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BBEJEHHUE

Teopust pAnoOB, Kak M BCSKasi MaTeMaTHUECKasi TEOPHS, TMEET
CBOM aHAJMTHYECKHI armapat, COCTOSIIMN U3 TEOPEM, Pa3IuIHBIX
IpHEeMOB IpeoOpa3zoBaHus (OpPMYyJ, METOJOB IOKAa3aTENbCTB pa-
BEHCTB M HEPABEHCTB, BBIYHCICHHUI IPEEIIOB, MOJICYETOB KOHEY-
HBIX CyMM U T.J. DTOT amnmnapaT COCTABJISET CYIIECTBEHHYIO 4acTb
Kypca TEOpUU pSAOB, U €r0 OCBOCHHE TpeOyeT OCHOBATEIHLHOTO
M3ydeHHs (M B TOM YHCJIE 3aIIOMHUHAHUS) JTIOBOJIBHO OOJIBIIOTO YH C-
Ja YTBEpXKICHHU W (opMmyl, a TalKe NPAKTUYECKUX HABBIKOB,
nproOpeTaeMbIX B X0OJe pemeHus 3aaad. [loaromy Teopus psiioB B
MNPUHIUIIE MAJIO Y€M OTJIHMYACTCS OT TE€X YacTel MaTeMaTUYEeCKOrO
aHalM3a, KOTOPHIE COCTaBIISUIM MPEAMET MPEIbIIyIX pa3/ieioB
Kypca BBICIIEH MareMaTHkd: Tu(depeHIInaTbHOTO U MHTETPAIBH O-
TO MCUUCIICHUU. Pspl IpU CBOEM M3YYCHHH JOCTABJISIFOT TPYIIHO-
CTH €llle M APYroro Xapakrepa, CBS3aHHbIE ¢ HEOOBIYHOCTBIO CaMo-
ro o0ObeKTa W3y4YEHHUs, KaKOBBIM SIBIIiETCS psia. Jleno B ToM, 4YTO
psl 10 BUAMMOCTHU SIBJISIETCS “‘CyMMOM OECKOHEYHOIO 4Hclla ciara-
eMBIX .

Paznenbl mocoOust MOCBSIEHBI M3YdeHUIO pnoB Dypbe U
00001IIeHUIO Ha cydail Pa3fioKEHUs] HENEPUOINYeCKUX QYHKIIUN C
MTOMOIIBI0 MHTErPalIbHBIX TPE0OpPa30BaHUI.

PaccMoTpeHbl TeopeTHuecKHME OCHOBBI HENPEPHIBHOIO MU
JUCKPETHOTO TIpeoOpa30oBaHMi, aJTOPUTMBI UX YHMCICHHOW peau-
3allMd M JIaHbl MPUMEPHI, WUTIOCTPUPYIOIME TPUMEHEHUE UHTE-
TPaNIbHBIX TIpeoOpa3oBanmii Dypre Al permeHus 3a1ad 0opaboTku
nHPOPMAITUH.



1. TPUTOHOMETPUYECKHUE PA/Jbl ®YPBE
1.1. lepuognueckue ¢pyHKIHUHA

Oynxus f(X) Ha3pIBaeTCs MEpPUOAMYECKOH, €CIH
CYHIECTBYET MOCTOSAHHOE YUCa0 7> (), 1Jjisi KOTOPOro
f(x+T)=f(x); 1.1
KaKkoBO ObI HU OBLIO X W3 00JACTH 3aJaHus dToU (QyHKUIHH (TI0I-
pasymeBaeTcs, 4YTo B 00JacTh 3aJaHUsl BMeCTe C X BXOJAT x+71 U
x-T ). Yucno T ¢ TakuM CBOMCTBOM Ha3bIBAETCS MEPUOIOM (yHK-
nuu f(x). Haubonee M3BECTHBIMH MEPUOAUICCKUMHU (YHKIIUSIMH
SBJISTIOTCS SIN X, COS X, tg X ... ¢ mepuoanvecKuMH (yHKIUSIMU
NPUXOAUTCS UMETh JIEJI0 BO MHOTHX MPHIIOKEHUAX MAaTEMaTHUKH K
3ama4aM (PU3UKH U TEXHUKH.
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Puc. 1.

