€PBOrO MOPSIIKA Ha3bIBAIOTCS OJHOPOJHBIMU?
2. Kak pemarorcst Takue ypaBHEHHUs?
3. YkaxuTe BUJ ypaBHEHUH, IPUBOASIINXCS K OJJHOPOIHBIM.
4. Kakue aBa ciiyyas pa3jivyaroT MPU PEUICHUH TaKUX ypaBHEHUMN?
KakoB anroputm pemieHus B KaxJa0M U3 3THX CIIy4aeB?

IIpumep pelenus 3agauu
IIpumep. Pemuts quddepennanbHoe ypaBHEHHE

(y+2)dx—(2x+y+6)dy =0.
y+2
2x+y+6
HEHHE MOXXHO MPHBECTH K OAHOpoaHOMYy. ChermaeM TOICTaHOBKY
xX=u+xy, y=v+y,. Ilombepem x, U y, TaK, dYTOObI

Pemenne. [IpuBenem ypaBHeHHE K BUay ' = . JT0 ypas-

. Pemas cucremy, HaxoauMm xg =-2, yy =-2. To-
2)(?0 + Yo +6=0
dv
r71a HICXOJHOE yPaBHEHHE NPUHUMAET BUJ —— = , T.€. ABJIET-
du 2u+v

csi onHopoaHbiM. CoBeplasi IOJACTaHOBKY v:ut(u), MOJTyYUM

ut
t+u—=———_ Jlanee, pa3le/uB MepeMEHHBIC, TOJYyIHUM YypaB-
du 2u-+ut

t+2 u
HEHUe ———df = ——, IPOUHTETPUPOBAB KOTOpOE OyAeM HMETh
t(r+1) u

r C v y+2 .
— . YuuTeIBasg, 410 f =— = 3aIIUCHIBAEM OOIIMA MHTE-
u u x+2

(y+2)° _
x+y+4
Paz6epuTte Taxxke pemenus npumepon Ne 552, 553 [3].

rpaj ucxoaHoro qudQepeHnnanbHOr0 ypaBHEHHS C.
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33)13‘{]/[ U YIPAKHEHUS JJIA CAMOCTOATEJIBHOT0 PCHICHU S

2
dy y+1
o 2| ~2)dx—(3x—y-2)dy=0;
D& LTS 3 (e 2)ae(35-y-2) -0
3) (x+y+1)dx+(2x+2y—1)dy:0' 4) y'zw.
’ 3x—4y-3

5) OmnpenenuTh KpUBBIE, Y KOTOPBIX OTPE30K KACaTeIbHOM OT TOUKH
kacauuss M 10 mepecedeHus ¢ ocbio Ox paBeH OTPE3Ky, OTCeKae-
MOMYy KacartesbHOu oT ocu Ox .

dopMa 0TYETHOCTHU: YCTHBIN ONIPOC, TUIIOBOM pacyer.
SAHATHUE Ne 20
JNOPEPEHIHUAJIBHOE YPABHEHUE BEPHYJVIM
Jluteparypa: [12], c. 30-35; [20], c. 192-194; [33], c. 11.

KoHTposibHBbIe BOPOCHI U 3aIaHUS
1. Kakue ypaBHEHHS MTEpBOro MOPsIAKA HA3bIBAKOTCS TMHEHHBIMU ?
2. Kakumu meTomaMu pemaroTcsl JMHEWHble AuddepeHInaibHbie
ypaBHEHUs?
3. B uem cocrout meton bepuynnu?
4. B yem coctout meto Jlarpanxa?
5. Kakoit Bug umeer ypaBuenue bepnymnu?
6. IlpuBenenue ypaBHeHus1 bepHyu K JTMHEWHBIM ypaBHEHUSIM?
7. MoxHO 1M pemiaTh ypaBHeHUE bepHyiu, He MPUBOJS €ro K JIu-
HeHHOMY BUAy?

IIpumep pewrenus 3agauu
Ipumep. Peminth tuddepenimranbHoe ypaBHEHNE
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/_i —
Y=y Xy .

Pemenne.JT0 ypaBHenue bepuywm ¢ n=1/2. Tlonaraem

y(x)=u(x)v(x). Homyuaem ypasnenne u'v+uv' — S = xuv
x

4
WIH u’v+u(v’——v = x\uv . TlonbepeM Takyro ()YHKIHIO v(x),
X

9YTOOBI BBIpaKE€HHE B CKOOKaxX OBLJIO paBHO HYJIO, T.€. PELIUM AU-

4
¢epennmansaoe ypasuenue v'——v=0. Haxogum v = x*. Pemaem
X

3aTeM ypaBHEHHUE u'x? =x\/ux_4 U TOJy4aeM ero oOliee perieHue
u= iln2 |Cx| . CnenoBarenbHO, OO0Iee pEIICHUE MCXOJHOTO YpaB-
HEHUSl Y =Uv = %x“ In? |Cx| . Herpyano 3ametuth, uro y =0 sBis-
€TCsl 0COOBIM pelIeHHEe UCXOJHOTO YpaBHEHUSI.
3agauM U ynpakHeHHs JAJ1s1 CAMOCTOAATEJIbHOTO peleHu s
Pemute 3amaun: NeNe 4038, 4039, 4041, 4043, 4044 [17].
®DopMa OTYETHOCTHU: YCTHBIM ONIPOC, TUIIOBOM pacuer.
3AHATHUE Ne 21
YPABHEHUS NEPBOI'O NMOPAIKA,
HE PASPEHIEHHBIE OTHOCHUTEJIBHO

MPOU3BOJHOM (KJIEPO, JIATPAHXKA)

JInteparypa: [12], c. 47-50; [33].
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KoHTposbHbIE BONIPOCHI U 32/ JaHUSA

1. Kakue ypaBHeHUs Ha3bIBatoTCa ypaBHeHUs MU Kiiepo?

2. Kakas BcromorarenbHas 3aME€Ha BBOJWTCS TPH PEHICHUU
ypaBHenuii Kiepo?

3. Yto Takoe ocoboe pemieHue ypaBHeHHs] Kiepo u kakum
CBOMCTBOM OHO 00aaer?

4. KakoB o0muii Bua ypaBHeHui Jlarpanxa?

5. Kakoii Bun ypaBHeHu# Oosiee oommii Knepo wnm Jlarpan-
xa?

6. Kakoii 3ameHoi peraetcst ypaBHeHue Jlarpamxka?

7. Yto Takoe ocoboe pernieHue ypaBHenus Jlarpamxka?

8. Kak umercs oOmiee pemenne ypaBHeHus Jlarpanxa?

IIpumeps! pemienus 3aaa4
Ipumep 1. Pemmts ypasuenue y = x)’ —(y')2

Pemenune. YpaBuenue nmeer Buj (5.2), T.e. 310 ypaBHenue Kiepo.
[Tomoxxum y'= p. Torma 3agaHHOC ypaBHEHHE MPHHUMACT BH/I

y=px— p2 . IlpomuddepenunpoBaB  ero  mox,  HUMeEEeM
V=px+p-2pp', umm p'(x—Zp)ZOC yuetom ' = p. Ecmm
p'=0, To p=C wu obuiee pelicHUE JAHHOTO YPABHEHHUS €CTh

y:Cx—Cz. Ecmn x—2p =0, T0 nmoixy4daem y=p-2p—p2. Oco-

x=2p
00e pelieHne JaHHOTO YpaBHEHMSI 5 -
y=pr
Hckmrouas mapamerp p , HaXOJUM 0co0O€ pelIeHHe B SIBHOM BUJE
2
X
y=—"
4

2
IIpumep 2. Pemuts ypaBHeHHE ) = x(l +y') +(y')
Pemenne. YpaBaenne umeer Bun (5.1), T.e. 970 ypaBHeHue Jla-
rpamxka. [lonoxum y' = p. Toraa 3agaHHOe YpaBHEHHE MPHHUMAET
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BUl )= x(1+ p)+ pz. [IpomuddepenunpoaB ero mox, UMeeM

V' =(1+p)+xp'+2pp’, orkyna (x+2p)Zl—p+1=0. U3 storo
x

dx .
YpaBHEHUS MOJIy4aeM - +Xx=-2p — IMHEHHOE OTHOCUTEIBHOE X

u ypaBHeHue. Pemmmm ero meronom bepnymm. Ilomaras

dp
x(p):u(p)v(p), moJjiygaem uv+u'+uv=-2p W
u’v+u(v'+v):—2p. Haxomum Vv, mpupaBHHBas CKOOKY K HYJIIO,

dv
pasmenss mepeMeHHble W wmHTerpupys: V +v=0, —=-dp,
V

ln|v| =—p, v=e ?. Torma ypasrenne npumer Bun u'e ' =-2p.
Orcioma U= —2I pePdp=-2¢" (p-1)+C. Yuuresas, uto y=

:x(1+p)+p2, MOJIy4YUM y=(2—2p+Ce_p)(1+p)+p2. Takum

o0Opa3om, ofIee perieHrne ypaBHEHUs UMeeT BUJ (B MapaMeTpuye-
ckoii popme)

x=2-2p+Ce’?
y =(2—2p+Ce_p)(l+p)+p2 -
Oco6oro pelieHus JaHHOEe YPaBHEHHE HE HMEET.

33}13‘[1/1 N YIPAKHCHUSA NI CAMOCTOATEJIbHOI0 pEICHUSA

D y=x'+y-(»); 2) y=x/'=3(y');

3) y=x(')+(); 4y y=x(1+y)+(»').
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®opmMa 0THYETHOCTH: YCTHBIN OIPOC, CaMOCTOSITENbHAs padoTa.
SAHSATHUE Ne 22

JNOPEPEHIIUAJIBHBIE YPABHEHUA,
JOIMYCKAIOINMUE NNOHUWXEHUE IOPAIKA.

Jlutepatypa: [12], c. 56-66; [29], c. 196-198; [33], c. 12.
Yka3zaunue. [lepen nszydyeHnem 3TON T€MbI IOBTOPUTE BCE BU-
JIbl YpaBHEHUH NIEPBOT0 NOPSAIKA U CIIOCOOBI UX PEIICHHUS.

KoHTpoJibHbIe BONPOCHI U 3aJaHUs
1. Kakue ypaBHEHHUsSI BTOPOTO TOPSIKA MPUBOATCS K YpPaBHEHUSIM
MepBoOro nopsiaka?

2. Kaxk pematorcs ypaprenus suna y' = f(x)?
3. Kak pemarorcst ypaBHEHHUS BHIQ y(n) =f (x) ?

4. Kak pemiarorcs ypaBHeHus suaa F' (x, v,y ) 0°?
5. Kak pemiatorcsa ypaBHeHus Buaa F (x, y( ) ( ))

6. Kak pemarorcs ypaBHeHUs BUIA F(y,y',y”) =0?

7. MOHO JM HOHU3UTH NMOPSAOK TUbdepeHIINaTbHOTO YpaBHEHHS
TSR

BHJIA F(y,y',y",... ) =0?

IIpumepsl penrenus 3axaq
IIpumep 1. Haiitu yactHoe pemieHne audQepeHuanbHOro ypaBHe-

2x
HUA y” =Xxe YAOBJICTBOPAIOIICC 3aJdHHBIM HAYaJIbHBIM YCJIOBU-

AM y(O)zl, y’(0)=2.

Pemenne. UHrerpupys JieBy:0 M TIpaByl0 4acTH, HAXOIUM

1
y'= Ixezx dx = 7 e (2x—1)+C;. TIOBTOpHOE HHTErPHPOBAHHE

79



1
IIPUBOJUT K OOILEMY PELIEHUIO ) = 2 e (x - 1) +Cix+C, . Yuutsi-

Basd HaAYaJIbHBIC YCJIIOBHUA, 3allUCbIBACM CUCTEMY ypaBHCHI/Iﬁ JJIA
onpenenenus nocrosHupx C) u Gy :

1

y(O)=Z‘(—1)+C2=1 C2=
1

y'(o):z-(—1)+q=2 C =

AlO N|W

HOI[CT&BJ'I?[?[ HafIHCHHBIe 3HA4YCHHUA TIOCTOAHHBIX B 0611166
PEIICHUE YpaBHCHU, ITOJTydaeM UCKOMOEC YaCTHOC PECIICHUC

Y, =i62x(x—l)+%x+%.

IMpumep 2. Pemutsb ypaBHeHune y" —y'ctgx =2xsinx.

Pemenue. /lannoe ypaBHeHHE umeeT Bup F (x, ¥y, y”) =0. Ilono-
xkum ' = p(x). Torna y" = p'(x). Honyuaem muddepennmansroe
ypaBHEHHE TIEPBOTO MOpsiaka p' — pctg x =2xsinx — JMHEHHOE OT-
HOCHTEJIBHO HEM3BECTHON (YHKIIUH p(x). Ero o0ree pemieHue
p= (x2 +CG )sinx ,T.e V' = (x2 +C )sinx. HHTerpupys 3T0 paBeH-
CTBO, HailijeM oOmiee  pelieHHe  HMCXOJHOTO  YpaBHEHHUS
y= —(x2 +C1)cosx+2xsin+ 2cosx+C,.

Ipumep 3. Haiitu yactHoe pemieHue audpepeHInaaIbHOTO ypaBHe-

’ 14 ’ 2 1
HUS (1 +yy ) y'= (1 +(") ) y', YIOBJIETBOPAIOLIEE HAYAILHBIM
YCIIOBHAM y(O) = y’(O) =1.
Pemenne. JlanHoe ypaBHeHHe MMeeT Bu ( ¥, y”) =0. IMoxacra-

, y _dp
HOBKAa V= p(y), y :d_ p NPUBOIAT €r0 K  BUAY
ly
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d,
(1+py)pd—i = (1+p2)p, otkyna p =0, 1.e. y=C (9T0 pelieHue

dp 1+ p2
HE YIOBIICTBOPSIET HAYAIBHBIM YCIOBHSM), WA — = . oy-

dy l1+py
4eHHOe Tu(QepeHInaIbHOe YpaBHEHHE TIEPBOTO MOPsIKa HE OTHO-
CHUTCS K YpaBHEHHSIM M3BECTHOTO HaM Tuma. [lepenuiiem ero B Buae

dy _l+py p v+ 1

a’p_l+pz_1+p2 1+p2'

DTO JUHEIHOE ypaBHEHUE OTHOCHUTENHHO (hYHKIIUU y( p). Ero 06-

Iiee PeleHne UMEET BUI Y = P + CMI + p2 .
Teneps HE0OX0MMO pemuTh TudPepeHnnanTbHOe ypaBHEHIE

2
y:@+q 1+(d_yj .
dx dx

Ho B 0o0miem Buzie pemmTh €ro J0CTaTOYHO CJIOXHO. Tak Kak Ham
HY)KHO HAWTH YacTHOE pEIIEHHWE HCXOTHOTO ypaBHEHHS, TO BOC-
MOJIb3YeMCSl HayaJIbHBIMHU YCIIOBHSMHU JUIsI OTIPEIEICHUS MOCTOSH-

Hoit C, monaras B mociienHeM paBeHctBe y =1 u y'=1. [Ipuxo-

UM K PaBEHCTBY 1:1+C1\/§ , u3 xotoporo C; =0. Takum obpa-
30M, HaM JIOCTaTOYHO PEUINTh YpaBHEHHE ) = d_y , otkyna y = Cye"
X

.YuuThIBasi HA4YaJIbHOE YCIOBHUE y(O) =1, naxomum C, =1 wu 3anu-

CBIBAEM MCKOMOE YaCTHOE PelleHne y, = e .

3agauM U ynpakHeHus JAJ1s1 CAMOCTOSATEJIbHOTO peleHn st
Pemute 3amaunm: NeNe 4155, 4156, 4160, 4161, 4165, 4166, 6470,
4178 [17].
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dopMa 0THETHOCTHU: YCTHBIN ONIPOC, KOHTPOJIbHAS paboTa,
TUIIOBOM pacuer.

SAHATHUE Ne 23

JUHEUHBIE JTU®PEPEHIIUAJIBHBIE YPABHEHHA
BbICIHIUX MOPAAKOB C NOCTOSAHHBIMHA
KO2®PUIMEHTAMMA CO CHENUAJIBHONW TIPABOM
YACTBIO. METOJ JIATPAHXKA JJIsI YPABHEHMH 2-
ro MnopiaaKkA C INEPEMEHHBIMHU KO23®®UIMNEH-
TAMHA

Jluteparypa: [12], ¢.79-80, 92-94; [13], c.135; [20], c. 198-
204 ; [33], c. 33-35.

Yka3zanue. Ilepen mzydeHuem >TON TEMbl MOBTOPUTH TEMY
"Pemienne MUHEWHBIX HEOTHOPOAHBIX TU(PEpEeHITNATBHBIX YpaBHE-
HUM C TOCTOSTHHBIMH KO3 PHUITMeHTaMu BTOPOTO Mopsiaka'.

KoHTpoJibHbIe BONIPOCHI U 3aJaHUsl
1. KakoBa cTpykTypa oOuIero peuieHusi HEOAHOPOIHOIO ypaBHeE-
HUS?
2. Yto Takoe XapaKTepUCTHUECKOE YpaBHEHHE M KaK OHO COCTaBIIs-
eTCsl U1l JIMHEHHOTO OTHOPOIHOTO U depeHIINaTbHOTO ypaBHEHHS
C TIOCTOSIHHBIMH KO3 purimenramMmu?
3. Kak cTpouTtcs ofriee pemieHue 0JHOPOIHOTO YpaBHEHHUS B 3aBU-
CUMOCTH OT XapaKTepa KOPHEH XapaKTepUCTUUYECKOTO ypaBHEHUs?
4. Kakoil BUJI IpaBoOil 4acTH HEOJHOPOJHOTO YPAaBHEHHUS HA3bIBAIOT
crenuaibHbIM?
5. Kak no Buay mpaBoii 4acTH 3alHMCHIBAETCS YACTHOE PEIICHHE He-
OJIHOPOJHOTO YpaBHEHHS C HEOMpeIeIeHHbIMU Koo duiinenTamu?
6. B uem cocTouT MeTo ] HEonpeAeTeHHBIX KOAPPUIIUEHTOB HAXO K-
JICHHsI YACTHOTO PEIIeHUs] HEOTHOPOJHOTO YpaBHEHHUS?
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7. B uem coctout meroameronJlarpanxa /i ypaBHEHU# 2 - ro mo-
psiiKac IepeMEeHHBIMH KOd(ppHUIreHTamMu ?

I[IpuMepsbI pelieHus 3aaa4
IIpumep 1. Haiitu oOmee pemenne auddepeHuaibHOTO ypaBHe-

HUSA y"'—y":f(x),rﬂe a) f(x)=3x2—2x+5,6) f(x)=2xe", B)
£ (x)=3sin2x+5xcos 2x.

Pemenne. XapakTepucTHUYECKOE YypaBHEHHUE K —k*>=0 nmeer
kopuu k; =k, =0 u k3 =1. TlosTomy oO1ee pereHre 0IHOPOIHO-

ro ypasuenust y,, =Cj+Cyx+Cse”. Halinem yacTHble pelneHus

HEOTHOPOJHOTO YPaBHEHUS TSI CIIy9aeB a) — B).
a) KontponpHoe uncio o +iff =0 — KOpeHb XapaKTepUCTUUECKOTO

YpaBHEHHUS KPATHOCTH 2 U B MPaBOW YAaCTH CTOUT MHOTOYJIEH BTO-
poii crenenu. [ToaToMy yacTHOE pelieHHe HEOJHOPOIHOTO YpaBHe-

Hus OyJeM UCKaTh B BUIE ), = x? (Ax2 +Bx+C ) st onipenene-

HHS HEM3BECTHBIX KodduuuentoB 4, B, C BeumcisieM y,,, Vi,
M TOJCTAaBIsIeM HMX B HCXOJHOE YypaBHeHHe. Ilomydaem

—124x* +(244-6B)x+(6B-2C)=3x> —2x+5, oTky:za HMeeM

CUCTEMY ypaBHEHHI

2| -124=3 A=—1/4
x' | 244-6B=-2 < {B=-2/3.
| 6B-2c=5  |C=-9/2

4 3 2
6) KontponpsHoe uncino o +iff =1 — KOpeHb XapaKTEpPUCTHUECKOTO

1 2 9
CnenoBarensHo y,, = x° (—— X —Zx- —J .

YpaBHCHUA KPaTHOCTHU 1l us npaBoﬁ YaCTH CTOHUT IIPOU3BCACHUC
OKCIIOHCHTBI Ha MHOI'OYJICH HepBOﬁ CTCIICHHU. HOSTOMy JaCTHOC
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pelieHre HEOJHOPOJHOTO YpaBHEHHS OylIeM WCKaTh B BHJE

Y = x(Ax+B)ex. Jlnist onpeneneHnss HEeM3BECTHBIX K03 puunen-

nm

ToB A, B BBIUHCIACM V,,, V.,

U IOoJACTaBJIIEM HX B HCXOJHOC

ypaBHEHHE. [omyuaem [sz +(64+B)x+64+ 33} e’ —

~| Ax? (444 B)x+24+2B ¥ =2xe" wm  24x+(44+B)=

=2X, OTKyJa IMEEM CUCTEMY ypaBHEHHH

xl

24=2 {A=l
R

X’ |44+B=0 (B=-4

_ X
Crnenosarensto y,, =x(x—4)e”.
B) KoHTposibHOE umciio o +iff =2i He SBISETCS KOPHEM XapakKTe-

PUCTHYECKOTO ypaBHEHHS U B MPAaBOM YacTU CTOAT MPOU3BEACHUS
CUHyCa M KOCHMHYCa Ha MHOTOWIEHBI, CTapIias CTENEeHb KOTOPBIX
paBHa 1. [losTomMy yacTHOE pelIeHHWE HEOTHOPOIHOIO YPaBHEHHS

OyzeM HCKaTh B BHIE V., = (Ax + B) cos2x+ + (Cx + D) sin2x. Jlus

OTIpeeTICHNsT HeM3BeCTHBIX KoddduiuentoB 4, B, C, D Bbruuc-

mn

nseM y!., yI' M MOACTAaBISEM HX B MCXOAHOE ypaBHeHue. ITomyda-
eM (-8Cx—8D—124)cos2x+

+(84x+8B—12C)sin 2x — (4 Ax — 4B +4C) cos 2x —(—4Cx — 4D —
—4 4)sin2x =3sin2x+5xcos2x 17011 (4A - 8C)xcos 2x+
+(8A +4C)xsin 2x+(—12A+4B—4C—8D)cos2x+(4A +8B—

—12C+4D)sin2x =3sin2x+5xc0os2x, OTKyJa HMEEM CHUCTEMY
YPaBHEHUN

84



xXCos2x 44-8C =5 A=1/4

xsin2x 84+4C=0 B=-3/4
cos2x | —124+4B—4C—-8D=0 C=-1/2
sin2x | 44+8B-12C+4D =3 D=-1/2

CnenoBatenbHO ), = (% xX— %j cos2x+ (—%x - %j sin2x.

Takum oOpazoM, obuIue perieHrus HEOJHOPOIHOTO YpaBHEHUS JUIs
CJIy4aeB a) — B) UMEIOT BHU/I;

1 2 9
2) y=C +Cox+Cye" —x?| = x? +Zx+= |;
) y=C+Cx+G (4 3 Zj

6) y=Cy+Cyx+Cae® +(x’ —4x)ex :

B) y=C, +C2x+C3ex+(ix—%jcos2x—%(x+l)sin2x.

Ipumep Z.I[aHoypaBHeHne)/// - }/ = 0. CocraBastor Jau
(GyHIaMEHTAIbHYK) CHCTEMY pelleHuid (QyHkuud e'.e’, ch x,
SIBJIIOIINECS PELICHUSIMU 3TOTO YpaBHEHHUSI?

Pemenne.Berunciinm onpeaenuTens

e* e=~* chx
W(x)=|e¥ —e~* shx]|.
e* e~* chyx|

On paBen Hymo. CrenoBarensHo QyHkimu e',e", ch X auHENHHO
3aBUCUMBI W oOOIee pelieHne MO  ATUM (YHKLUUSAM COCTaBUTH
HENb34.
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3agauu u ynpaskHeHHs VISl CAMOCTOSITE/ILHOT0 PelleHUus
Pemuts 3amaun: NoNe 43144321 [17].

dopMa OTYETHOCTH: YCTHBIN OINPOC, KOHTPOJIbHAS padoTa,
TUIIOBOM pacyer.

3AHATHUE Ne 24

PEIIEHUE CHUCTEM JIU®PEPEHIMAIBHBIX
YPABHEHHUII (METOJ MCKJIOYEHMS)

Jureparypa: [12], c. 103-107, [20], c. 204-206; [33], c. 49-50.

KoHTpoJibHbIE BONPOCHI M 3a1aHUSA
1. Kakas cucrema nuddepeHnuanbHbIX ypaBHEHUH Ha3bIBaeTCs
HOpPMaJIbHOM?
2. B yeM COCTOUT METOJ MCKIKOYEHUSI HEU3BECTHBIX B HOPMAJIbHOMN
cucreme?
3. KakoB anroputm meToaa UCKIIOYeHU?
4. Kako#t MeToJ perieHus: CucTeM 0oJiee OOIIMii: METO T XapaKTepu-
CTHUYECKOTO YpaBHEHUS WJIM METOJI UCKIIOUEHUS HEU3BECTHBIX?

IIpumepsbl peieHus 3aaa4
X' =-2x-2y-4z
Ipumep 1. Pemuts cuctemy < y' =-2x+y—2z .
Z'=5x+2y+7z
Pemienne. B nannoii cucreme X (t) Y (t) , Z (t) — HEHU3BECTHBIC

byukuun. JuddepeHunpyemM mnepBoe ypaBHEHHE CHCTEMBI TOf:
x"=-2x"-2y'—4z". BMmecTo y' M z' NOACTaBUM HMX BBHIPOKEHHS U3
BTOPOTO M TpPEeThero  ypaBHeHWH  cucrembl.  Torma
x"=-2x"-16x—-10y —24z . Tlonyyennoe ypaBHenue nuddepeniu-
pyeM mot, a BMECT0 ' ¥ z' TOJCTABUM HMX BBIPOKEHHS U3 BTOPOTO

86



M TPEThEr0  YPABHEHUH  CHCTEMBI: X" =-2x"-16x"—
—10y'—24z"=-2x"—-16x"-100x—58y —148z. CocTaBUM HOBYIO
CHCTEMY:
X'=-2x-2y-4z
x"=-2x"-16x-10y —24z . (*)
x"=-2x"-16x"-100x—58y—148z
W3 310l cHCTEMBI UCKIIFOYUM HEU3BECTHBIE y U z . [l 3TO-

'O UCIIOJB3YEM IICPBBIC ABA YPABHCHUA CUCTCMBI , U3 KOTOPBIX, I1O-
ciie mpeoOpa3oBaHui, HAX0 UM

2y=x"—4x"+4x
4z =—x"+3x"—6x
U DTH BBIPAXKEHUS IOJCTABMM B TPEThE YPABHEHHE OCHOBHOM CH-

CTeMBbl M TOJYYUM OJHOPOJHOE Au(depeHInanbHOe ypaBHEHHE
TPEThEro MopsAKa ¢ MOCTOSHHBIMH KO3((UIMEHTaAMH OTHOCUTEIIb-

HOo (ynkumn x(f): x"—6x"+11x'—6x=0. Pemaem coOTBETCTBY-

I0IIEe XapaKTePUCTUUYECKOE YpaBHEHUE kK —6k>+11k—-6=0 mu
HaxomquM ky =1, ky =2, k3 =3. CnenoBarenbHo, oOliee perieHue

x=Cie + CzeZt + C3e3z . Janee HaxomuM TPOM3BOJHBIE X =
= Cie' +2C,* +3C3e% | X" =Cie' +4Ce* +9C3¢* u nopcrasns-
em x(1), x'(¢), x"(¢) B cucremy(*). Ilonyuaem 2y = Ce' + +Cye
4z =-4Ce’ —4C2e2’ —6C3e3’ . B urore, ob1iee pereHne UCXoHON

CUCTEMbI UMEET CJICAYIOIIUNA BHI:

x(t) =Cie' + CzeZZ + C3e3t




x!+yl_y:et

Ipumep 2. Pemuts cucremy IpU JaHHBIX
2x'+y'+2y =cost
Ha4YaJIbHBIX YCIOBUAX: 1o =0, X —_i _i
M =0, X Th Yo Th

Pemenne. CHauana npuBoAUM CUCTEMY K HOPMaJIbHOMY BHUlY
x'=-3y+cost—é
V' =4y—cost+2é

[TepBoe ypaBHenue nuddepeHupyem 1o ¢, mocjie 4ero BMe-
CTO y’ IMOJACTAaBUM BBIPAXKCHUEC N3 BTOPOI0 YpaBHCHHUA CHUCTCMBI:

x"=-3y —sint—e' =—12y+3cost—sint—7¢'. U3 storo ypapHe-
HUSl U TIEPBOTO YpaBHEHHS WCXOJHOW CHCTEMBI COCTaBUM HOBYIO
x' =-3y+cost—é
CUCTEMY ,
x"=—12y+3cost—sint—7é
u3 MIepBOTO ypaBHEHUS KOTOpOii BBIpAYKaeM
3y=—x'+cost—¢ u, moACTaBIL BO BTOPOE, IMOJIY4acM
x"—4x'=-3¢' —cost—sint. CoOTBETCTByIOIEE XapaKTEPHUCTHUC-
ckoe ypaBHenne k> —4k=0 wumeer xopun k=0, ky=4=
X,, =C|+ Cze4t . YacTHOe  pemieHMe  HMIIEM B BHUAC

x,, = Ae' + Bcost+Csint . Tlocine onpeneneHus KOAPQHIHEHTOB

3 5 .
noJiygaeM Xyy = e ——cost+ ﬁ st . CrnenoBarenbHO

17
_ L4 Caet e S 5 y
x=Xx,,+x,=C+Ce" +e —ﬁcost+ﬁsmt. Haiins npousso-

3 . 5
HYIO X' =4Ce" +e' + ﬁsm t+ 7 cost, HOJTy4aeM
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3 . 5
3y=— 4C2€4t +e' +—sint+-—cost |+cost—e' . Takum o6pazom,
17 17
o011ee perreHne NCX0IHOM CUCTEMBI UMEET BUJL

3 5 .
x=C +C2e4t +eé' ——cost+-—sint

4 4 1 .
y= ——C2e4t —Ze' +—cost——sint
3 3 17
[ToxcraBisis HadaubHBIE YCIOBHS, ONpENCIseM 3HAYCHUS
noctostHHBIX C) 1 G5

17 17 & 2.
4_4o 2.4 o1
17 3 3 17 2

Wrak, yacTHOE penieHrue UCXOJHON CHUCTEMBI, YIOBIETBOPSI-
IOIIEe HAYAJIbHBIM YCIIOBHSIM, IMEET BUJ]

1 1 4 + 3 5 .
x=————e" +e' ——cost+—sint
2 2 17
y=2e4’—zet+—cost—lsint
3 3 17

3agaum U ynpakKHeHusl JJIsl CAMOCTOSITEILHOTO peleHust
Pemnth 3amaun: NeNe 4324.1-4324.4 [17], a Takke 3a1a4u:

4x' —y' =sint—3x xX'+5x+y=t
1) , 5 2) 2t °
x'=cost—y y'-x-3y=e

@opmMa 0THYETHOCTH: YCTHBIN OMpOc, KOHTPOJIbHAS padoTa.
3AHATHUE Ne 25
MOHSATUE O TEOPUM YCTOMUYMUBOCTH JIAITYHOBA

JInteparypa: [12], c. 113-127; [33], c. 158-160.
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KoHTpoabHbIE BONIPOCHI U 32/ JaHUSA
1. Hdaiite ompeneineHnne ycToWuyuBoCTH 1o JIsSmyHOBY perie-
HUS cucTeMbI U HepeHHaTbHBIX YPaBHEHHH.
2. Maiite omnpeaeneHUe acUMITOTUYECKOW YCTONYMBOCTH
pelieHus cucteMbl U GepeHInaIbHbIX YpaBHEHUH.

3. Kakoe penienue Ha3pIBaeTCs HEYCTONUNBBIM?

4. Kakas cuctema Ha3bIBaeTCsS aBTOHOMHOM?

5. Kakas cucreMa Ha3bIBaeTCsl JUHAMUYECKO?

6. Uto Takoe (pazoBas MIOCKOCTH?

7. Yto Takoe (ha3oBble KpUBbIE?

8. UTo Takoe MoJIoKeHUe paBHOBECUS?

9. UeMm ompezenseTcs Ka4eCTBEHHOE MOBeieHNE (Pa30BbIX Tpa-
eKTOpU BOJIM3H MOJI0KEHHS] pABHOBECHS?

10. Kakumu [ODKHBI OBITh KOPHU XapaKTEPUCTHIECKOTO
ypaBHEHUS sl CUCTEMBI BUA (7.2), 4TOOBI pelieHne ObLIO YCTOM-
YUBBIM (HEYCTOWYUBBIM)?

11. Ha mpumepe cucrembl Buma (7.2) ucciemyiTe BOMPOC O
TOM KakKUM YCJIOBHUSM JOJDKHBI yJIOBIETBOPATH KOIPPHUIHEHTHI CHU-
CTEMBI, YTOOBI PEIICHUE ObIIO YCTOWYMBBIM (HEYCTOMYHUBBIM).

12. Yto 3Haumt pemieHue cucteMbl (7.2) ycroWumBo (He-
ycroitunBo)? [losicHuTe Ha IpUMeEpe.

13. B xakom ciydae ocoOasi TOYKa HA3bIBACTCS YCTOWYUBHIM
(HEyCTOHYUBBIM) y3710M?

14. Kakasg ocobas Touka Ha3bIBaeTCs CEIIIOM?

15. Korna ocobast Touka Ha3bIBa€TCs YCTOWYHMBBIM (HEYCTOM-
49UBBIM) (hOKycoOM?

16. B xakoMm cirydae oco0asi TOUKa SIBISETCS LIEHTPOM?

17. B xakux ciy4asx (a3oBbIMH TPAEKTOPUSIMHU SIBIISIFOTCS Ta-
paenbHble TpsIMble?

18. Uccnenyiite Bonpoc 0 cooTBeTcTBUU cinydast ad —cb #0 (
ad —cb =0) paznuuHbpIM BugaM Ga3zoBbIX TPACKTOPUH.

19. KakoB mops/10k uccienoBanus cuctemsi (7.3)?
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20. B yeM cocrTouT rioOaipHas 3ajada KaueCTBEHHOH TeEO-
pun cuctem auddepeHnnanbHbIX ypaBHEHUH?

IIpuMepsl pelieHus 3aga4
Ipumep 1. Vcxons u3 onpeneneHust yCTOMYUBOCTU 110 JISAmyHOBY,
BBISICHUTH YCTOWYMBOCTH pelieHus MuphepeHInaTbHOr0 ypaBHEH U

dx a
— =—X C Ha4aJIbHBIM YCIOBUEM x(l) =0.
t

dt

dx dt
Pemenne. Paznensem nepemeHHble — =a— U MoJydaem oOiiee
X t

pemrenne x = Ct?. YacTHoe pelleHne, yIOBIETBOPSIOIIEE JAHHOMY
HAa4aJIbHOMY YCIJIOBHIO, ecThb X, =0. HerpynHo ycTaHOBUTB, YTO

M060€e IPYroe YacTHOE pEIIEHHE, YIOBIETBOPAIOIIEE HAYATLHOMY
YCIIOBHIO x(l)zxo #0, umeer Bug .~ . PasHocth mpous-
BOJIGHOTO YAaCTHOTO PEIIEHHs M YaCTHOTO PEIICHUS TPU JAHHOM
HavyalbHOM yCIoBuM paBHa . ot —0=x,t". PaccmMoTpum

pa3IuyYHbIE CITyyau MOCTOSIHHOU & :

I
1) Ecmm a=0, 10 |.~y N Ixota‘=|x0|<£, a MOJyJb Pa3HOCTH

HayalbHbIX YCJIOBUH |x0 —0| = |x0| <0 . CnenoBatenbHo, IpUo =&

II0 OIPEIEICHHUIO PEIICHNE YCTOMYMBO, HO HE ACUMITOTHYECKHU
YCTOMYUBO.