CymMma, pa3HOCTh MPOU3BEICHUE U YACTHOE (PYHKIUU Te-
puona 7, O4eBUIHO, BCET/IA JAIOT (PYHKIIMH TOTO K€ TIEPUO/IA.

Ecnu mMbl mocTponM rpaduk nepruoanyeckoit GyHkuuu y(x)
JUI Kakoro-HHOyab oTpe3ka [@,a+T] 3HaueHWid X, TO IMOJHBIA
rpaduk 3TOM (QYHKIMH TONYyIUM TIEPUOJNYSCKAM ITOBTOPEHUEM
nocTpoeHHoro (puc.l ).

Ecnmu T ects nepuon dyukumm f(X), To umcnma 27, 37T,
4T,...0ynyT Tak ke MepHoAaMH, YTO Cpa3y BHITEKAET U3 PacCMOT-
peHus rpaduKa MepuoANICCKON (PYHKIIMU MU U3 IICTIH PABEHCTB

JE)=f e+ D=fe+2T)=fc+3T)=....

(Hap;my C OTUM PaBCHCTBOM CIIPABCIJIMBBI U TAKUC :



f(x)=f(x-T)=f(x-2T)=f(x-3T)=....) sBIsIONIECS CIICACTBH-
€M MHOTOKPATHOTO mosib3oBanus ycioBueM (1.1). Takum o6pasom,
ecnu T-miepuoj, TO M Besikoe uncio Buaa KT, rae K-memoe mosto-
’KUTEIBHOE YHCIIO, €CTh TAKKE MEPHOJI, T. €. IEPHOJI, ECIH OH CY-
ECTBYET, BCEraa He eanHCTBeHEH. OTMETHM CIIeIyrolee CBOM-
ctBO r000# yrkiuu f(X) mepuona 7.

Puc. 2.

Ecnu ¢ynkyus f(X) unmeepupyema na nexomopom om-
peske Onunvl T, mo ona unmezpupyema Ha 6CAKOM OpPy20M Ompes3-
Ke Mot Jce ONUHbL, U 8eTUYUHA UHMe2Pand NpU dMOM HeU3MeHHda,
m.e.

at e3 N

J TS e (L2)

a b

npu 10owvix a u b.
DTO CBOWCTBO JIETKO BBITEKAET M3 MHTEPIPETALIMH W H-

Terpajia Kak Iuiomaau. JlecTBUTENbHO, MHTErpasl cllaraercs U3
TUTOIIA/ICH, 3aKITIOYCHHBIX MeXIy KpuBoi Y= f(X), kpaiiHuMu op-
JIMHATaMu ¥ ochto Ox, IPUYEM IUIOMRAIH, JIeKaIme Hax ockio Ox,
CO 3HAaKOM «t», a Jexaupe moj ocblo Ox, cO 3HaKOM «». B
HallleM Cilydae B CHuy mepuoauuHoctd f(X) 3Tu miomamy okasbl-
BAIOTCS OIMHAKOBBIMU 151 00onx uHTerpaios (1.2) (puc.2).
B nanbHelimem, koraa Mbl OyineM TOBOPHUTH, UTO (PYHKIIMS TEPUO-
na T unmezcpupyema, TOo OyieM MOA 3TUM NOJIPa3yMeBaTh €€ HHTE-
TPUPYEMOCTh Ha OTpe3Ke IJIMHBI 7, a 3HAYUT, U Ha JTI0O0M OTpe3Ke
KOHEYHOM JIJIMHBI, KaK 3TO JIETKO CIEIyeT U3 TOJIBKO YTO YCTaHOB-
JIEHHOTO CBOWCTBA.



1.2. 'apmoHuKHU

IIpocreiimel, 1 B TO K€ BpeMs O4EHb BAXKHOW VI IPHU-

JIOXKCHUH, SBJISCTCS mepuoandeckas GyHKius acos X +bsinax ,
rne A, ab,w, ¢- nocrosHHBIe. DTy QYHKIMIO HA3BIBAIOT 2ApMO-

HUKOU ¢ amnaumyoot |A|, 4acTOTOH @ ¥ HadanbHOH (azoil ¢ .

Fapmonuka umeet nepuon 7=27z/ @ . JlelicTBUTENBHO, MPH JTIO-
ooM x

o F M
— e —— el
I
| 5 -
Puc. 3.