I
2) Ecmt a<0,710 |7, Ixota‘ =1"|xy| = Ompu ¢ — +o0 . Creno-
BATENBHO, PEMIEHUE ACHMIITOTHYECKU YCTOWYMBO.

=1 |xy| > comput — +o0.

3) Eem a>0,710 |7, Ixot”

CHG,[[OB&TCJ'II)HO, peueHuce HCYCTOP'I‘IHBO.
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IIpumep 2. NccnenoBarh Ha yCTOMYHMBOCTD BCE MOJIOKEHUSI PaBHO-

@=—2x+y+x3

BECHS CUCTEMBI YPABHEHUI

Q:—x—2y+3x5

dt

Pemenue. [lonoxeHuss paBHOBECUS JAHHOW CHCTEMBI ONPEIEIISIOT-

—2x+y+x3 =0

Csl U3 CHUCTEMBI YpaBHEHHIl { . Orcrona HaxoauM

—x=2y+3x° =0
TPH TIOJIOKEHHSI PABHOBECHSI O(0,0), A(l,l) u B(—l,—l). Uccne-

AYEM BOIIPOC YCTOﬁqHBOCTH KaXXJI0r0 U3 HUX, JJIA 4€ro OMPEACIaeM

MIPOU3BOTHBIE g(—Zx +y+ x° ) =-2+3x% ,
ox

%(—2x+y+x3):1, %(—x—2y+3x5):—1+15x4,

%(—x—2y+3x5)=—2.

1) Jnst Touku O(0,0) noinydaeM a=-2, b=1, c=-1, d=-2.

HOBTOMy COOTBECTCTBYHOIIIAad CUCTEMA IICPBOI'O HpI/I6J'II/I}KCHI/IH nuMeeT

dx =-2x+y
BUJ di . Ee xapakrepuctuyeckoe  ypaBHEHHE
D _ -x—2y
dt
{ ) =A"+41+5=0. KopHu »3TOr0  ypaBHEHU:

A, =—2=%i. 3HAUNT, TOJOKEHUE DPABHOBECHUS 0(0,0) ABIISIETCA

YCTOWUYUBBIM (DOKYCOM.
2) JIns Touku A(l,l) nonydaeM a=1, b=1, c=14,d=-2.
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[To3TOMY COOTBETCTBYIOIIAsl CHCTEMa MEPBOTO MPUOIMKECHUS UMe-
d(x-1
M = (x—1)+(y—1)

eT BUJ dt . Ee xapakrepuctuieckoe ypaBHe-

w=14(x—1)—2(y—1)

— ‘11—44 21 /1‘ 2+i1-16-0- Kopum osrtoro  ypaBHenus

Ay = # <0 ¥ 4, = _1+T‘/E > (. JHAYHT, MOJIOKEHHUE PABHOBECHS

A(1,1) HeycTORYMBO 1 SABISETCS CEIUIOM.

3) Mg Touku B(—l,—l) nonydaem a=1, b=1, c=14, d=-2.

[ToaToMy cOOTBETCTBYIOIIAs] CUCTEMA IEPBOTO MPUOIMKEHUS UMEET
d (x + 1)

BUJ dt

d(y+1)
dt

=(x+1)+(y+1
(x ) (y ) . Ee xapakrepuctruueckoe ypaBHEHUE

=14(x+1)—2(y+1)

‘11_4/1 z1 1‘212”‘1620' Kopuu sT0ro. ypasHenus /uziw

u 4, :—1+_\/E>0' 3HAYNT, TIOJIO)KEHUE PABHOBECHUS B(—l,—l) He-
2

YCTOI\/'I‘H/IBO " ABJISICTCA CEAJIOM.

3agauM U ynpakKHeHHs JAJ1s1 CAMOCTOSATEJIbHOTO peleHust
B 3amayax NeNe 1, 2 ucxons u3 onpeaeneHus yCTOWYUBOCTH 110 JIs-
MIYHOBY, BBIACHUTH YCTOMUMBOCTH peuieHus auddepeHnaIbHbIX

ypaBHEHUI % =f (t,x) C HauaJIbHBIM yCIOBHEM x(O) =0.

1)@=1+r—x. 2)@=sin2x.
dt dt

B 3amauax NoeNe 3—10 uccrienoBath TUI OJIOKEHUSI PABHOBECHSI CHU-
CTEM H MOCTPOUTH (Pa30BbIE TPACKTOPHHU.
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5) —=2y, %:2x+3y. 6)%:ax+y, ?:—x+ay.

dx dy dx dy
7) E=cax+2y, L=2x—y. 8 ==0, ==x+y.
)dt ey dt Y )dt dt 4
dx dy dx dy
9) —=x+y, —=-—x-y. 10)—=x, —=
Ya T T 0T Y

B 3amauax NoNe 11, 12 uccnenoBats Ha yCTOWYHUBOCTH BCE TOJIOXKE-
HUS PaBHOBECHSI CUCTEM.

dx dx .
—=x(x+y-2) — =siny
11) Jdt , 12) ] dt .
dy dy .
—=y(l- — =-s8in
a2 dr !

®opMa 0TYETHOCTH: KOHCIIEKT, YCTHBIN OTIPOC.
ZAHATHUE Ne 26

INPUBJIWKEHHOE PEHIEHUE
JUNOPEPEHIHHUAJIBHBIX YPABHEHUU

Jluteparypa: [33], c. 14-16.

[Ipn u3ydeHUM 3TON TeMbl BOCHOJIb3YWTECh METOAUYECKUMU
yKa3aHUSIMU K BBINIOJIHEHUIO JaOOPaTOPHBIX pabOT Ha sI3bIKaX Mpo-
rPaMMHPOBAHHUSI BBICOKOTO YPOBHS .

KoHTpoabHbIe BONPOCHI M 3a1aHUA
1. B uem cocrout meton Diinepa NpUOIUKEHHOTO PELICHUS

nmudpepeHMansHOro ypaBHeHus Buaa V' = f (x, y)? Omnuiure ai-

rOpuTM Metozaa?
2. Yto Takoe noMaHas Jisiepa? Kak oHa COOTHOCHUTCS ¢ UHTE-
IpajgbHON KpUBO1?
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3. KakoB airoputm merona Ajnamca TpUOIMKEHHOTO pellie-
HUs U depeHnaTbHbIX YPaBHEHUNA?

4. Kak BoiBoguTcs popmyna Anamca? Kak mpu 3ToM HCIOJIb-
3yetcst popmyna Teitmopa?

5. Kakoit meton Oosiee TOUHBIM: MeTON Diliepa WM METOA
Anamca?

6. B uem 3aximouaercst meroa Pynre-Kyrra npuGnuxeHHOTO
pemienus quddepeHInaIbHbIX YpaBHEHUH ?

7. Kakue Bl elie 3HaeTe METOIbI UUCIEHHOTO PEIIeHUs AU (-
(epeHInaIbHBIX YpaBHEHH?

8. Kak umercs npubnmkeHHoe perieHue cucreM audgepeH-
LMaTbHBIX YPAaBHEHUH NEPBOTO Mopsaka’?

9. CocraBuTh mporpamMmy i MPUOTMHKEHHOTO PEIICHHS
YpaBHEHU WJIM CUCTEM OJIHUM U3 NEPEUYUCIIEHHBIX METOIOB.

dopma oTuera: mporpaMma M pe3yabTaThl CUETa.

SAHATHUE Ne 27

INPUMEHEHHME CTEIEHHBIX PAJOB K BbBIYHCJIE-
HUIO ONPEAEJEHHBIX UHTEI'PAJIOB W HWHTEI'PU-
POBAHUIO JUOPEPEHIMUAJIbHBIX YPABHEHUU

Jlureparypa: [12], c. 290-294

KoHnTpoabHbie Bonpochl U 3aJaHUsA

1. Ilpu KakuX YCIOBHSIX CTENIEHHOM Psii MOXKHO MOYJICHHOWH-
TErpUPOBATh U UHTETPAJ OT CYMMBbI PaBE€H CyMME UHTETPaioB?

2. Kak ucnoJsib3yloTcsi CTENEHHBIE PSIbI Ui MPUOIHKEHHBIX
BBIYHCIICHUH OIPE/IeTICHHBIX HHTErpaioB?

3. Korma creneHHO#l psa MokHO mowieHHOAu(depeHpo-
BaTh U MPOU3BOJHASI CYMMBI paBHA CyMME MPOU3BOAHBIX?

4. Kak naiit npuOmkeHHoe perieHne nuddepeHInaibHOro
ypaBHEHUS B BUJI€ CTETIEHHOTO psijga’?
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5. Ecim pemeHue npeiacrtaBuMo B BHIe psAna Tennmopa, Kak
HAXOJUTCS PUOIMKEHHOE pelieHue?

6. B gem cocroutr meron pemeHus auddQepeHnnanbHOro
YPaBHEHHSI C IOMOIIBIO CTETIEHHBIX PSIIOB?

IIpumepsl pemienus 3aga4
IIpumep 1. C noMo1pio pa3aoxKeHUs] B CTENEHHON psAJl BBIYUCINUTD
1/2
uHTerpan [ = 3‘ dt
0 NV1+¢ 4

Pemenne. Pa3noxuM noAbIHTErpaibHYI0 (PYHKIHIO B OMHOMUANb-

¢ Toynocthsio 10 0,0001.

-1

HBIH  psif (1+x)m=1+%x+%x2+..., mojarasi B HEM
1 .

x:t4, m= 1 —l—lt4+ I3 - Dror pan cxo-

2 1+ 2 2.2.2

TUTCS an|t| <1. Wurerpupys ero, Haitmem

1/2 \ ( 5 9 \|l/2
I= (l—lt4+§t8—... L
. )L W T
1 1 1

2 10-2° 24.2°

[TonyueHHBI pe3ynpTaT MPEACTABIAET 3HAKOYEPEAYIOIH ii-
Csl CXOMALIUICS YUCIOBOM psil. B3sSB cyMMy MepBBIX JIBYX €ro uie-
HOB, MOJIyYUM TNPUONMIKEHHOE 3HAYCHHE HMHTerpajga ¢ 3aJaHHOMN
ToyHOCThIO: [ =~ 0,50000—-0,00313=0,49687 ~0,4969, Tak Kak

abcoroTHOE 3HayeHue Tperbero wieHa mensie 0,0001. 3amerum
3/1€Ch, YTO IPOMEXKYTOYHBIE BBIYHMCIEHUS NPOBOAATCA C OJHUM
JIMIITHUM 3HAKOM IOCJIE 3aISTOM.
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Ipumep 2. Haiitu pemenue muddepeHINaIbLHOIO YpaBHEHHS

!

Y+ L+ v =0 ¢ HaYaTbHBIMH yCIIOBUSMHU y(O) =1, y’(O) =0.
X

Pemienue. [losaras, 4T0 MCKOMOE peLIEHUE IPEACTABISIET CXOMS-

LIUICS CTETIEHHOM psif
a0

y:a0+a1x+a2x2+... B o B .
k=0
HaieM psiibl Uit Y ¥ Y ero nmowieHHbIM auddepeHnnpo-
BaHHEM
V' =y +2a,x+3a3x% +...
2

V" =2a, +6a;x +12a,x" +...

1

Hcnons3ys HayalbHbIE YCIOBHS, HalAeM 3HAYCHHS IBYX
MEPBBIX KOAPPHIIMEHTOB: y(O) =qy=1, y'(O) =a; =0. Tloxacras-
TS pAABI UL Y, ¥ U y" B HCXOAHOE YpaBHCHHME U CC/IaB IPUBE-
JIEHUE TIOJJOOHBIX CIIaraeMbIX, MOJYUHM

1+4a, +9a3x+(a2 +16a4)x2 +(a3 +25c15)x3 +
/ /A \ \ 7

+...
VN /T

[IpupaBHHBas K HYJIIO Bce KOI(DOUIMEHTHI psijia, CTOSIICTO B
JIEBOM 4acTH 3TOr0 PaBEHCTBA, MOJIy4acM CUCTEMY ypaBHCHI/Iﬁ
| 1+2%a,=0
| 3 ay; =0
X7 | apy+ 42114 =0
x| az+ 52a5 =0

nus3 KOTOpOf/'I onpeacIsieM 3HAUCHUS OCTAJIbHBIX KOS(b(I)I/II_II/ICHTOBZ
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1 1

ay=ds=a7; =... o . 612:—2—2, a4:ﬁ’
P S ) S )
6 224262 s eees 2m 224262_“ i) 4 (m|)2 gees

Takum 00pa3om, UCKOMOE YacTHOE pemieHue aupdepeHu-
ATBHOTO YPaBHEHUSI UMEET BT
xz x4 (_1\111 YZm =, (—1\|m sz
y= 1- ) + > 3 T m L e NE
4(11° 4%(2Y) 4™ (m!) m=0 4™ (m!)

IIpumep 3. Haiitn nepBble MIECTh YIEHOB PA3JIOKEHUS B Psij pele-
HUSL ypaBHEHHsI )" =xsiny’, YIOBJIECTBOPSIONIETO HaYaIbHBIM

T
yenosusm ¥(1)=0, y'(1)= 5

Pemenne. bynem nckarh penieHre ypaBHeHus B Bujze psaga Teino-

o (k)
p ()= 3

k=0

k
(x—1)" . TloxcTaBsis B HCXOAHOE ypaBHCHHE

xXo=1mn y'(l) = % , HaxoIuM y"(l) = 1~sin% =1. Jlanee, nocmuemno-

BaTeabHO AU(depeHIUpys ypaBHEHHE, UMEEM
y"=siny +xy"cosy’, y"(1)=1,
y]V _ yﬂcosy!_I_yrrcosyl+xymcosyr_xyrtynsiny! _
=2y"cos y' +xp" cos )’ —x(y")2 siny’, " (1)=-1,

"

y =2y cosy'—Z(y")2 sin y' + y"cos y' + xy’ cos y' —

m._.n n_.m

—xy"y"sin y' — (y”)2 sin y' —2xy"y"sin ' — x(y”)3 cosy =

n..m

=3y" cos y’—3(y")2 sin y' —3xy"y"sin y' + xy" cos y' —

98



—x(y")3 cosy’, ' (1)=-3-3=-6.
Tak kak nepBoe ciaraemMoe psjia y(l) =0, To BBIUMCIINM el

m..n

T =31 cos y' =3y™"sin y' — 6"y '"smy'—3(y")3cosy'—

-3y"y"siny' — 3x( ’") siny’'—3xy"y"" siny'=3x(y ")2 y"cosy +

+y cosy'+xp" cosy' —xp!” y"sin y’ (y”)3cosy'—

_3)(3())") ymCOSy'-i-x(y”)A‘ Sil’ly',
W (1)=-3-6-3-3+3+1+1=-10.

Takum o0pa3zoM, mepBble LIECTh YJICHOB PA3JIOKEHUS B P
YaCTHOTO PELICHUs YPAaBHEHUS UMEIOT BUL

y(X)=%(x—1)+%(x—1)2+é(x_1)3_21_4(x_1)4_
_2%( -1y —71—2(X—1)6+....

3agaum U ynpakHeHusl JJIsl CAMOCTOSITEILHOTO pellieHusl
Pemnte 3amaum NoeNe 2930, 2931, 2935, 2936 [13]; 12.325,
12.326, 12.327, 12.329, 12.332 [19].
dopMa 0TYETHOCTH: YCTHBIN OMPOC, KOHTPOJIbHAS padoTa.

SAHATHUE Ne 28

PA3JIOXKEHUE B PSIJI ®YPBE ®YHKIIUIA,
3AJAHHBIX HA MHTEPBAJIE (0, /)

Jureparypa: [12], 331-333; [20], 257-259; [36], c. 31-35.
KOHTpOJIbHBIe BOl'lpOCLI U 3aJaHUA

1. Kaxoii psig Ha3bIBaeTCsl TPUTOHOMETPUYECKUM ?
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2. ChopmymupyiiTe HOCTATOYHBIA MPU3HAK PAZIOKHUMOCTH (PYHK-
uui B panx Oypse.

3. Kak paznoxuts B psig @ypbe nepuoandeckyro QyHKIHIO ¢ epu-
onmom 27 ?

4. BeBemute (OpMYNBI Ui BBIYUCICHHUS KOd(pUIMEHTOB psga
®ypbe, ecnu GyHKIUS uMeeT nepuoa 2/ .

5. Kak paznoxuts B psag @ypbe QpyHKIMIO, 33JaHHYIO Ha UHTEpBaje
(0,1)?

6. Uto o3Hayaet: "MpoJoJKUTh (PYHKIIMIO YETHBIM 0Opazom",
YeTHBIM 00Opazom"?

7. Kak Oynet BoIrasaeTs rpaguk QyHKIUU, TPOJOHKEHHON YETHBIM
WU HEYETHBIM 00pazom?

8. Kak mpu Takux NMPOJODKEHUSIX OMPEACISIOTCS KOA(PPHUIITHMESHTHI
paznoxenus B psag Oypoe?

"He-

IIpumepsl pemenust 3aaa4
Ipumep 1. Paznoxuts B psag @ypse QyHKIUIO, 3aJaHHYIO HA WH-

1, 0<x<l1
TepBae (0,2): f(x):{x leren”

Pemenne. [IponomkaeM NepruoIMUEcKd TaHHYIO (QYHKIMIO Ha BCIO
YUCJIOBYIO OCh (pHC. 14).

VA
I
SN
4 2 0 1 2 4 x
Puc. 14

Berancisiem koaddurmentst psaa Oypbe 1o Gopmynam , yIuTHIBasi,
yro T=[/=2:
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2 2

) 1 2 xz
a =E.[f(x)dx:j1dx+J.xdx:x|g +?
0 0 1

5

9

1
1 2

2
a :If(x)coskﬂxdx:J'coskﬂxdx—kj‘xcoskﬁxdx:
0 0 1

sin kx| sinkzx  coskrx ) 1—(—1)k
- X t o | T 22
kr 0 kx ke 1 k*m
2 1 2
by :If(x)sinkﬂxdx:Isinkﬂxdx+jxsinkﬂxdx =
0 0 1
cos kx| ( coskzx sin kﬂx} ? 1
=— +| —x - =——
kmr |, kr R ! kr

[ToncraBnss HaiiieHHBIC 3HAYCHUST KOY(PPUIIMESHTOB B psf ,

OKOHYATCJIBHO IMOJIYYUM

o ok
f()c)=§+l 1 Mcoskﬁx—sinkﬂx .
4 7ok kr

IMpumep 2. Oyukuuo u3 npumepa 1 paznoxuts B psa Pypse 1mo

KOCHHYCaM.

Pemenue. [Ipogomxum nanHyroo (QyHKIUIO HA OTPE30K [—2, 0] qeT-

HBIM 00pa3oM, a MOJY4YMBIIYIOCS (DYHKIHIO, B CBOIO OYepe/b, MPO-
n0oJDKUM riepuoaiuecku (nepuoa 1 =2/ =4) Ha BCIO YHUCIIOBYIO OCh




Beruncnsiem koaduimenTs! psiga Oypbe mo hopmynam

52 1 2 5
a :ng(x)dngdx+!'xdx:5,

1 2
a :If(x)cosﬂdx:Icoskﬂdx+_[xcoskﬂdx:
2 2
0 0 1
! (2x . krx 4 kﬂxj
_+_
o \kz 2 B2 2

4 k kr
- P ((—1) —cos 7}

[loacraBnsis HalieHHbIE 3HAUYEHUSI KOA(P(GUIIMEHTOB B psij ,
OKOHYATEJILHO IOJIy4UM

2

1

2

IMpumep 3. Oyukuuo u3 npumepa 1 paznoxuts B psia Pypse 1mo
CHUHYCaM.

f(x):%-i-izii((—l)k —cos%jcos@.

Pemenue. IIpogomkum nannyo QyHKIUIO Ha OTPE30K [—2, 0] He-

YeTHBIM 00pazoM, a MOJYy4YUBIIYIOCS (YHKIMIO, B CBOIO O4Yepelb,
pOJ0/DKUM Tiepuouyecku (mepuon 1’ =2/ =4) Ha BCIO YUCIOBYIO

ochb (puc. 16).
VA




Beruncnsiem koaduimenTs! psina @ypbe mo hopmynam

2 krx t o knx 2 krx
by :!;f(x)sianx:Isianx+J-xsianx:

2

! [ 2x krx 4 kﬂx]
+
0

k 4 | krm

=———(-1) ——5—sin—.
kr kr ko 2
IMoacraBnsas HaiieHHbIC 3HAYCHUS KOY(DPHUIIMEHTOB B psif
(10.5), oxkoHYATENBHO TIOJTYYUM
2& 1 k .

x)=—>» —|1-2(-1) ——sin—

F()=23 4120 - in

3agauu U ynpaskHeHusl AJIs CAMOCTOSITEIbHOTO PeleHust

Pemmmte 3amaum: NeNe 12.495, 12.497, 12.500 [19].

®opmMa 0THYETHOCTH: YCTHBIN OMIPOC, KOHTPOJIbHA
3AHATHUE Ne 29
MNPUJIOXKEHUS KPATHBIX UHTEI'PAJIOB
Jluteparypa: [12], c. 166-168, 179-189, 194-195, 199-200; [35].

OcHOBHBIE NOHATHUS
Ilpunoscenus 060lHbIX UHME2PATOB
[Mycte G - mMaTepuaibHas OCCKOHEYHO TOHKAs IUIACTUHKA C

MOBEPXHOCTHOW TUIOTHOCTHIO y(x, y). Torna cnpaBeIMBEI Clieny-
route GopMysbl:
a) S= J.J. dxdy - nrowaow nrockoit oonacmu G ;
G
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0) m= ” 7 (x,y)dxdy - macca nnacmunxu;
G

B) M, = ”y}/(x,y)dxdy » M, = ”xy(x, y) dxdy - cmamu-
G G

yecKkue MOMeHmbl RAACMURKU omHocumenvro oceit Ox u Oy N

M, M
N x,=—2>, y,=—2= - Koopounamwi yenmpa msaxncecmu
m m
naacmunku;
m 1= Hyzy(x,y)dxdy s 1, = ” X%y (x, ) dxdy - momenmo
G G

unepyuu naacmunku omuocumensvro oceii Ox u Oy ;
e) lp=1,+1,= ”(xz +y2 )y(x,y)dxdy - MOMEHm UHEPYUU
G

NACMUHKU OMHOCUMETIbHO HAYANd KOOPOUHAm
’K) ecJM TIJaJKasi TOBEPXHOCThL HMeeT YpaBHeHHe

z=f (x, y), TO NI0W4A0L YACMU ROBEPXHOCHIU, NPOCKMUPYIOUieli-
cs 6 oonracmy G niockoctu xOy, paBHa

0z 2 0z 2
= || 1+ =— — | dxdy;
0 '[';[ +(6xj J{fi‘y} xdy

3) o0vemV yununopa, OrpaHUYEHHOTO0 CBepXy Hempe-

PHIBHOM MOBEPXHOCTHIO Z = f (x, y), CHHU3Y IIOCKOCTbI0 z=0 H

¢ 00KOB NMpPSIMOM UMJIMHAPUYECKON NMOBEPXHOCTHIO, BbIpe3alo-
uieii Ha mockoctu xOy 06jacTh G, BHIPAKAeTCsi HHTErPAJIoM

V= J.J. f(x,y)dxdy.

Ilpunosicenus mpounvix UHmMezpanoe
[Mycte T - marepuanbHOE TENO ¢ OOBEMHOH IJIOTHOCTBIO

y (x, v, Z) . Torna cipaBeAnIuBEI creAyromye GopMyIbl:
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a) V= m dxdydz - o6vem mena;
T
0) m= J”}/(x,y,z)dxdydz - Macca mena;
T
B) M, = Hj x}/(x,y,z)dxdydz,
T

M, = HJA yy(x,y,z)dxdydz, M,, = ”I z;/(x,y,z)dxdydz - cma-
T T

muyecKue MOMEHmMbl meind OMHOCUMENbHO KOOPOUHANHBLX
niaockocmen yOz, xOz, xOy;
M M M

Z X
Z oy, =2, z.=—=2 . koopounamsi

m m m
uenmpa msocecmu mejia,

w1, = ” xzy(x,y,z)dxdydz,
T

r) x,=

I, = J.J‘J.yzy(x,y,z)dxdydz, I, = J.J.J.zzy(x,y,z)dxdydz - MO-
T T

MeHmMbl UHEPYUU Med OMHOCUMENbHO KOOPOUHAMHBLX NI0CKO-
cmen yOz, xOz, xOy;

) L=l +1,, I,=1,+I,

MeHmvl unHepuyuu meina omuocumenvho oceii koopounam Ox , Oy ,

Oz; IO=Iyz+lxz+1xy=J..[I(x2+y2+zz);/(x,y,z)dxdydz - Mo-
T

I,=1,+I - mo-

MeHm uHepyuu mejia OmHOCUmME/IbHO Hauaia Koopdunam.

KoHTposabHbBIe BONPOCHI M 32JaHUA
1. Kax BbIuucinsercs miomajap mIockoi 006JacTi ¢ MOMOIIBIO J1BOH-
HOT'0 MHTEerpasua?
2. Kak Bbruucinsercst 00beM Teja ¢ TOMOLIbI0 IBOMHOTO UHTEerpasa?
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3. BeiBenute Qopmyny Ui BBIYMCICHUS IUIOINAAM TJIAAKOW MO-
BEPXHOCTH Z = Z(x,y).
4. Kak BBIYMCIIAIOTCS IUIOLIA/M HOBEPXHOCTEH, 3aJJaHHBIX ypaBHE-
HUSIMU X = x(y,z) y= y(x,z) ?
5. Yro Takoe MOBEPXHOCTHAs IIOTHOCTH BellecTa?
6. Kak ompenenuts o01iee KOJIMYECTBO BELECTBA B IJIOCKOM 00ia-
ctu D (Maccy IUTaCTHHKH) € TIOMOIIBIO TIBOWHOTO MHTErpasa?
7. Kak HaxoAsTcsi MOMEHTbl MHEPLUHU IJIOCKOW (UTrypbl OTHOCH-
TEIbHO KOOPJUHATHBIX OCEH?
8. Kak HaxoauTcs MOMEHT MHEPLUHU IIIOCKOH (PUTYypbl OTHOCUTENb-
HO Hayasia koopauHat? [TokaxkuTe ero cBsi3b C MOMEHTAMU WHEPIINHU
OTHOCHUTENIHO KOOPJIMHATHBIX OCEHl.
9. Kak omnpenensitoTcsi KOOpAMHATHI LIEHTPa MAcC TUIOCKOH (Urypsi?
10. Yro Takoe craTMuecKHMe MOMEHTHI IuIockoil ¢purypsl? Kak oHun
BBIYUCIISIOTCA?
11. Kak Bpruncnsercst 00beM Tena TPOWHBIM UHTETpaIoM?
12. Kak BbIyMCsi€TCA Macca NpOCTPaAaHCTBEHHOTO Teja?
13. Kak HailTU MOMEHTHI MHEPLIUH MPOCTPAHCTBEHHOI'O Tejla OTCHU-
TEJIbHO KOOPJAMHATHBIX INIOCKOCTEN?
14. Kak HaiiTU MOMEHTBHI HHEPLUUU MPOCTPAHCTBEHHOT'O TEJIA OTHO-
CUTENBHO OCEl KOOpanUHAT?
15. Kak HallTH MOMEHT MHEPIMHU MPOCTPAHCTBEHHOI'O TEla OTHO-
CTEJIbHO Hayaja KOOpAuHaT?
16. Kak ompenenutb CTaTUYECKUE MOMEHTBHI IPOCTPAHCTBEHHOIO
TeJla OTHOCUTEIIbHO KOOPJIMHATHBIX MJIOCKOCTEM?
17. Kak onpenenuTs KOOPAUHATHI LIEHTPA MAacC MPOCTPAHCTBEHHOTO
Tena?

IIpumeps! pemenus 3aaa4
IIpumepl. Haiitu Maccy IUIaCTMHKM, OIPaHWYEHHOM JIMHUEH

2 2 .
X +y = 2x , €CJIN €€ MMJIIOTHOCTH B 000H TOYKE MMPONOpUUOHAIIb-
Ha KBaJpaTy pacCTOSAHUA OT Ha4Yajla KOOPpAHUHAT.
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2
Pemenne. JIunus x> + y2 =2x wim (x—l) -|—y2 =1 sBusercs

OKPYXXHOCTBIO C IIEHTPOM B TOYKE (l, 0) u paguycom 1 (puc. 17).

[TosTOMYy TpH BBIYMCICHWW HHTETpaia yJOOHO MEPEeHTH K IOJISIp-
HBIM KoopauHatam. IloxcraBiisis B ypaBHEHHE OKPYKHOCTHU IOJISP-
HbIE€ KOOPJAMHATHI, NOJY4UM » =2c0s¢ . [IIOTHOCTh IUIACTUHKMU B

2
NOJISIPHBIX KoopauHatax ¥ =kr”, tae k - xoaddunument mpomop-
[HMOHATBHOCTH. TakuM 00pa3oMm, moxydaem

/2 2cos g
m= ”}/(x,y)a’xdy = ” lr*rdrd = k I do I Pdr =
D D —/2 0
T
/2 ) z
=4k J cos? pdp =k 3—¢+sin2¢)+ sin4g |2 :ﬁ
2 8 oz 2
/2
2
YA VA N
Q‘
5
1 ~
0 D
0 1 X
Puc. 17 Puc. 18

IMpumep 2. HaiiT KOOpAuHATHI LIEHTPA MAcC OJHOPOIHOM TIIOCKOM
. 2
(burypbl, OrpaHUYeHHON KPUBBIMU Y =X U J =X~ .

Pemenne. IToctpoum oGmacte D, orpaHUYeHHYIO TaHHBIMH KpH-
BbIMH (puc. 18). Berunciaum maccy IUIacTUHKH, YYUTHIBas, YTO €€

MNJIOTHOCTB )/ (x, y) =const =y
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1 X 1 xz x3 1 ¥
— — — 2 = _— = —
m—;/.([dxj;dy—yj(x X )dx 7/[2 3} o
X 0 0

BbrunicinuM craTMdecKkue MOMEHTBI TUTACTHHKUA OTHOCHTEIb-

HO KOOpIMHATHBIX oceit Ox u Oy

1 X 1

_ _ _r 2_ =L
Mx—_gyj/(x,y)dxdy—y‘([dx;[ydy—2£dx(x X ) ,

My :”xj/(x,y)dxdyzyj‘xdxf dy=7/ixdx(x_x2):l
D 0 2 0

OKOHYATEIILHO UMEEM

M M 15

- 0,4.
" m yl6 m  y/6

o

k N

Puc. 19 Puc. 20

Ipumep3. Beumcauts Maccy Tema 7', OrpaHMYEHHOTO TO-
2 2 2
pepxnoctsimn z=0, (z—1f =x*+y*, ecim mnotHOCTH TEnA
2
y(xyz)=(x+y) +z.
Pemenne. O6nacts 7 mpejcTaBiseT co0oif KOHYC ¢ OCHOBAHHEM

G - xpyr pamuyca 1 ¢ neHTpoM B Havane koopauHar (puc. 19). Ilpu
BBIYHCIICHUN MHTErpalia ylnoOHee MepeiTH K HUIUHIAPUYECKUM KO-

opAuHaTaMm (7",(0,2) , B KOTOPBIX YPABHCHUC HW)KHEW MOJOBUHBI KO-

Hyca umeeT Buj z =1—r . [lomyyaem
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2r

m= ”J.y x, ¥,z )dxdydz = Id(pjrdrj ( 1+sm2(p)+z)d

- fd(pjr(r2(1—r)(1+sin2¢)+%(1—r)2jdr:

T
0
Ipumep 4. BerauciauTe MOMEHT MHEPUUH OTHOCHTENBbHO ocu Ox
ONHOPOJHOTO Tenma [ TUIOTHOCTH ), OTPAaHWYCHHOTO TIO-

1 1 1z
—(1+sin2¢)+— |dp = ——.
(20( ?) 24) v

60

BEPXHOCTBIO )c2 + y2 + 22 =Z.

Pemenne. O6nacte I' mpezncraBisier coOoil map, OorpaHUYCHHBIN
chepoil, ypaBHEHHE KOTOpOW yHOOHO 3amuMcatb B  BHJE
24yt (2—1/2)2 =1/4 (puc. 20), G - mpoekuus Imapa Ha MIOC-
KOCTb (X Y ) [Ipu BBIYMCIIEHUH HMHTErpaja ymaoOHee MepelTH K
cepruvecKkuM KOOpIHATAM (r,@,(p), B KOTOPBIX ypaBHEHHUE CEpHhI
npuHAMaeT By 7 = cosd. Tonydaem

x=rcos@sinf

I, —J.J.J.(y +z ))/dxdydz— y=rsingsinf|=
z=rcosf
2 w2 cosd
= I dgoj. sin@de I yrz (sinz(psin29+cos2 6)r2dr:
0 0
2r 72
ayd I do I (sin2 gpsin36?cos5 0 +sind cos’ 6’)61’6’:
0 0
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/2

=Zjd(p Sin" Q1 _ s+ 50 29+sm 20 | cos” 0 _
5 0 32 3 4 8 .

V4 4 .2 T
=ﬁ.(|;(sm ¢+3)d§0=ﬁy.

Ipumep S. Haiiti MOMEHTBI HHEpIWMK [, U [, OTHOCHTEIBHO OCCHt

Ox w Oy TIACTUHKH C IUIOTHOCTBIO ¥ =1, OrpaHUYCHHON KPHBBI-

Mu xy=1, xy=2, y=2x, x=2y N pacnoJIOKEHHOH B IEPBOM

KBaJIpaHTe.

Pemenne.  HeoOxoaumo  BBIYHCIUTH I, = ” y2 dxdy m
G

I, = J.J. xzdxdy. B nekaptoBoii cucreme KOOpAMHAT, YTOOBI CBECTU
G

KaX/IbI U3 3TUX IBOWHBIX MHTErPAJIOB K TIOBTOPHOMY HYXHO 00-

nacte G (puc. 21) pa3duTh HA TPU YACTH, IOATOMY yIoOHEe mepeii-

TH K TIOJSIPHBIM KOOpAMHATaM X =rcos¢, y=rsing. Torma ¢@

1
U3MEHsIeTCA OT (@ = arcth 10 @, =arctg2, a mpu KaxIOM 3Haue-

HUU @ TIEpEMEHHasi ¥ U3MEHSETCS OT 7 ((p) :1/ Jcosgsing (3Ha-
YeHHs F Ha KpUBOHl xy =1, ypaBHEHUE KOTOPOIl B MOJSPHBIX KOOP-

JMHATaX B TEpBOM KBaJpaHTe MMEET BHI F = 1/ Jcospsing) no
r(p)= «/E/Jcos @sing (3HaueHus r Ha KpuBoi xy =2 ). Cneno-

BATEJIBHO
o, n(p) 1 Py

I.= '[ do I > sin? dr =7 I sin® (p(r24 (go)—rf1 ((p))d(p =
o (o) 2
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arctg?2

3% dep 3
S ot S
o cos ¢ arctgg
g, n(e) 3 arctg2
]yzjd¢ I r3c0s2(0a’r:—zctg(p :§.
o i ((p) arcth
VA 2

5 A
= (Pz I_y§2 R

A R R g

X X
Puc. 21 Puc. 22
IMpumep 6. Haiitu KoopaMHATHI IIEHTPAa MacC YacTH IIapa

2 2 2 2 o
X“ 4y +z° <R, pacrnoyio)XeHHON B MMEPBOM OKTAHTE, €CIU IJIOT-

HOCTh B KaXJIOM TOYKEe OOpaTHO MPOMOPIIMOHAIBHA PACCTOSHHIO
TOYKH OT Havaia KOOpJAWHAT.

k
Pemenne. Mmeem 7/(x, y,z) = 11¢ k - x03}Punu-
«[xz + y2 + 22

€HT [IPONOPLUOHAIBHOCTH, U, BCIEICTBHE CUMMETPHH, X, =V, = Z,..
Borunicnum cratuueckuid MOoMeHT Tena (puc. 22) OTHOCHTENBHO
wiockoctu yOz. Boruncnenus OyaeM NMpoBOAUTH B cheprueckoi

cHCTEMe KOOPIUHAT, TOTa MoJIydaeM
/2 x/2 k
M,, J-J-J'xy X, V,z dv— I d(oI s1n9d:9!rcosqps1n9 ¥dr =
0 0

/2 /2 3 3
R 7rkR
—k [ cosodo [ sin0d0(r2dr=k1.2.2 .
I 4 (pI I 4 3 12
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Brruncisiem maccy tena

z/2 #/2

m= J.J.J‘y X, V,z )dxdydz— I d(pI sm@d@j ¥dr =
0

/2 2R

R -
2

R>  7kR?