[lpoucxoxaeHne HAaUMEHOBAaHHH  «aAMIUIMTYA», «4acTOTay,
«HavasbHas (pa3a» CBA3aHO CO CIEYIOIEH 3a7ayeil MEXaHUKU O
MPOCTEHIIEM KOJIEOATEIbHOM JBUKCHHUH - TAPMOHUYECKHX KOJIe-
Oanusx. [lycte mMarepuanbHas Touka M ¢ Maccoil M JBUKETCS 11O
NpsIMOi 1o ieficTBUEM cuiibl F, TponoprinoHanbHONU pacCTOSHHIO
S Touku M ot ¢ukcupoBanHoil Toukn O u HampaBiaeHHOU K O
(puc. 3). Cunras, kak 00b14H0, S>0 cripaBa ot O u s<0 cneBa ot O,
T.€. 33JaBasiCh Ha MPSAMON OOBIYHBIM IMMOJOKUTEIBHBIM HaIlpaBJIe-
HueMm, HaxoguMm F=-ks, rae K-koadpuiiueHT mpomopuuoHaibHO-

Js s
ctu, k>0. ciegoBaTensbHO, mg =4S  wm g—FCS=O, rae

nonoxeno @ =k/m, orkyna c@=vK/M, Pemernem nonydenHo-
ro nuddpepeHIIMAIBHOTO YpaBHEHHUS (KaK JIETKO MPOBEPUTH) OyIeT

byHKIMS S = ASin(a)XJrgo), e A U ¢ - MOCTOSIHHBIE, KOTOpPbIE
MOKHO BBIYHCIIUTB, 3Hasl MOJOXEHHE M CKOPOCTh TOYKH M B
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HavaJbHBIH MOMEHT, T.€. B MOMEHT t=0. MBI ITOY4HJIA TAPMOHUKY.
Takum 00pazom, S ecTh nepuoanyeckast GyHKIUsI BpeMeHH t ¢ me-
puogoMm T=27z/ @. D10 03HAYAET, YTO MO ACHCTBUEM YKa3aHHON
cuibl F Ttouka M Oyzmer coBepmarh KojeOaTelbHOE IBHUKEHHE.
Ammuintyna |A| ecTh MakcUMaibHOE OTKIOHEHHE Toukn M ot O.
Benuuuna 1/T ecth uncimo koneOGaHWUW B EIUHUILY BPEMEHH.
®=2x T ecTb uncno KonedaHui 3a OTPE30K BPEMEHU 277 .
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Puc. 4.
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Orcroma HauMEHOBAHME «4acToTa». BemnumHa ¢ -
HavaJgbHas (aza- XapakTepusyeT MOJOKEHHE TOYKA M B Hadallb-
HBIII MOMEHT, Tak Kak npu t=0 umeeMm:S, =Sin¢ . BosBpaTumcs k
rapMOHUKE Y = ASin(a)X+(p). Kak Beimsaut e€ rpaguk. bynem
cuutath @ >0, Tak KaKk B TPOTUBHOM CiIydae 3HaK MUHYC Mbl MOT-
a1 Obl BBIHECTH M3-T0J1 3HaKa Sin. B Hambosee mpocrtom ciydae-
npu A=1, w=1, ¢=0- mbI noxydaem QyHKIHIO Y=SINX, T.c. OOBIY-
Hy[0 cuHycouny (puc. 4a). npu A=1, @ =1, ¢ =7 /2 MbI nOITYyIaeM
KOCHHYCOUZy ~ Y=COSX, TpajuK KOTOpOW €CTb CIBHUHYTHIH Ha
7z 1 2 BreBo ot rpadumKa CHHYCOUIBI Y=SINX.