T
= Z(~cos® Z(1+1)k— =

0 0

B utore nosydaem KoOpAMHATHI IIEHTPA Macc

xC:yC:ZC:

Myz _ 7Z'kR3/7Z'kR2 _E
m 12 2 6
IIpumep 7. Haiitu momanas gactu cdepbl X2+ y2 +22 =1, pacrmo-

JIOKEHHOM MEXIy IUIOCKOCTSAMHU Z = % uz=y (x=0, y>0,

z2>0).

MRS
]

0)
Puc. 23

Pemenne. M3o0paxkaem noBepxHocTh G, IO KOTOPO Tpedy-
ercs Haitu (puc. 23,a). YToObl HAWTH ypaBHEHHE MPOEKIUH JIUHUU

IIEPECEUEHUS TUIOCKOCTH Z = % u chepbl X+ y2 +2z2 =1 nox-
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CTaBJISIEM B ypaBHEHUE Cephl z = % [Tonyyaem, 4TO mpoekuen

2 2

SABIAETCA HACTB SIUATCA ~— +2— =1. YroGsl HaiiTH YpaBHEHUE

3/4

MPOEKIUHU JIMHUM TEPEeceYeHUs IUIOCKOCTH z=y U cdepsl

X+ y2 +z% =1 noxcraBisieM B ypaBHeHue cgepbl z = y. [lomyya-

2 2
Y

. X
€M, 4TO IPOEKIMEN SBIIECTCA YacTh DILIUIICA T+1/_2 =1. U306pa-

)aeM nmpoekuuo D noepxHocTH G Ha IIOCKOCTh xOy
(puc. 23 ,6). 3anucbiBaeM ypaBHEHHE BEpXHEW MOJIOBUHBI chepbl

=41 — x> —»? ¥ BBMHCIIEM HCKOMYIO IUIOMIAb

2 2
B oz oz _ dxdy B
Q”J”(a) o5 -l i

X =rcosQ

y=rsing B

.[ sin @ sin @

0 I/M\ll r? \/4 cos? ® \/2 cos’ 1)

dp=

72
_ T

NTy

. COS . COS
= Earcsm 5 4 —arcsin (0]

2

0
3agaum U ynpakHeHus JAJ1s1 CAMOCTOSATEIbHOTO pelieHu st
Penmte 3amaunNeNe &.75, 8.92, 8.93, 8.94, 8.98, 8.130, 8.137,

8.142, 8.147 [19].

®opMa 0THYETHOCTH: YCTHBIN ONPOC, KOHTPOJIbHAs paboTa.
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SAHATHUE Ne 30

UHTETPUPOBAHUE ®YHKIHHA KOMILIEKCHOI'O
HNEPEMEHHOI'O. TEOPEMA KOIIIN U UHTEI'PAJIbBHASA
®OPMYJIA KOIIHU

Jlureparypa: [22], c. 117-125; [27], c. 32-46; [28], c. 142-157;
[34], c. 42-53.
KouTpoJibHbIe BONPOCHI U 3aJaHUs

1. JlaiiTe ompeneneHne WHTErpaja OT (YHKIIMU KOMIIJIEKCHOTO
TIEPEMEHHOTO.

2. Kak BBIYMCIUTH UHTErpasl OT (QYHKIIMH KOMIUIEKCHOTO Iepe-
MEHHOTO?

3. Chopmynupyiite Teopemy Kormmm st mpocToro M CIOXKHOTO
KOHTYpA.

4. Kak nmpumensieTcs uHTerpanbHas ¢popmyna Koy s Berauc-
JICHUS] UTHTETPAJIOB 110 3aMKHYTBIM KOHTYpam?

IIpumepsl peieHus 3aga4

2
Hpumep 1. Beruucnuts J e‘z‘ Rezdz, rne C - oTpe30K NpsIMOW,
C
coequHsAomei Toukn z; =0 u z, =1+41i.
Pemenue. BoienuMm 1eicTBUTENBHYIO U MHUMYIO YaCTh HOJIBIHTE-

2
rpanbHOi pynkuun f(z) = e Rez . Jlust 5TOTO MEpenunieM ee B
2 2,2 2, .2
BUJIE e‘z‘ Rez=¢* 7 x. Orcrona cnemyer, 4o u(x, y) =xe* V|
v(x, O) = 0. [Tpumenum popmymny Jf(z)dz =
C

= J.u(x,y)dx—v(x,y)dy+iIv(x,y)dx+u(x,y)dy. [Tomygaewm,
C C
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YTO BBIYHCIICHUC J-f(Z) dz CBOAUTCA K BBIYMCIICHHUIO IBYX KPHUBO-
C

2 2, 2 2,2
JMHEHWHBIX MHTETPAJIOB: j e‘z‘ Rezdz = I xe& YV dx+i J' xe* T dy .
c c C
VpaBHeHHUE OTpe3Ka MPSAMOM, IPOXOAsIIeH yepe3 Touku z; =0 u

zy =141, 0yner y =x,rne 0<x<1, a3Haunt dy = dx. IlooTomy

1 1
2 2 2 1 2|1 1 2|1
Ie‘z‘ Rede:Ixezx dx+ijxezx dx==e*| +ize*
0 4 0

c 0 o4
:%( 2—1)+i%(62—1)=i( 2—1)(1”)-

IIpumep 2. Berunciuts D‘ ' , rne C - OKPYXHOCTb €IMHHUYHOTO
C

paauyca ¢ LeHTpoM B Touke z =() (00X0J MPOTUB YaCOBOI CTPEIIKH,

k - 1mienoe 9uco).

Pemenne. Tak kak Ha OKPYXHOCTH C|z|=1, 0 z=€9 (

27
0<p<2z)udz=ie’dp.Torma [ | ie%dep =
C 0

2z 27
:iI e’(kﬂ)(”d(p:if[cos(k+l)(o+isin(k+1)(p]d¢):
0

0
0, k=l
B 27i, k=-1

IIpu k>0 pe3ynbTaT BEIYKCIEHUH cornacyeTcs ¢ Teopemoit Komn.

|sin(k+1)p cos(k+1)gp >
=1 —
k+1 k+1

1
Ipu k=-1 ¢yuxuns f(z)=— He onpexencHa u e AuddepeHiyn-
Z
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pyema B Touke z=0. HMurerpan He paBen Hymo. Ilpu
k =-2, -3, ... moapIHTErpanbHas GyHKIHS HE ONpenesieHa B TOUKE
z=0 u Teopema Kommu Taxkxe He MPHUMEHNMA, HO MHTETPaJl paBEeH
HYIIIO.

IIpumep 3. Boruuciautsb ﬁ ,roe C: |z| =1.
C
Pemenne. Ananorunyso npumepy 2
- 2? . . 2z . . 27
(] " ie?dp = I ?d(ip)=€?| =
C 0 0 0

—e?™ _1=cos2r+isin27x—1=0.

1+i
IIpumep 4. Beruucauts HTErpai j zdz .
i
Pemenue. Tak kak moAbIHTErpanbHas QYHKIUS SIBISETCS aHAIUTH-
YECKOM, TO MOXHO HCIOJb30BaTh (Gopmyny Herorona-JleniOHuna:
N 2 1
[ zdz== :—[(Hi) —inz——Fi.
. 2 2 2
1 1
z

Ipumep 5. Beruuciuth G ’ ,rae C - OKpY)KHOCTB: a) |z| =2,
-

6) |z|=4.

Pemenne.

a) Ecimu C - okpyxHOCTb paauyca 2, TO MHOJbIHTErpajibHas
z

q)YHKI_II/IH SIBJISICTCS aHAJIUTUYECKOUN B Ka)KHOﬁ TOYKE Kpyra

|Z|S2 (puc. 24,a). Tlostomy, B cmiy Teopembl Komu

i
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a) 0) 8)
Puc. 24

0) Ecnmu C - okpyXHOCTB paguyca 4, To Touka z =—3 (B HEl
(GyHKIMS HE OIpenesieHa) MPUHAMICKUT KPYTy |z| <4 (puc. 24,0).

flz

[pencTaBUM TOABIHTErPATBHYIO (DYHKIHMIO B BHJIE L , TIe
zZ— ZO

f(z)=¢ sBuseTcs aHATMTHYECKOH B KaXHOH TouKe Kpyra |z|<4.

[IpuMeHHUM  HHTErpajgbHYIO ¢opmyny  Kommm  (zy=-3)

1 - (=) - oFds . 27i
f(z0)= g . Momyunm  [] S o
o= v o™ e
IIpumep 6. Berauciauth ipnq . ,rne C': |z| =3.
C et

z
ABJIACTCA aHAJIMTHUYC-

0s
Pemenne. [lonpiaTerpanbHas GyHKIMS 3
z
CKOH B Kpyre |z| <3 Bcroay KpoMme Touku z, =0 (puc. 2,6). Beine-
JIMM TI0JT 3HAKOM HMHTerpaia GpyHKIumo [ (z) =COS z, SBJISIONIYIOCS

aHAJIMTUYECKOH B Kpyre |z|£3. Bocnone3yemcst MHTErpanpHOM
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popmynoi Kommu ISt IPOM3BOTHOM f () (z9)=

n! - ()
:2—D ;. 1Ipu zy =0 nu n=2 mnomyuum
T\ z—zq)

ﬁ e 7?(0052)"

‘2‘23 “ -

=—7i.
z=0

3agauu U ynpaskHeHus IS CAMOCTOSITEIbHOTO peleHnst
1) BplunciauTh UHTErpaibl:
i i i
a) Izezdz ; 0) Izcos zdz; B) I(3z3 —222)dz .
1 0 1
2) Bbl4MCIUTH UHTETPAJIBI:

a) Izlmzzdz,rne C:{|Imz|<1, Rez=1};
c

0) IZ|Z|dZ,1“I[e C:{|z|=1, Imzzo};
C

B) I zRezzdz, rne AB - otpe3ok npsmoH, z, =0, zz =1+2i.
AB

3) Bpluucnuth ¢ momouipl0 WHTErpaibHON (Gopmynbl Komm cre-
JYIOIIE UHTETPaJIb:

. Tz
~ ﬂiz -~ /‘1‘7 ~ SlnT
a) [] ; 0) [] ; B [] dz ;
EEREE d=s e Y fm2e e
. ch2, . oz
r) [] ; n) o [] z.
B ‘2—21’\:1(2“-!-4)

(I)opMa OquTHOCTHZYCTHBIﬁ Oo1poc, TUIIOBOM pacyeT, KOJJIOKBUYM.
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SAHATHUE Ne 31-35

PA3JIOJKEHUE ®YHKIHWHA KOMILIEKCHOI'O
INEPEMEHHOI'O B PSJIbl TEMJIOPA U JIOPHA.
N30JIMPOBAHHBIE OCOBBIE TOYKH
N UX KIJACCUDPUKALUA

Jlurepartypa: [21] c. 125-132; [23], c. 46-70; [12], c. 160-172;
[34], c. 55-66.

1)

2)

3)

4)
5)
6)
7)
8)

9)

10)Kak cBsizaHbl MOJMIOCHI (YHKIIMH

KoHTpoJibHbIE BONIPOCHI U 3aJaHUSA
3anumute psag Teinopa g GyHKIUU KOMIUIEKCHOTO IEpEMEH-

HOTO f (z), AHAJIMTUYECKON B Kpyre |z—20| <R. Kak omnpene-

JISFOTCS €r0 KOAPPUITMEHTHI?

CdopmynmupoBats Teopemy Teimopa. KakoBwl ycioBusi pasiio-
xumocTu pyHKIK B psan Teitnopa?

3anucarb pas3iokeHus B psia Teisopa it OCHOBHBIX 3JIEMEH-

TapubIx Qynkuuit: e, sinz, cosz, Ln(1+z), (1+z)°, arctgz
Jatb onpenenenne psina Jlopana dynkumn f(z). Kax onpene-

JSAIOTCS ero KOAhHUITHEHTHI?

Cdopmynuposats Teopemy Jlopana. KakoBbl yciioBHs CX0IUMO-
ctu psaaa Jlopana? Kakosa ero o6iactb cxoaumoctu?

Kaxkue psiipl Ha3pIBalOTCS MPaBUILHON M TJIABHOW YacTSAMHM psaa
Jlopana?

Kakas Touka Ha3piBaeTcsi 0co0oil Toukoil QyHkuuu? B xakom
cllydae OHa Ha3bIBA€TCSl U30JIMPOBAHHOM 0c000i TOUKOI?

Kakas ocobas Touka Ha3pIBaeTCS:

a) yCTpaHUMOI; ©0) MOJIFOCOM; B) CYIIECTBEHHO 0C000ii?

Kak 3aBucut Bug psaa Jlopana ot xapakrepa oco0oii Touku?

1
/()

f (z) ? Uto Takoe KpaTHOCTb MoJroca?

C HyIsIMH (yHKIUU
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IIpumeps! pemenus 3agaq
1

(1—22)(zz+4)

Pemenne. IlpencraBum f (z) B BHUJC CYMMBI JBYX JpOOeii:

Mpumep 1. Pasnoxuts f(z)= B OKPECTHOCTH

touku z =0 B psx Teinopa.

1 1 1 1 1 1 1
f(z)== >+ =5l 2 +———— | ¥ BOCHONb3yeMCS

5\1-z2% Z*+4 -z 4z
I+—
4
1 n
pasnoxeHueM B pag —— = Y z", cxomsmemcs B kpyre |z|<1,

n=0

MOJICTABJISIE BMECTO z JUIsl TIEPBOM JIpoOu 22, a s BTOPOM -

2 00 _1\?
(—%] [Monyuum psan Teiinopa f(Z)_Zé[22n+(4n—l+)122nJ_

n=0

n
== Z[ 4n+)1 J , KOTOpBIi cxomuTes B kpyre |z|<1.

IIpumep 2. Pasnoxutre B psg Jlopana ¢yskmuo — f (z)=
1

T (1-z)(z+2)

Pemenne. IlpencraBum f (z) B BHUJE CYMMBI JBYX Jpo0eil:

f(z):l(LvL ! j Ecm |z[<1, To %—ZZ , a eclu
n=0

-z z+2

B 00J1acTAX: a) |z|<1;6) 1<|z|<2;B) |z|>2.

z
1 1 = 1
|z|>1, TO =— =—) — . AHaJIOrW4HO, NpHU |z|<2
= D
z
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(1) "

1IMeeM PasNoKeHne = = z —, aeciu 2|>2,
z+2 2(1+Zj = 2"
2
o0 _1 n—1 21’!—1
TO I _ ! = z( ) - . Otcrofa cneayer:a) B Kpyre
z+2 - (1 n 2] =l z
z

0 1\
|z|<1f(z):2% 1+( ) z" . Drto pan Teitnopa;6) B KoibIe

(1)1 &(-1)" "
I<|z|<2 f(z)=D]| == | =+ D> *—-—. Pan Jlopana comepxur

+1
n=0 3.2"
KaK ITOJIOKHUTEIJIbHBIC, TaK 1 OTpI/IHaTe.]'H)HI)Ie CTCIICHU Z |

-1 -1
2 (-1 2" -1
B) B Kouble |z|>2 f(z):z( )
n=1 3Zn
KUT TOJIBKO OTPULIATENIbHBIE CTETICHU Z .
IIpumep 3. Onpenenuts xapakrep oco0oi Touku zy =0 g GyHk-

. Pan Jlopana conep-

l1-e 7%

mii: a) f(z):.;ﬁ) f(z):cosi,B) f(z)=

sinz—z z

Pemenne. a) MHcmonws3ys pasznoxkenue B psag  Teismopa
2 7
sinz—z:—;+;—..., HOJy4rM, 9TO (YHKIUS, CTOSIIasl B 3HAa-
MeHartesne Ipobu, uMeeT B Touke zp =0 HyJIb TPEThEro Mopsjka.
1
Otcromga crnenyer, 4To (QyHKIUS f (z):+ AMeEET B TOUYKE
sinz—z

zo =0 MmoJItoC TpeThero nopsaxa.
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1 1 1 1
0) Pasnoxum cos— B psang Jlopana: cos—=1- s+—2
z z 21z7 4!z
. 1
—... .... OTcrona BUIHO, YTO TJIaBHAS 9acTh psja

©(2n)tz"
JlopaHa coepuT 6eCKOHEYHO MHOTO 4ieHOB. [losTtomy s GyHK-

1 .
U COS— To4YKa Z; =0 sABIsAETCA CYIIECTBEHHO OCOOOM.
z

B) Mcnonn3ys pasnoxkenue B psan Teimopa aus QyHKIUU e - B

OKPECTHOCTH TOYKH 2, =0, mnomyuum f (z) = l(1 —e” ) =
z

_1 1={1-z42 2 4+ ....  Jlopanosckoe
z 20 3! )J 21 31 4]

a3JIOKCHHUC KO B OKPECTHOCTHU TOYKHU Z =0 He COACPXKUT
0

TJIAaBHOM YacTH, MO3TOMY 3Ta TOYKA SIBJISICTCS] YCTPAHUMOUW 0CO00#
TOYKOM.
3agauu U ynpaskHeHus AJIs CAMOCTOSITEIbHOTO pelleHusl
1) Wcnone3ys pasnokeHHEe OCHOBHBIX AJIEMEHTapHbIX (YyHKIUH,
Pa3IoXKUTh B PAJl IO CTEMEHSIM Zz U yKa3aTh 00JacTHU CXOAMMO-
CTH MOJYYEHHBIX PSJIOB:
sin® z .

a) e_zz; 0) ——; B) eV, r) Itcosz
z

4
z

2) JlokazaTh, 4TO CIIpaBeIIUBBI (POPMYIIBI:

1 2 (z-a)
2 b-z n:o(b—a)nJrl npi 2 ~al <[b ~al;
1 2 (b—a)"
— =y _alsb=
2 b-z n:o(z—a)nle npi e >[p =]

rac a u b - 3aaHHbBIC KOMIIJICKCHBIC YHuCJia.
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Yka3zaHue: KCIIOJIB30BaTh IIpru JOKa3aTCJILCTBC PA3JIOKCHHUC

byHKIIH 5 ! B psiJl (T€OMETPUUECKYIO POTPECCHIO).
3) Paznoxuts B psx Jlopana cienyroniye (pyHKIMH B yKa3aHHBIX
oOmacTsx:
a) f(z): B KOJIBIIC O<|z|<l HBKOJIBII61<|Z|<OO;
0) f(z)zzzz—_3 B KOJIBIIaX O<|z—1|<1 u O<|z—2|<1;
z7=3z+2
B) f(z)z B KOJIbIIE O<|Z—z'|<2;
z°+
r) f(z): ! B KOJIbLIAX 2<|z|<31/13<|z|<oo.

(Z — 2) (Z — 3)
4) Haiitn ocoObie TOUKH (HYHKITUU U OTIPEICTUTH UX THII:
5)

1 1

R TR
l1—cosz 2 -1
B) f(z)= zcos—r)f() 2 ;s m) f(z)= -

®opMa 0THYETHOCTH: YCTHBIN OIIPOC, TUTIOBOM PacyeT, KOJJIOKBUYM.
SAHATHUE Ne 36-37
BBIYETBI U HX BBIYHUCJIIEHUE. OCHOBHAS
TEOPEMA O BBIYETAX. NPUMEHHHUWE BBIYETOB
K BBIYUCJIEHUIO HMHTEI'PAJIOB

Jlutreparypa:[21], c. 132-137; [23], c. 70-81;
[12], c. 172-179; [34], c. 66-75.
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KoHTpoabHbIe BONPOCHI U 3a1aHUA
1) Uro HazpiBaeTcsi BHIYETOM (GYHKIUHU f (z) OTHOCHUTEIJIBHO 0CO-

0011 Touku?

2) UYemy paBeH BbIUET B YCTPAaHUMOM 0CO00M TOUKE U oyemy?

3) Kak Bbruncisiercsi BBIUET B IPOCTOM U KPaTHOM IOJIIOCax?

4) Kak HaxoIuTCs BBIUET B CYILIECTBEHHO 0C0001 TOUKe?

5) CdhopmynupyiiTe OCHOBHYIO TeOopeMy O BblueTax. Kak mpumens-
€TCsl TEOPHsI BBIYETOB K BBIYMCIIEHUIO MHTETPAJlOB MO 3aMKHY-
TBIM KOHTypam?

6) Chopmymupyiite nemmy JXKopnana. Kak mpuMeHSIOTCS BBIUETHI
TIPU BBIYHCIICHUH HECOOCTBEHHBIX HHTETPAJIOB?

IIpumeps! peienus 3axa4
IIpumep 1. HaliT 1 BbIYeTHI GYHKIHU B €€ 0COOBIX TOUKAX.

M=oy

Pemienne. dyHkuMs uMeeT 1B 0coOble TOUKHM: z; =1 - mpocToi

HOJIIOC U Z, =2 - HOJIOC KpaTHOCTH 2. B ciaydae mpocroro nomroca

BBIYET BBIYHCIISIETCS 1o bopmyne Res [ f (z), 20] =

= lim [f(z)(z—zo)]. sz =1 mnonydaem Res[f(z), 1]=

= lim;2 =1. B cnydae nomtoca KpaTHOCTH #>1 BBIYET BbI-
z—l1 (Z — 2)

qucsieTcs o bopmyne Res[ f (z), Zo] =

n—1

x lim [f(z)(z—zo)n] Hna z;=2 u n=2 mnoxyyaem
7=z, dz"” -1

R =i =-1.
s [f ( :I zl—% [ z— 1)
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IIpumep 2. Bpluucnuth BblYET f (z)=el/ “ B Touke z;=0

.Pemienne. /s pyHKIMH % touxa zg =0 sBIIETCS CYyHIECTBEHHO

. 1 1 1
ocoboi, Tax kak e/"=l+-+——+——+.... IlosTomy

z 2122 317
Res [ f (z), 0] =c_1 =1, rme c_; - koabduuueHt psaaa Jlopana npu
-1
z .

. A
IIpumep 3. Beraucauts uaTerpain ||

|z-2i]=2< *'*

Pemenwue. IloxsinTerpanshas Gynkus f(z)= MIMEET BHYT-

e +1
pu Kpyra |z —2i|<2 omHy 0c0o0yi0 TOUKY Zo =i - IIOJIOC IEPBOTO
nopsiaka (puc.25). Bocronszyemcst hopmymoit

es fi(2) z :M- [Momyunm Res| f(z), zi |=
N L‘z(z)’ 0} 7 (z0) |/ (), 7]
1 1

= —_1. Hanee Bocmosib3yemMcs OCHOBHOM Teope-
! cosTm
(ez +1)
z=7i

MOM O BRIUETAX.

. A~
Otkyzna nonyanm [ | ‘iRes [ f (z), 7l ] =-2ri.
|z—2i=2% ' *

VA

dh
\20'1 X

Puc. 25 Puc. 26

=<V
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IIpumep 4. Bprunciautb uUHTErpan i

2= z—1

z

Pemenne. IlogpiaTerpansuas GyHKous f (z) = (22 — 1) X X COS
Z—

MMeeT BHYTPH Kpyra |z|<2 OJIHY 0COOyI0 TOUKy zy =1, KoTOpas
SIBJISIETCSI CYIIECTBEHHO 0co00# (puc. 26). [loaTtoMy s BhIYmMCIE-
HUS  BBIYETAa B TOYKe  zy=1  mpumeHnM  Gopmyny

Res[f (2), 1:|ch1= rae c_; - koddpdunuent pspa Jlopana mnpu

_ 1 1 )
(z—l) ' Umeem cosi=cos(l+—j=cosl-cos——s1n1><

z—1 z—1 z—1
o1 1 \ ( 1 1 \
xsin—— = cos1 1——2+... e .
z-1 2(z-1)" ) |z 31 (z-1)" )
Tak kak 2z—1=2(z—1)+1, 10 ¢_; =—(cosl+sinl). CnenoBarens-
HO G z dz = —2zi(cosl+sinl).
‘2‘22 <7
< dx
Ipumep S. Beruncinuts uaterpan [ = I —
—0 (x2 +1)
Pemenne. Beenem ¢ynkuuio f (z): ! 7 » KoTopas Ha JIEH-

(22 + 1)
CTBHUTEJIBHON OCH (Z =X ) COBMAJAaeT C MOIBIHTErPalbHON (QYyHKIIU-
eil, KoTopas sBIseTCs IpoOHO-panuoHaIbHOW. DyHKIMA f (z)

UMeeT B BepxHel momymnockocTd (Imz > () eanHCTBEHHBIH MOIIOC
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4eTBETOro nopsanka zy =i. Iloatomy [/ =27ix xRes [ f z), i] , TIe

a1 1 5 5
ReS[f(Z), ZJZELZH')‘J :—3—21 . Orcrona I:Eﬂ'.

z=I

3agauu U ynpaskHeHus U1 CAMOCTOSATEeIbHOI padoThI
1) Haiitu Beruersr pyHkuum [ (z) B €€ 0COOBIX TOUKax

z

a)szi—;6) Z=31n22
( ) (Z+l) (2—2) f( )

B) f(z)= zsmi

2
23_722 z

2
2) BBIMHCIHTH UHTETPAIIBL: a) [ | —dz,rne C: |Z| =
C \L -+ 1}\4 - Z
. a1
0) [] , TIe C:|z|= [] , TIe
c c -
C:|z|=1;r)ﬁ ,rz[eC:|z|=
c- - -
3) BoeruncianTts HecoOOCTBEHHBIE I/IHTeraJ'IBI
T x? +1 T cosxdx xsin x dx
0% (x +1) O(l+x ) X HAxT

@®opMa 0THYETHOCTH: YCTHBIH ONPOC, TUIIOBON PacyeT, KOJUIOKBUYM
SAHATHUE Ne 38-39

I'PAOUYECKOE 3AJJIAHUE ®YHKIHNU-
OPUI'MHAJIA, HAXOXXJIEHUE EE NU30BPAKEHUSA

Jureparypa: [21], c. 251-259; [12], c. 413-422; 439-442;
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[28], c. 74-98, 142-150.

KonTposabHbie Bonpochl M 3aJaHUA

1. Yrto Takoe eauHuuyHas QyHkuus XeBucanga? Kak oHna
WCTIOJIB3YEeTCS MPH MOCTPOCHUH (PYHKIIMU-OpUTHHANA?

2. Kak ocymectBisiercss nepexoj K aHAIUTUYECKOMY BbI-
PaXEeHUIO JUIsl PYHKIUH-OPUTUHAIIOB, 33JaHHBIX rpaduyecku’?

3. Kak Haxoautcs n300pa)k€HHE KyCOUYHO-aHATUTHYECKON
¢byHkuuu-opuruHaia? Kakue reopembl onepaloHHOTO HCYUCIIEHUS
IIPH 3TOM HUCIIOJIBb3YIOTCS?

4. Kak ocymecTBiaseTcs H300paKEHUE TEePUOIUIECKOTO
opurnHaina?

5. Kakue TteopeMbl OneparmOHHOTO UCYUCIEHUS MPU 3TOM
HCTOJIb3YIOTCS ?

6. Kaxkas ¢pyHKIUS Ha3pIBAaeTCS MOJIUTOHAIBHON QyHKIMN?

7. B KakuX MHXEHEpPHBIX MPHIOKEHUSIX HCIONb3YyeTCs
rpadguveckoe 3amanue GyHKIUU-OpUTruHaia?

IIpumepsbl pemenust 3aaa4
Ipumep 1. Haiitu uzo6paxenue F(p) dbyaxkuum f(¢), 3a-
naHHOM rpaduuecku (puc. 27).
Pemenune. Haiinem anamutuyeckoe BeIpakeHue st f(¢):

0, t<t, 0, t<t,

At <t<t An(t—t), t, <t<t
f(6) = 1 2 f(6) = n( D 4 2

B, t,<t<t, Bn(t-t,), t, <t<t,

C, t>t3 Cﬂ(t_t3)a t>t3

Jlis Beex ¢ > 0 nomyuum
J@=An—4)—-Ant—t,)+Bn(t—t,) - Bnt—t;) +Cn(t —t;) =

=An(t—t)—(A-B)n(t—t,)+(C—B)n(t —t,).
[Tonp3ysiCe CBOMCTBOM JIMHEWHOCTH U TEOPEMOM 3ala3[bIBAHUSA ,
HaXOJIMM HCKOMOE N300pakeHue:
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Puc. 27 Puc. 28

IIpumep 2. Haiitu nzobpaxenue F(p) dbyaxkuum f(¢), 3a-
naHHOU rpaduyecku (puc. 28).

Pemenue. Haiinem ananutuyeckoe BeipakeHue st f(¢):

b-n(t), O<t<a

ét-?](t—a), a<t<2a
a

f@= b
-2—(t—-2,5a)-n(t—-2a), 2a<t<3a
a

0, t>3a

Jlisa Beex ¢ >0 nomxy4um
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FO=bno)=bute=a)+ > (e~ a) - (1~ 2a) -
) g (t=2,5a)n(t —2a) +2 S (t—2,5a)(t - 3a) =

— b6+ S (t—a)p(t —a)— S (3t - 5a)(t —2a) +
+2 S (t=2,5a)7(t —3a) = bn(1) + S (t—a)(t—a) -
—3%(t—2a)77(t—2a)—b77(t—2a)+

+2é(t—3a)77(t—3a)+b77(t—3a).
a

[Tonp3ysice CBOKWCTBOM JMHEHHOCTH W TEOPEMOM 3aras3ibl-
BaHUs , HAXOAUM UCKOMOE N300pakeHHeE:

F(p):é_{_ b2 e_ap _26—2(1[) _2 & b
p ap

-2
e

-3 -3
5 e +—e7" =

ap p ap’ P

=2+Lze—ap_£1+ij£e—2ap+[1+£j£€—3ap.
p ap ap ) p ap ) p

IIpumep 3. Haiitn m3obOpaxenue F(p) MNepuOAMUECKON
byukuun f(¢), 3aganHoi rpaguuecku (puc. 29).

Puc. 29
Pemenue. 13 pucynka BunHo, 4to nepuoa pyakuuu 7 = 3.
Haiinem ananuTtiueckoe Beipaxkenue s f(¢) Ha otpeske [0,7]:

130



t, 0<t<l
f@)=<2-t1<t<2
0, 2<t<3
Jlist HaxOXAeHUSI M300paKCHUS! TEPUOTUMUECKON (YHKIIUU
BOCIIOJIb3YeMCsI POpMYIIO0it
1 ¢
F(p)=——[e " f(t)dt.
l—e?T
0
Jlia naHHON (QYHKIMH MOJTYyYUM

1 2 3
F(p)= |:J.l‘€_ptdl‘+J.(z—t)e_ptdt+_[0~e‘ptdt:|.
0 1 p)

1—e™”
Tpetuit MHTErpan paBeH HYINIO, a IEPBBIE JIBA HHTETPUPYEM
10 YaCTSIM M MOJy4aeM
2 —pt -p
e 4 SR B £
1-e™”

1 te™”
F(p)= =
(P =15 { »

12

1 L —pt _ —p
+Jgd,__%
o o P p

1-e”

pllve”+e)

3agaum U ynpaskKHeHHs JJIsl CAMOCTOSITEJILHOTO PelleHus
Pemnte 3amaun[23], NeNe 564-570, 578,580-584.
dopMa 0TYETHOCTH: YCTHBIN OMPOC, KOHTPOJIbHAS padoTa.

SAHATHUE Ne 40 - 41

IHEPEJATOYHASA ®YHKIOHUA U EE OPUI'U-
HAJI. UHTET'PAJI JIOAMEJIA

Jureparypa: [12], c. 420-430; [21], c. 260-262; [25], c. 400-441;
[24], c. 136-141; [23],c. 138-140; [29].

KOHTpOJIbHBIe BOIIPOCHI U 3aTaHUSL

1. Yro Takoe nepeaarouHas ¢pyHkuus auddepeHunanbHOTO
ypaBHeHus?
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2. UYro Ttakoe «BXOIHOW» U «BbIXOJMHOI» curHanel? (Ilo
tepmunosioruu u3 TAY). Kak uepe3 HuUX omnpeaensiercs nepeaaToy-
Hast QYHKIHS?

3. Kak BBoguTCS NOHATHE NEpeaaTodHast GYHKIUS U CHU-
CTEM JUHEUHBIX IU(]PepeHIHAIbHBIX YPABHEHHUI C MOCTOSHHBIMU
K02 (UIIMEHTAMU B HYJICBEIMU Ha4aIbHBIMU YCIIOBHSIMU?

4. Kak ucrnonb3yercsi HOHATHE MePeAaTOYHON QYHKIINH [T
HaxOXJIEHUS pPEIICHUs] JIMHEWHOro au(QdepeHITHaIbHOTO YypaBHe-
HUs?

5. UYro Takoe uHTerpan Jroamens? 3anuuiuTe ero.

6. Kakue TeopeMbl ONEPAIMOHHOTO UCUUCICHUS UCIOJb3Y-
FOTCS TIPU BBIBOJIE MHTErpaia J{roamens?

7. Kak BBomutcs mHTerpan Jlroamens ¢ UCHIOJb30BAHHEM
nepenaTouyHo pyHKuun?

8. Ilpm pemeHun Kakux 3aaay (MaTeMaTUYECKUX U MpH-
KJIaJTHBIX) UCTIONIB3yeTcs popmyna roamens?

JonosHuTEIBHBbIE BONPOCHI

1. Jns kakux (QYHKIUH CyIIeCTBYET H300paKeHHUE TI0
Jlannacy? Kak Ha mpakTuke 1o BUAY (PYHKUIHUU-OpUTHHANA OMpese-
JIUTh, CYIIECTBYET JIK JUId Hee n3obpaxenue no Jlammacy? [32], c.
386-388

2. Ponb HyneBbIX HAaYaJIbHBIX YCJIOBUH MPH OMPEIACICHUU
B3aMHOI'O COOTBETCTBHSI MEXKY OINHUCAaHUE CHUCTEMbI YIPaBICHUS
muddepeHnrnanbHbIM YpaBHEHHEM U TiepenaTouHon Gpynkuuei [30],
c. 60-61; [31], c. 40-43.

3. Tloka3zaTh, 4TO mepeaaTrovHas (YHKIHS MOXKET MpUMeE-
HATBHCS IS OTUCAHUS TOJIBKO JIMHEHHBIX 3BEHbEB M CUCTEM aBTOMa-
TUYECKOTO PErylupoBaHusl. Vkazauue: BOCHOJIb30BATbCS MPUHIIU-
IIOM CYTIEPIIO3UIINH.

4. Kak onpenenuTs oOIIyl0 MepeaaTouHy0 (QYHKIUIO 3Be-
HbEB, COCIMHEHHBIX TOCIEA0BaTENbHO, MapalljieibHO, B BUIE 00-
patHo# cBa3u? [30], ¢ .78-84; [31], c. 64-70.
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5. Ilepemarounbie ()YHKIHMH TUMOBBIX JWHAMHYECKUX 3Be-
HBCB CUCTCM aBTOMATHUYCCKOT'O PCTYJIMPOBAaHUA. Kak 1o BUOY IICpC-
JaTOYHOU (DYHKIIMH OTPEICIIUTh XapakTep MEPeXOJHOTo IMpolecca
Ha BBIXO/JIC 3BCHA IIPpH MMoaAa4€ Ha €ro BXoa CAMHUYHOI'0 CTYIICHYATO-
ro BoznenctBus? [31], c. 55-62.