PaccmoTpumM rapMoHUKY Y=SIN® X 1 monoxum @ X=2. [lomy-
yuM Y=SiNZ. Ml mpunuim K oOblyHO# cunHycouae. Ho X=z/®.
CrnenoBatenbHO, rpaguK TApPMOHHKH Y=SIN® X MOXKHO IOJY4YUTh
u3 rpaduka OOBIYHOW CHHYCOWIBI C TOMOIIBIO JAehopMaIiu IMmo-
CJIEHETO B HampaBJjieHHW ocu adcrucc. [lpy @ >1 nedopmanus
CBOJIUTCSI K pABHOMEPHOMY CXKaTHIO B @ pa3, a mpu o <l x pac-
TsokeHuio B 1/ @ pa3s. Ha puc.4,0 nzoOpaxkena rapMoHuKa Yy=Sin3x
¢ mepuomom T=2x/3. PaccMOTpuM Temepp TapMOHHKY
y= sin(a)x + go) U TOJNOXKUM X+ @ =wZ. ['paduk rapMOHUKH
y =sinwxuam yxe wu3BecteH. Ho X=z-¢/@. CremnoBarenbHo,
rpadUK TapMOHHUKH Y = sin(a)x +§0) nojydaercs u3 rpaduka rap-
MOHUKH Y =SinwXcaBurom Ha -¢@/@ Baone ocu abcumcc. Ha
puc. 4,B n3o0pakeHa rapMOHUKa Y = 23in(3X + 7l 3) C MEepPUOIOM
T=2 7/3 wn navanshoii asoii ¢ =x/3. Hakoner, rpaduk rapmo-

HUKU y:ASin(a)X+(p) nojiydaeTcss U3 Trpaduka TapMOHHUKH
y:Sin(a)x+(p) YMHOKEHHEM BCEX OpAMHAT Ha 4uciao A. Ha

puc.4,r n3o00paxkeHa rapMOHHKa )’ﬁr@eﬁ'ﬁg

PestoMupyeM ckazaHHOE: 2cpaguk 6CAKOU  2apMOHUKU

V=A%) noayuaemcs u3 epagura 0ObIYHOU CUHYCOUODL



PABHOMEPHLIM  Colcamuem (Wil pacmsiceHuem) 8 HaAnpasieHuu
ocetl Koopounam u cosuzom 800is ocu Ox.
[lonp3ysich M3BECTHOU QOPMYIION TPUTOHOMETPUH, HAI UILIEM:

R S

Ilomoxus
a=Asing b=Aosg (1.3)
Y6€HI/IMC5[, 4TO BCAKYIO TapMOHHUKY MOXKHO IMPCACTABUTL B BUJIC

S (s a> 213 g (1.4)
OOparHo, Bcskas Qyakinus Buga (1.4) ectb rapMoHHKA.

YroObl yOEaUTCs B 9TOM, I0CTaTOUHO HaliTh A u @ w3 ypaBHenwmii
(1.3). Ilpu sTOM MOITY4HM:

_ F< § r= ¢
A=EHF Sri,@;—\/—i 3
a2 P
A&

OTKyZla ¢ JIETKO HaXOAMUTCS.

B nanpHelimeM JUIsi TApMOHUK MBI OyZIeM ITOJIB30BaThCS
3amuceto  Buabl  (1.4). Drta  3anuch A9 TAPMOHUKH
y = 23in(3x + 77/3), n300paKeHKe Ha puC. 4,T, TacT:

:a%ééa@m_

Ham ynoGuo Oyner tawke B (1.4) sBHO BBecTu mepuon T
CIICIYFOIIIIM 00pa3oM:

IMonoxxum T=2l. Torma BcneacTBue paBencrsa T=2 7/ w
MOTYYUM:

2 7
wo=—=—
T |1
U, CIICJOBATEIbHO, TapMOHMKA ¢ mepuomoM T=2| moxker
OBITh 3alllCaHa TAK;

X . TR
ax:ssT—qu (1.5)



1.3. Tpuronome Tpu4e cKre MHOIrO4JICHbI U PSAbI

Bamamumest unciioM T=2| u paccMOTpPUM rapMOHUKY

A, _ A=
aca‘ﬁl—il&r%l (k=1,2,...)

(1.6)
c yactotamu @, = 7K/l n nepuonomT, =27/w, =21/K .

[Mockombky T = 2| = kT, , moctoneky uucno T=2| sBusercs nepu-

oJloM n7isl Bcex rapMoHHuK (1.6) cpa3y (Tak Kak mepuoj, yMHOXKEH-
HBIA Ha IIeJI0e YUCIIO, OITh AaeT nepuoa-cM. §1). [loatomy Bes-

Kag CymMMa BUJa
="t
G

rae A=const, Oymayun cymmoi QyHkumii nepuoaa 21, ects
GbyHKIMS TOTO *Ke mepruoaa (MpudaBiieHNuE TTOCTOSTHHON, OUYEBUIHO
HE HapylaeT MEePHOAMYHOCTH; K TOMY K€ MOCTOSHHYIO MOXKHO
paccMaTpuBaTh Kak QyHKIUIO, JJIsi KOTOPOU JTF000€ YUCIIO SBISCT-
cst meprogioM ). DyHKIUI0 Sp(X) Oynem Ha3bIBATH MPUSOHOMEMPU-
yeckum mMHo2ouienom nopsoka N (nepuona 2l).