6. W3obOpaxenue pyHknwn mo Oypbe Kak 4aCTHBINA CITydai
m3o0paxkenus: mno Jlarutacy. ®du3uyecKkuid CMBICT HU300pakKeHUS
¢yHkuu no Oypbe U ero UCHOJIb30BaHUE JJISl YaCTHOTO OMUCAHUS
AJIEMEHTOB U cucTeM ympasienus. [30], c. 51-52; [31], c. 44-49.

3aga4u U ynpaskHeHus JJIS CAMOCTOSITEIbHOTO PeleHust
Pemmute 3amaun: [23] NeNe 580, 581, 584.

dopma 0THYETHOCTH: YCTHBIN orpoc, pedepar.
ZAHATUE Ne 42- 43

PEIIEHUE JIU®PEPEHIIMAJILHBIX YPABHHUI
C 1MoMomb1O ®OPMYVYJIbl JIOAMEJIA

Jureparypa: [21], c. 260-262; [12], c. 429-430; [25], c.
400-441; [22], c. 263-264;[23], c. 138-140.

KoHTpoJibHbIe BONPOCHI U 3aaHUsl

Uto Takoe cBepTKa (hyHKIHI-OpUTHHATIOB?
KakoBsl cBoiicTBa cBepTKU (PyHKITHIT?
Kak BeiBouTCS hopmyna Jroamens?
3anumute uHTerpan u Gopmyny Jroamens.

5. KakoB anroput™ perieHus JJuHeiHoro tuddepeHmanb-
HOTO YpaBHEHHUS C TIOCTOSIHHBIMU KO3((UIIMEHTAMH C UCTIOJIb30Ba-
Huem Jlroamens?

6. Ilo xakum popMynaMm HaXOAUTCS pelieHue 3a1aun (2) —

=

(3)?
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7. B kakux ciny4asx npuMeHstoT Gpopmyny Hroamens npu
pemeHnn g GepeHINaIbHBIX YPAaBHEHUH?

IIpumepsl pemieHus 3aga4
Ipumep 1. Pemmts 3anauy Komu

1
1+eé

x"(t)—x(t) = , x(0)=x"(0)=0.

Pemenne. PaccMoTpuM BCIIOMOTaTENbHYIO 3a0a4y

X O-x@=1,  x(0)=x (0)=0.

Boinmonnsis npeodpazoBanue Jlamiaca k 06eux 4acTsM BCIIO-
MOTraTeIbHOIO YPABHEHUS, 0JIy4aeM

PX (p)- X, (p) = .
p

OTKyna HaxoIuM

1
Xl(p)=m-

[TonyuaeMm o meroay HeompeaeaeHHbIX K03(hGUIIEHTOB

4+ =

p(p*-1) p p-1 p+1 2

— St —t—

1 A B C 1 2 1 1
Xl(p): ( j
p p-1 p+1

Haxonum OpHUT'HHaJI

x,(t)z%(—2+et +e’t):cht—1.
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HaxonuMm npon3BoaHyrO0 OpUruHania:

x, (t) =sht.
ITo dpopmyne (9) moxyqaaem

t P
x(z):j ! sh(t—r)dr:e—j ¢ dr——J' 4
01+eT 29 1+e" 2 Ol+er

t ! t !
:e_je d__M

0 € +1 20 1+e°

Il
|
Q
l\)| 8
5
VY
[a—
+
e
N—
2| S
5
7\
po | S
S|+
N
N—
|
| =
+
| S
Il

l+e’ 1
sht-In — +—(e'—tet—1)
2 2
IMpumep 2. OnepailiOHHBIM METOJIOM PEINTh 3a1auy Koim
1
X' x =, x(0) =x'(0) = 0.
1+ cos’t
Pemenne. Tak kak u300pakeHHE MpaBOil YacTh HaMTH

CJI0’)KHO, TO JaHHYIO 33Jjauy MOKHO PELIMTb, UCHOJb3Yys MHTErpal
Jroamens. BeriomoraTenbHoe ypaBHeHHEe X" +x =1 B onepaTtopHOii

1
¢dopme numeet BUI X, (p2 + 1) = ; , OTKYyJIa HaX0AUM

X, = 1 1 p

B s )
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Haxonum opurunain
x,(t) =1—cost.

!

IIpousBoaHas opuruHaga x, = sint.
[To popmyse (9) nonyuaem
X(0) :Jsm(t—r) dr :J‘smlcosr—costsmr

t

'[ (COS[)

2 t.[
l+cos't —sin’ r 1+cos’t

2
o 1+cos’t 02

0

t
sint —\/5
sinz + \/E 0

sinz —

sin7 + \/7

= smt—l

12

. 1 .
+sins - arctg cosr\; =——sintIn

12

+ cost[arctg cost — %)

3axayu u ynpaskHeHHsl 1JI1 CAMOCTOSITeIbHON padoThI
1) Pemmts 3anauy Komu
x"-3x"+2x=¢€", x(0)=x'(0)=0.
2) Permts 3amauy Ko x” + x = tcos2t, x(0) = x'(0) = 0.
3) Pemmts 3amauy Ko x” + 2x" = tsinz, x(0) = x'(0) = 0.
2t

4) Pemmts 3amauy Komu x" — x' = x(0) =x'(0)=0.

5) Pemuts 3amauy Komm x” — x' = thz, x(0) = x'(0) = 0.
6) Pemuth 3amaun [23], NeNe 611-620

®opmMa 0THYETHOCTH: YCTHBIH OMpoc, KOHTPOJIbHAS paboTa.
SAHATUE Ne 44-46

PEHIEHUE CUCTEM JUO®OEPEHIIUAJBHBIX
YPABHEHUU

Jureparypa: [12], c. 429; [21], c. 268-269; [23],
c. 140-142; [22], c. 273-278.

KOHTpOJIbHBIe BOIIPOCHI M 3aIaHUS
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1. KakoBa cxeMa pelieHus: CUCTeMBI JIMHEHHBIX nuddepen-
[IUAJIBHBIX YPAaBHEHHI C TIOCTOSIHHBIMU KO03((DUIIEeHTaMu OTeparu-
OHHbIM MeToZIoM? Kakue TeopeMbl 0NepalliOHHOIO UCUHUCITICHUS
IIPU 3TOM UCIIOJIb3YIOTCS?

2. UYto mpencrarisier coboi oneparopHas cuctema audde-
PEHIMAJIbHBIX YPaBHEHH?

3. KakoBbl mpeumyiecTBa ONEPallMOHHOTO METOJa pelle-
Hus cucteM aud¢epeHInaIbHbIX YPaBHEHUN Nepes KIacCUYeCKuM
MeToaoM?

JonosHUTEbHBIE BOIPOCHI

1. Ilpumenenue cuctem aud@epeHIUANbHBIX YpaBHEHUI
JUIS OTHMCAaHHUS MHOTOMEPHBIX CHUCTEM aBTOMAaTHYECKOTO PEryaupo-
BaHMs. Kak 1o CTPyKTYpHOI CXeM€e CUCTEMBI PETYJINPOBAaHUS COCTa-
BUTH €€ OIMCaHHe B omepatopHoil ¢dopme nuddepeHIranTbHbIX
ypaBHenuii? [31], ¢ 81-84.

2. OOmas cxeMa YUCICHHOTO pelieHus cucteM auddepeH-
IHAIBHBIX ypaBHEeHUH [32], ¢.129-132

3. Tlopsgok mnpuBeneHUs CUCTeMbl IUddepeHInaTbHbIX
ypaBHEHUW TIPOU3BOJILHOTO MOPSIKAa K MAaTpUIHOU (hopMme B orepa-
TopHo# 3anucu [30], ¢.82-84.

4. Cnoco0 mepexoda OT MaTpuIHOU (POPMBI ONEepaTOPHON
3anucu cuctembl TudepeHIHaTbHbIX YpPaBHEHUH K ONHUCAaHUIO B
MPOCTPAHCTBE COCTOSHUN (HopManbHOU (opme Komm) [30], ¢.88-
91; [31], c.88-94.

5. Kak cocraButh ypaBHeHHs Ditnepa AJisi YUCICHHOTO pe-
meHus cucteM auddepeHnaibHbIX YpaBHEHUH, PEACTaBICHHBIX B
HopMmasibHOM (popme Komm? [32], ¢.121-123.

6. XapakrepucTuueckas Marpuia cucreMbl auddepeHiu-
anbHbIX ypaBHeHUH. [lopsanok ee cocraBnenus. [31], c. 283-284;88-
92.

7. HWcnonp3oBaHMS COOCTBEHHBIX YHCEN XapaKTepUCTHYe-
CKOM Matpuilpl cucTeMbl auddepeHIanbHbIX ypaBHEHUN IS
omnpeneneHus: ycrouunBoctu ee pemenus [31], ¢.293; [32], c.108-
121.
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IIpumeps! pemeHus 3agaq

Ipumep 1. OnepanvoOHHBIM METOJOM PELIUTh CHUCTEMY
YpaBHEHUH

x'+y=e'
{ , , mpu x(0) = y(0) =1.
—x+y' =-—e

Pemenue. IlepexonumM B ypaBHEHHUSIX K OnlepaTOpHOH dopme

pX+Y=L+1
p-1

—X+pY=—L+1
p-1

rac
x(t)+ X(p), y() = Y(p),x'(t1) + pX(p)—x(0) = pX =1,y'(t) + pY(p) - y(0) = pY -1.

Pemaem nosnydennyto cucremy metogom Kpamepa:

p 1
A= =p2+1,
_] p
P
7 1 2 2
AL —|P1 _p _p-2_p -p+2
“lp-2 o PPl p-1 7
p-1
P _pP
A p-li_pp=2 _»p
Y — - 5
- 2221 p-1 p-l
p-1
yo P p+2 p

- Y= .
(p-1p* +1) P2+l
PacknanpiBas Ha MPOCTEHIIKE APOOH, MOIYHAEM:
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pi—p+2 1 1

B (p—l)(p2 +1)_ p—1 p2 +1
J4 K] TaOIUIIBL OPHUTHHAJIOB Hu M300paKeHU HaXx0JUM
x(t) = €' —sint, y(t) = cost.
IIpumep 2. OnepanvoOHHBIM METOJOM PEIIUTh CHUCTEMY
YpaBHEHUU

x'=-2x-2y-4z

y'==2x+y-2z mpux(0)=y(0)=20)=1.

z'=5x+2y+7z

Pemenue. [lepexoss B ypaBHEHHUSX K ONepaTOpHOM hopme
pX—-1=-2X-2Y-47

pY-1=22X+Y-27 ,

pZ—-1=5X+2Y+7Z

rae x(¢)+ X (p), y(t)+Y(p),z(t)+Z(p), pemiaeM MoTydeH-

HYIO CUCTEMY JIMHEWHBIX ypaBHEHUM OTHOCHTEITHHO
X(p),Y(p),Z(p). Umeem

2
p-—14p+20 p-7
XP)=7—"———, YP) =7~
(p-1p-2)p-3) (p-1)p-3)
2
p +8p-21
Z(p)=—L For—21
) (p-1p-2)p-3)
PaCKﬂaﬂLIBaﬂ paI_[I/IOHaJIbeIe ,I[p06I/I Ha HpOCTCﬁH.IHG, Haxo-
AUM pemeHHe CUCTCMBI.

X(p)= 6 1 __4 +6e' —e* —4e’ = x(1),
p-1 p-2 p-3
Y(p) = —— -3¢ 26" = (1),
p-1 p-3
Z(p)=- 6 1 6 +=6e' +e” +6e” = z(1).

+
p—-1 p-2 p-3

3agaun U ynpaKHeHHs Il CAMOCTOSITEJILHOTO PellieHHus
1) Pemuts : [23], NeNe621-623; [26], NeNe13.131-13.136.
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2) Pemuts cucremy nuddepeHnnanbHbIX ypaBHEHUH

,X(0) = y(0) =1.

3) Pemuts cucremy nudpepeHuanbHbIX YpaBHEHUN

x'=3x+4y
V' =4x-3y

[,x(O) =y(0)=1.

x+x'=y+e
y+y' =x+e

®dopMa 0TYETHOCTHU: YCTHBIN ONIPOC, TUIIOBOM pacyer.
BAHATUE Ne 47 - 48

INPHJIOKEHUA OIIEPAHMOHHOI'O MCYHUCJIEHUSA
K 3AJJAYAM TO29 H TAY

Jurepatypa: [12], c. 431-432; [23], c. 137-138; [22], c. 286-290.

KoHTpoJibHbIE BONIPOCHI M 3a1aHUS

1. Kakwe 3amaum TOD pemarorcsi OnepaniMoOHHBIM METO-
oM?

2. KakoBbl 0COOCHHOCTH MOCTPOCHUSI OTIEPATOPHON CXEMBI
3aMenieHus’?

3. KakoB anroput™m pacdera 3JICKTPUYECKHX IIETeH MeTo-
JIOM OTIEPAITMOHHOTO UCUYHCIICHHUS?

4. Kakue pu3ndeckre 3aKOHBI JISKAT B OCHOBE IIPUMCHCHHS
ONEPATOPHOTO METOJIA K PACUETy AIEKTPUUECKHUX LIeTei?

5. Kakue Teopembl ONEpallMOHHOTO HCYUCIEHUS HCIOJb-
3YyIOTCS IPU PEIICHUH TaKuX 3a7a4?

6. Kak ocymecTBusieTcss mepexo] OoT M300pakeHus K OpHU-
TUHAIY IIPU pacyueTe IEKTPUUECKUX LeTei?
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7. Kak 3aBUCUT XapakTep NEpPEeXOJHOTO Ipouecca OT KOop-
HEll XapakTepUCTUYECKOI'0 YpaBHEHHUS (3HaMeHaTenst H300pake-
Hus)?

8. Kaxme 3amaun TAY pemarorcs onepanvoHHbIM METO-
nom?

9. KakoBa coxepkareibHass MHTEpHpETaluss B TEPMHUHAX
TAY maremMaTnyeckux COCTaBISIOIIUX JIMHEHHOTO IuddepeHn-
QITHLHOTO HEOJHOPOJHOTO YPABHEHHS C TIOCTOSIHHBIMU KOd(huiireH-
TaM{ U Ha4aJbHBIX YCJIOBUM 3a/a4M (BXOJHOUM M BBIXOJHOW CHUTHA-
JIBl, IepeaToyHast GyHKuus)?

JonojiHUTE/ILHBIE BONIPOCHI

1. Maremarnueckoe ONMCAHUE JTUHEHUHBIX JJIEMEHTOB U CH-
CTEM aBTOMATHYECKOTO PETYIUPOBAHUS AITeOpPandeCKUMHU BhIPaXKe-
HUSMH B oniepaninoHHoi ¢opme [30], c. 48-50; [31], c.40-44.

2. Maremarndeckoe ONMHUCAHUE MHOTOMEPHBIX CUCTEM pe-
TYJUPOBaHUsS C TOMOIIBIO MATpUIl mepenaToyHbix GyHkumin [30],
c.66-67; [31], c.81-86.

3. AHaIM3 YCTOWYHUBOCTH OJTHOMEPHOU CUCTEMBI PETYIHPO-
BaHUA MO €€ XapakTepucTHUUYecKoMy ypaBHeHuto [31], c. 123-128;
[32], c.108-110.

4. Ananu3 yCTOWYMBOCTH MHOTOMEPHOW CHUCTEMBI PEryJu-
poBaHus MO ee xapakrepuctuiyecko marpuie [31], ¢.293-295; [32],
c. 110-121.

5. OmpeneneHue mokasareneil TOUHOCTH CHCTEMbl aBTOMa-
TUYECKOTO PETYIHPOBAHUS C TMOMOIIbIO TEOPEMBI O MPEeNIbHBIX
3HAUEHUSX, TPUMEHEHHOHN K MepenaTouyHor (pyHKIUU OIIMOKH CH-
cremsl [31], ¢.39;181.

6. Ananu3 nokasarenell KauecTBa CUCTEMbl PETYIUPOBAHUS
[0 KOPHSAM XapaKTepUCTUUYECKOro NoJinHoMa. /[narpamma BelimHe-
rpazackoro [30], ¢.102-104; [31], c.189-194.

7. Tlonstue o D-pa3bueHuM MIOCKOCTH KO3(D(PUIHEHTOB
XapaKTepUCTUUECKOTO monauHoMa. Vcmonp3oBanue D-pa3ouenus
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JUId aHaJd3a YCTOMYMBOCTU M KAayecTBAa CHUCTEM PpEryIMpPOBAHUS
[31], c.155-159.

8. AnreOpanyecKkuil METOIBI CHHTE3a CHUCTEM aBTOMATH3H-
POBAaHHOIO pPEryJUpPOBAHUS METOJOM THUIOBBIX MEPEIATOYHBIX
¢bynkuuit [30], c. 192-197.

9. AnrebpanyecKuii METOJBl CHHTE3a CHUCTEM PETyIHpOBa-
HUS METOJIOM (OpMHMPOBAHMS KEIAEMOTO PACHOJIOKEHUS KOpHEH
XapaKTEepPUCTHUECKOTO MojuHOMa (MojanbHOe ypaBHeHue) [30], ¢
167-175.

IIpumep pemenus 3axaumn
IIpumep . B xoHType, COCTOSAIIEM U3 MOCIEI0BATENBHO CO-
CANMHCHHBIX KAaTYINKH HWHAYKTUBHOCTHU L , KOHIACHCATOpa €MKOCTHU
C u pe3ucTopa CONpOTUBJIEHUS R B MOMEHT BpeMeHH ¢ = () BKIIO-
gaetcs O.J1.C. e(t) (puc. 30). B 5TOT MOMEHT TOK B KOHTYpE H 3a-

PAI KOHJCHCATOpa paBHBI HYII0. HaliTH 3aK0HBI H3MEHEHHS HAIIp -
KEHMs Ha KOHJIEHcATope U (f) U ToKa B Lenu i(t).