TpUTOHOMETPUYECKUI MHOTOWIEH XOTS M CIllaraercs H3
HECKOJIBKMX TapMOHHUK, HO TPEACTaBJsAET co00H BOoOOmE (yHK-
U0 3HAYUTENIBHO OoJiee CIOXKHOW MPUPOJIBI, HEXKENIU MpocTas
rapMoHMKa. Pacrionarast 3Ha4eHUSAMU TOCTOSTHHBIX

A, ai, by, as, by,..., &y, by, MbI MOXXEM 0Opa3zoBaTh (GyHK-
U Y=Sp(X) ¢ rpadukamMu, COBCEM HEMOXOXKMMHU Ha TJIABHBIN U
CUMMETPUYHBIN Trpaduk mpoctoil rapmoHuku. Ha puc.5 m3obpa-
’KEH rpa(uK TPUTOHOMETPUYECKOTO MHOTOUWIEHA

_ - I - I
WVB KT B BB
= 1
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Puc. 5.

CymMa OECKOHEUHOTO MpuUcoHOMempuiecko2o psja

n
A+ (a, coskt+b, sinkt)
k=1

(ecnu OH cXOAMTCS) MpEACTaBIIAET cOO0N Taroke (PYHKIIUIO IEPHO-
na 2l. Tlpupona ¢GyHKIU, SBISIOUMXCS CyMMaMH TaKHX TPHIO-
HOMETPUUYECKHUX PSIOB, e Ooiee pasHoobOpasHa. [losTomy ecre-
CTBEHEH BOIIPOC: HEJB3sl JIU BCAKYIO 3a0aHHYI0 (QYHKIIHIO TIEPHO-
na T=2| npencraBuTh B BUAE CyMMbI TPHTOHOMETPHUYECKOTO psina?
Ms1 yBUAMM, YTO TaKO€ MPEACTABIICHUE JIEUCTBUTEIBHO BO3MOXK-
HO IS BEChbMa IMPOKOro kiacca ¢yukuuit. ITycte f(X) mpuuanm-
JEKHUT ITOMY KiIaccy. DTo 3HauuT, 4yto f(X) MoxkeT OBbITH pasio-
KEHa B CyMMY I'apMOHUK, T.€. B CyMMYy (DyHKUIHMIH OYE€Hb MPOCTOI
crpykrypbl. I'padux dynxuun Y=f(X) momydaercs «HaIOKECHUEM)
rpa¢mkoB rapMOHHMK. ECIM TpakToBaTh KaXIyl0 TapMOHUKY Kak
POCTOE rapMOHWYEecKoe Kosebanme, a f(X) Kak XapakTepuCTHKY
CJIOYKHOTO KOJIeOATETBHOTO JBUKEHUS, TO TIOCIIEAHEE OKa3bIBaCTCs
Pa3I0KEHHBIM Ha CYMMY OTIENIbHBIX TAPMOHUYECKUX KOJCOaHUN.
He HyxHO, 0JJHaKO, JyMaTh, YTO TPUTOHOMETPHUECCKHIE PSIIBI IPHU-
JIO)KHUMBI JIMIIb K KOJICOATEIbHBIM SIBJICHUSIM. OTO coBceM HE
tak. [IOHSTHE TPUTOHOMETPHYECKOTO psila OKA3bIBACTCS OYCHb
MOJIC3HBIM M NPH M3YYCHHH MHOTHUX SIBJICHHI COBCEM MHOM IpU-
poasl. Ecnu

(1.7)

11



X tl . d
TO, TTOJI0KHUB T =t mm X= —» Hailznem AO)=TF [—

7T)
SO ST bR 1 (L8)

I'apMoHuKm 3TOTO psima mMerT oOnmi nepuoa 2. Takum
obpazom, ecnu s f(X) mepuoma 21 mmeer mecTo pasnoxeHue

1D
(1.7), To mnsa ynxuun ¢¢)=f(;z_/ nepuosa 2m UMEET MECTO

pasnoxenue (1.8). CnpaBenmuBo, OUEBUIHO, U OOpATHOE 3AKITIO-
yenue. imenno, ecnu asa ¢pyakauu ¢(t) mepruoaa 2w ©”MeeT MECTO

72
paznoxxenue (1.8), To i QyHKIUN X ~| , hepuona 21
Y

umeer Mecto paznoxkenue (1.7).Takum o00pa3om, JTOCTATOYHO
yMeThb pelaTh 3a/ady pa3loKeHUs B TPUTOHOMETPHUYECKHH psin
i QyHKUMH «cTaHAApTHOTO» nepuoia 2m. B 3ToM ciaydae k To-
My XK€ M psAn BHIIAIUT mpoire. [losromy Mbl U OyaemM CTpOUTH
TEeOpuIo A psiioB BuAa (1.8) u nuIb OKOHYATEIBHBIE PE3YIbTa-
THI OyZIeM TIePEBOAUTH Ha «SI3bIK» o0umx psaoB (1.7).

1.4. YTouHeHune TepmuHoiorun. MHTEerpupyeMocTs.
DOyHKIHOHAJIBHbIE Psi/IbI

YTOYHHUM TEPMHHOJIOTHIO W HAallOMHHM HEKOTOPBIE
cBeneHus 13 AuddepeHInaTbHOr0 U HHTEIPATbHOTO HCYHCIICHHUSI.
Korma mbr Oymem roBoputh, uto f(X) ummespupyema na otpeske
[a,b], To Oymem mmeTh B BHIy CyleCTBOBaHHE MHTErpayia (XOTsI
OBl 1 HECOOCTBEHHOTO).

| f(ax (L.9)

B snemenTtapHom cmbicie. Takum oOpa3om, HHTETpUpYe-
mas f(X) y Hac Bcerna nub0 HempepbiBHA, MO0 MMEET Ha OTPE3Ke

12



[a,b] xoHeuHOE YMCO TOYEK pa3pbiBa, BOIM3U KOTOPHIX (DyHKIIHSI
MOJKET OBITh KaK OTpaHUUYEHHOH, TaK U HeOorpaHUYeHHO. B Kypcax
WHTETPAITBHOTO WCYUCICHUS JOKa3bIBACTCS, 4TO I (DYyHKIWU C
KOHEUHBIM YHCIIOM Pa3pbIBOB M3 CYILIECTBOBAHMS MHTErpala

j|f(x)|dx

Bcerma cieayeT cyiectBoBanue uHTerpana (1.9) (oOpatHoe He
Bcerna BepHo). [Ipu atom dynkumro f(X) HaseBalOT abcorrommuo
unmeepupyemotl. Ecnm f(X) abcomrorHo mHTerpupyema, a ¢(X)-
OTpaHUWYCHHAsT WHTErpUpyemas (QyHKIUS, TO NPOHM3BEACHHE
f(X)p(X) abcomoTHO MHTErpupyeMo. MMeeT MecTo Tarke Cliedy-
IOIIICE NPABUNO UHMESPUPOBAHUSL NO YACTSM.

Ilycmo f(X) u @(X)-nenpepwienvie na [a,b] @ynxkyuu, 603-
MOJICHO JIUULEHHble NPOU3BOOHBIX 8 KOHEUHOM YUCie Movex, npu-
uem npeononacaemcs, umo f'(X) u @'(X) abcomommno unmeepu-

pvema. Tozoa

N = - = = =X (1.10)

WzBectHo: ecnu dyrkuuu f1(x),f2(X), ..., fn(X) nHTErpUpYEMBI
Ha [a,b], To uHTErpUpyeMa u ux cymma, mpuueM

![Z f, (x)j - kZ;‘ f, (x)dx (1.11)

k=1

PaccmotpuM Teneps beckoneunwlil PyHKIMOHAIBHBIN P

m_—ﬁsa% (1.12)

OH Ha3BIBaeTCsI CXOOAIMMC It JAHHOT'O 3HAYCHU S X, €C-
JIX U1 €0 4aCTHBIX CYMM

13



SP®SER®  (n1.2...)