—

©

IS e e A ' W

Puc. 30
Pemenne. IIockosibKy 37€MEHTHI LIETIH COEIUHEHBI IOCIIE-
JI0BaTeJIbHO, TO U3 3akoHa Kupxroga nmeem paBeHCTBO
u, +u.+u, =e(t) (1)
I7ie COOTBETCTBYIOIIME HAMPSDKEHUS BBIPA)XKAIOTCS Yepe3 TOK B IIeNH
o popmymnam:

u, =Ri, (2)
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di

=L, 3
u, i 3)
u —lji(r)drm (0) (4)
C CO C >
du
j=C—<. 5
i 7 (5
du,

B ocuny (2),3) u (5) wumeem u, =RC

d’u,.
d 12 u nodtomy u3 (1) momydaem nuddepen-

9

dt
u, =LC

MUAJIBHOC YPAaBHCHUC

w1 RC e o @ te e(?) (6)
¢ dt dr’
C HAYaJIbHBIMH YCJIOBUAMU
du 1
u (0)=0, el = ~j0)=0. 7
c(0) % c 0) (7)

t=0
Paccmotpum ciydait mocrossuaoit J.J[.C. e(¢) = E. CoBep-

mas npeoOpa3oBanue Jlamiaca ¢ yaerom (7) moaydum:
du
uc(t)+U(p), — =+ pU(p)—uc(0)= pU,

dt
d’u ,
dtf +p’U(p)—uc(0)p—ul(0)= p°U,

B nameit 3amaue ot quddepenunanbHoro ypaBHeHus (6) me-

E
peiiieM K omepaTopHoMy ypaBHeHHI0 U (LCp >+ RCp + 1) =—, OT-
P

KyZa HaxoJum I/I306pa)KeHI/IC HAIIPS?KCHUA Ha KOHACHCATOPE:
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E

LCp(p +§p+1j

U(p) = (8)

LC
B xBajgpaTHOM Tpex4iieHe BBIJCIUM IIOJIHBIM KBApaT:

2 R (+£T+ 1R =(p+ra) +o’
PP e\ P o) e a2 )TV :

rne o =— = — — . PacknamsiBas 1po6p B (8) Ha
s 2L’ LC A P (8)
CYMMY MPOCTEHIINX POOCH, MOITyduM
1 p+2a
Up)=E| ——— L% | )
2 (p (p+2a)2+a)2J

Jlanee paccMOTpHUM pa3IMuHbIE BO3MOXKHBIC citydau.a) Ecnu

1
R =0 (cBepxnpoBoauMocTh), To @ =0, @” = Ic 1 BeIpakeHue (9)

1
npumet Bug U(p)=E (— - %j [Tepexonas oT M300paKEHUS

p p tw

K OpyuruHainy, IOJIy4YUM HCKOMOC HAIIPSKCHUC!:

u.(t) = E(1—cosar)= E(l—cosx/é_c}

OTCIoz[a B CUJTY (5) HAXOJHM TOK B KOHTYpE:

i(t) = \/_ \/_

Takum o6pazom, npu R =0 UMEIOT MECTO rapMOHUYECKHE
KoJieOaHusl TOKa B KOHTYPE M HAMPSKEHUS

6) Ecnu conmporusnenue mano (R<2VL/C), 10 @° >0 u
(® MOXHO CUUTaTh JIEHCTBUTEIbHBIM MOJOXHUTEIBHBIM 4HCIOM. B
3TOM ciydae B popmyie (9) BelpakeHHE B CKOOKaX MUMEET Cleaylo-
LA OPUTHUHAI
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l-ﬁ:l_ pta @ ® +1—e""c0sa)t—ge"”sina)t.
p (p+raf+o’ p (p+a)f+e’ o(p+a)+o’ 0]

IosryqaeM nckomoe HanpspKeHUE Ha KOHIEHCATOpe:

- ad oy .
u.(1) =E(1—e “cosant ——e ™™ sma)tj.
)

Otcrona B cuity (5) HaXOJUM TOK B KOHTYpE:

2
, o as ..
i(t)=CE| we™™ sinwt +—e “ sinowt |=
)
)
o +a” _, . E __ .

CE—— ¢ “sinwt =— e sin wt.

0] Lo

B sToM cnyyae uMeroT MecTo 3aTyxarolmue KojaeOaHus TOokKa
B KOHTYpE M HANPSDKCHHs] HAa KOHJIEHCATOpEe, TpUYeM HampshHKEHUE
Ha KOHJIEHCATOpe CTpeMHUTCs K £, a TOK K HYJIIO.

B) Ectt R=2JL/C , 10 aa=1/JLC, ®* =0 u Boipaxenue

1
(9) mpumer Buxg U(p)=E| —— p __ & ~ | mepexons ot
p p+a (p+a)

I/I306pa}KeHI/I5I K OpUruHainy, 1ojJdy4uM UCKOMOC HAIIPSKCHHUC!

t t
- 1 R
uc(t):E(l—e"’" —ate’m):E l—e VI€ - e VL€ |,

JLC

Otcrona B cuity (5) HaXOJUM TOK B KOHTYpE:
t

E
; — WLC
1(t)=—Tte .

B stom cjryqgac KoJieOaHHS B KOHTYPC OTCYTCTBYIOT, HAIIPSIP’KCHUC HA
KOHACHCATOPE CTPEMUTCS K E , 4 TOK B I[ICTIN CTPEMUTCA K HYJITO.

2
r) Ecnu compotusienue Beauko (R >2+/L/C ), o @° <0,
O603HaunM fB° = —@>, rae [ MOXKHO CUMTATh AeHCTBUTETHHBIM

145



MOJIOKUTENBHBIM 4nciIoM. B atom ciydae B popmyne (9) Boipaxe-
HHUE B CKOOKaxX MMEET CIEeAYIOUINI OpUrHHAT
1 p+2a 1 pta a p

P (praf-p> P (p+ra)f-p> B(praf-p>

l—e_“’chﬂt—%e_mshﬁt.

[Tomygaem nckoMoe HarpspKeHHE Ha KOH/IEHCATOope:
_ o
u.(t) = E(l —e“chft——e “’shﬂtj.
B
Otcrona B cuiy (5) HaXOJUM TOK B KOHTYpE:

2
i(1) = CE[— fe ™ sht + % e_mshﬂtJ =

CEMe’”"sh,b’t = ie’”"sh,b’t.
B Lp
B sTom cnyyae xosneGaHus B KOHTYpE OTCYTCTBYIOT, HaIlps-
JKEHHE Ha KOHJICHCATOPE CTPEMHTCS K £, a TOK B IIETH CTPEMHUTCS K
HYJIIO0, Tak Kak & > >0,

3ameuanue. OnepanMOHHBIA METOJ HCIOJB3YeTCS U TPHU
pelieHny UHTerpo-auddepeHuanbHbIX ypaBHeHU. B Hamieli 3aaa-
4ye MOKHO BHAyajle HaXOIWTh TOK i(f), IUI1 KOTOPOro B CHJIY ypaB-

Henuii (1) (4) umeem

di . 1¢.
L+ Ri+ E!z(r)dr +u,.(0)=E. (10)

Ecmu i(p)+1(p), TO ¢ ydeToM Ha4yadbHbIX ycioBuil (7) u
CBOMCTBA HHTETPUPOBAHHUS OPUTHHAIIA TTOJYIUM
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di e
- PL(p)=i0)=pl(p),

uc(0) 1

. 1
E‘([z(r)alwruc(o)fC—p1(1??)4r o

[TpousBoaum npeoOpazoBanue Jlamnaca ypasuenus (10):

I(p) E
LpI(p)+RI(p)+—= ==
Cp P
Otcrona nonxydaem
1 E E E
I lp+R+— |=—, I(p)= = =
(P+ +ij P () [2 R 1) L((P+a)2+wz)
Llp"+—p+—
L LC

E o

zm(pﬂx)z +o?’

re o= @ = L R _ 1 —a’. Jlanee paccMOT
2L° LC 4L’ LC P
PUM pa3IMYHbIC BOBMOXKHBIC CITydaH.
1
a) Ecin R =0 (cBepxmpoBomuMocts), To @ =0, @° = C u

E
Beipakenue (11) mpumer Bun I(p)=— @ >

7 —— - llepexons ot
Op +o

M300paxKeHus] K OpUTHHANY, TIOJYYHMM UCKOMBIN TOK:
) E .
i(t) = —sinwt.
Lo

Takum o6pazom, pu R =0 uMErOT MeCTO rapMOHHYECKUE
KoJieOaHusl TOKa B KOHTYpE.

6) Ecim comporusienne Mano (R <2vJL/C), 10 @ >0 u

® MOXXHO CUHUTAaTh ACHCTBUTEIBLHBIM IOJOXKHUTEIBHBIM 4uCIOM. B
9TOM Cliy4dac

i(t)= %em sinat |
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B aToM citydae MMEIOT MECTO 3aTyxaroliue KoJeOaHusl TOKa B
KOHTYpe, Tak Kak a > 0.

B) Eciu R=2,/L/C, 10 a=1/JLC , ®* =0 u Boipakenne

E
(11) mpumer Bunp 1 (p) =——— . Ilepexons oT u300paxeHus K
L( p+ a)
OpUTHHAITY, TIOJyYHM HCKOMOE 3HAaUEHHE TOKa:
(N E,
i)=—te .
)=~

B sTom ciydae konebaHusi B KOHTYpE OTCYTCTBYIOT, TOK B II€-
I CTPEMUTCS K HYIIO, Tak Kak a > 0.

r) Ecitu compoTuBiieHNE BETUKO (R >2,/L/C ), T0 @ <0,

2 2 o
O06o3HauaeM [~ =-w°, rae f MOXKHO CUMTATh JECHCTBHUTENb-

HBIM TOJIOKUTEIBHBIM uucioM. B 3ToMm ciydae Beipakenue (11) ume-
€T CIAEAYIOUINA OPUTrHHAI

E_ 1 _EE L E gy

L(p+a)+o® LB(p+a)-p2 LB
B sTom ciydae konebaHus B KOHTYpE OTCYTCTBYIOT, TOK B IIe-
IIH CTPEMHUTCS K HYJIIO, Tak Kak o > >0 .

IMpumep 2. OnepalMOHHBIN METOJ NPUMEHUM HE TOJIBKO IPHU
pelieHn 0ObIKHOBEHHBIX MU depeHInaIbHbIX YPaBHEHUH, HO U IS
HEKOTOPBIX YPAaBHEHUN C YACTHBIMHU MPOU3BOJHBIMU, HANIPUMeEp, AJIs
JTUHENHBIX YpaBHEHUN C MOCTOSIHHBIMHU Ko3(dduineHntamu B ciyyae,
KOT/Ia Heu3BecTHas (DYHKIUS 3aBHCHUT OT JIByX HepeMeHHbIX. C mo-
MolIbio npeoOpa3oBanus Jlamnaca Takoe ypaBHEHHUE MOXKHO CBECTH K
O0ObIKHOBEHHOMY U (epeHIInaIbHOMY YPaBHEHHIO C MapaMeTpOM.
Pemas 5T0 ypaBHEHHE U IPUMEHSIA K €ro pelieHno obpaTHoe npeoo-
pazoBanue Jlamnaca no napameTpy, MOJy4YUM pPEUIEHUE UCXOIHOM 3a-
JauH.

PaccmotpuMm 3amauy pacnpocTpaHEHHUs JIEKTPUUYECKUX KOje-

0aHUii BIOJIb UIMHHBIX JUHUHA. V3BECTHO, YTO HAMpPsHKEHUE v(x,t) u
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TOK i(x,t ) B JIMHUY CBSA3aHbI cUCTeMOW auddepeHnanbHbIX ypaBHe-
HUW B YaCTHBIX IIPOU3BOIHBIX

@+Ri+Lﬁ:0

Ox ot *)
Oi ov

—+gv+C—=0,

Ox ot

riae R - akTtuBHOE compoTuBiieHUe; L - WHIYKTHBHOCTh; g -
NpOBOAMMOCTh M30JsiHK; C - eMKOCTh, pacCCYMTAHHBIC HA CIUHHILY
JUTUHBI JTMHUH.

bynem pemare 3amady, A KOTOpPOW B HAdaJbHBIA MOMEHT
BPEMEHH HANPsDKEHHE U TOK PaBHBI HYIIO: v(x,O) =0, i(x,O) =0. Co-
Bepias npeobpazoBanus Jlamnaca: v(x,t)+ V(x, p) 71 i(x,t)+] (x, p),

nmoiaydaemM 1o TeopemMe O audepeHIMpPOBaHNN  OpUTHHAIA

0 8)
a—‘; +~pVmu al + pl. Tlo Teopeme o nuddepeHnmpoBaHm MO MapameT-

ov oV o dl
—=—— HW—_— =—— - 3[IeCh CUMTACM, YTO TapameTrp p - MOCTO-
ox Ox Ox Ox

ssHHas BeiawuuHA. [locnme mpocThIX mpeoOpa3oBaHUil crcTeMa, COOT-
BeTCTBYMOIIas (*), mMpUMeT BH]I

py:

av_ ~(R+1Ip)I
dx
dl
—=—(g+Cp)V.
dx

D10 cucremMa OOBIKHOBEHHBIX IU(pdepeHInalbHbIX ypaBHe-
HI/II71. CBeI[eHI/IeM K O,I[HOMy ypaBHeHI/IIO BTOpOFO l'IOpHL[Ka l'IOJ'IyllaeM
d*v

2
X

- (Lp + R)(Cp + g)V =0.

Ero oOmiee perienne nMeer BU V(x, p): Ae™ + Be™ , rne

A= \/ (Lp + R)(Cp = g) - KOpPEHb XapaKTePUCTUYECKOTO YypPaBHEHUS.
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Oyukuo 1 (x, p) Haiinem muddepeHnnpoBaHUEeM U3 MEPBOTO ypaB-
HEHHSI CUCTEMBI

1 8V /1 _Ix Qx Cp+g -Ax Ax
I - _ - = B - A = |—=\B —Ae™ ).
(x.p) Lp+R ox Lp+R( ¢ ¢ ) \/Lp+R( ¢ ¢ )

UTtoObl HaliTH TOCTOSIHHBIE AU B HYXHO 3aJaTh KpaeBble
YCIIOBHUS, T.€. 3HaTh «IIOBEJICHHE» HANpPSIKEHUS U TOKa B Hadaie (

x=0) u B KoHLE oTpe3ka (X =1) wm (x =»). Myers v(0,¢)=v,(¢),
v(l,l) =V, (t), 2 (t) =V (p), v, (t) =V, (p) Tak kak MBI paccMaTpUBaeM
OoJsiee mpoCTyrO 3amady (JIMHUS OYEHb JUITMHHAS), TO CUHATAaEeM, YTO
[ =co. Yenosne WI,t)=v,(t) samensercs TpeGoBannem orpaHYeH-

HOCTH KaK ()yHKIIHH V(x, p), Tak u [ (x, p) npu X —> © . Eciu A BbI-
6pano Tak, ut0 ReA >0, To e —> 0 mpu X —> 0 § HyXHO MOJO-
skuts A=0. Hauamsromy ycmosuio v0,¢)=v,(¢) coorserctyer

V = Vi (p) Takum oOpaszom, V(x,p) = Vl(p)e—m

I(x,p)= /%V(x,p), TaK Kak efix=1np14 x=0, a B=V|x:0,

Paccmotpum mpocreiinmmii ciydaid, COOTBETCTBYIOIIHMMA JTMHUHU 0€3 T10-

n

Teph, T0 ecth ipu R = g = 0. B stom cayuae V(x, p)=V, (p)efmpx
C
ul (x,p) = ZV(X’ p). OpuruHanbl HaX0JATCS [0 TEOpEME 3amna3/ibl-

BaHUs v(x,t) =V, (t —-X LC) npu —xvLC >0, v(x,t)z 0 mpu
t—x~LC <0. Ilponecc pacnpocTpaHeHUs: Kak v(x,t) TaK U i(x,t)
HOCUT BOJIHOBOI XapakTep. B Touke X HampskeHUE BO3HUKAET B MO-

MeHT ¢ = x+LC, 3HauuT, CKOPOCTh PACHPOCTPAHEHHUS] BOJHBI paBHA

x/t = 1/ VLC. B obuem ciaydae mporecc OyaeT IPOUCXOUTh C TOM
K€ CKOPOCTBIO, HO 3aTyXaTh 110 aMILUTUTY/IE M3-32 IOTEPh B JIMHUU.
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3agaum U ynpaxHeHHs UIS1 CAMOCTOSITEJIbHOTO PelleHHs
Pemurts :[23], NeNe 600, 601; [22], NeNe 13.164-13.166..

dopMa OTYETHOCTH: YCTHBIH Ompoc, pedeparsl, pacyeTHO-
rpaduUecKue 3alaHus U KypCOBBIE paOOTHI.

3AK/IIOYEHUE

Hacrosimee mocoOve HammcaHO aBTOpaMH Ha OCHOBE MHO-
ro- JICTHETO OIbITa TMPENoJaBaHus Kypca BBHICIICH MaTeMaTHKH
B TEXHHYECKOM YHHMBEPCUTETE M PACCUUTAHO Ha CTYJEHTOB TEX
CHEIHAIbHOCTEH, B MpOTpaMMy KOTOPBIX BXOAAT Kypchl «Ma-
TeMaTuka», «CrenriaBbl MaTeMaTHUKID.

Martepuan nocoOusi aBTOpbl MOCTAPAIUCh H3JI0XKHUTH Tak,
9YTOOBl MaKCHMaJbHO MOMOYb CTYJCHTaM B WX CaMOCTOSTEIbHOMN
pabore. C sTo¥ 1Enbl0 B TMOCOOMHM pa3oOpaHO OOJBIIOE KOJIHU-
4eCTBO
MPUMEPOB, KOTOPHIE MOMOTYT CTYJIEHTaM TIJIy0)Ke€ YCBOUTH H3Y-
YaeMbIil
MaTtepuai.
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