CyILECTBYET KOHEUHbIH mpezen s(X) = lims, (X) .
n—oo

Benmnumna S(X) HaspiBaeTcs TOrma CyMMOHM psja M, ode-
BUJHO, MpeacTaBisieTr cobort QyHkimio ot x. Ecim psn cxomautcest
IUIs BCeX X M3 oTpe3ka [3,b], To ero cymma S(X) ompezesicHa Ha
[a,b]. Pacipoctpansiercst mu dopmyna (1.11) Ha cinydaii cxomsiie-
rocs Ha oTpeske [a,b] QyHKIMOHANBHOTO psifa WHTETPUPYEMBIX
GbyHKIMH, T.e. cripaBeaauBa u Gopmyna

| - —k—

(L.13)
= ==

(peub uaeT, TakuM 00pa3oM, O BO3MOXKHOCTU HNOYIEHHO20 UHTE-
rpupoBanus psna)? Oka3plBaeTcs, YTO HE BCETNA, U XOTs ObI yiKe
MOTOMY, YTO Psifi HHTETPUPYEMBIX M JaKe MPOCTO HEMPEPhIBHBIX
GyHKIUI MOXET MMETh HEMHTETPUPYEMYI0 CyMMY. AHATOTHYHAS
npobieMa CBsi3aHAa C BO3MOXXHOCTBIO MOWICHHOTO Ju(depeHIIn-
pOBaHUS PsIOB. MBI BBIICINM BaKHBIN KIacc (DyHKIIH OHATBHBIX
PSIOB, K KOTOPHIM YKa3aHHBIE OMEpalMH MPUIOKUMBI. ['0BOpAT,
uro psaza (1.12) cxomutest pasnomepro Ha otpeske [a,b], ecam mnst
BCSIKOTO TOJIOKHUTENIBHOTO 4Hciia € cymectByeT uncio N Takoe,
uro st Bcex >N u 171t BCex x U3 oTpe3ka [a,b] BeimonHseTcs He-
PaBEHCTBO

|S)s@Y== (1.14)

Ecim mbl paccmotpum rpaduku dynkumii y=S(X) (cymma

psina) u y=S,(X) (vacTHasi cyMma), TO CBOHCTBO paBHOMEPHOM CXO-
JMMOCTH O3HA4aeT, YTO JJIS BCEX JIOCTATOYHO OOJBLIMX HHJICKCOB
N u aas Bcex X rpaduKu CYyMMbI psiia B COOTBETCTBYIOIIMX €O
YaCTHBIX CYMM OTCTOSIT JIpYyr OT JIpyra MEHbIIE YeM Ha Harepen
3aJJaHHYIO €, T.€. OTU TpaduKu pasHomepHo (sl BCEX X) ONU3KH

(puc.6)
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Puc. 6.

He Bcskuil cxopsnmiicsi Ha HEKOTOPOM OTPE3KE psJl CXO-
JTUTCS paBHOMEpHO. ViMeercst oueHb MOJIE3HBIM U MPOCTON MpPU-
3HAaK PaBHOMEPHON CXOAUMOCTH (PYHKIIMOHAIBHBIX PSAIOB (IIpH-
3HaK Beiiepirpacca): Eciu uucnogotl pso ¢ nonodicumenvHbimu
ueHamu

U= -

CXOmUTCS M JUid BceX K, HauumHas ¢ HEKOTOPOTO,

| fk(x)| =W xakoBo 6l HH GBLIO X U3 OTpe3Ka [a,b], To psix (1.11)
CXOIUTCS PaBHOMEPHO (M K TOMY e a0bcooTHO) Ha [a,b].
CripaBesTUBHI CIEAYIONIME BAKHBIC TEOPEMBI:
Ecnu unenvt psioa (1.12) nenpepolsuvt na ompeske [a,b] u psio
CX0OUMCSI PABHOMEPHO HA HMOM OMpPe3Ke, mo
a) cymma paoa ecmo QYYHKYUs HenpepvleHas,
0) ps0 MOJ*CHO UHMESPUPOBAMb NOYNEHHO, m.e. Ol
Heeo cnpaseonusa gopmyna (1.13)
2. Ecmu pso (1.12) cxooumces, e2o unenvl ouggepen-
yupyemsl u psio

[

—

| == =
DABHOMEPHO cxooumcest Ha [ab],

m.e. pso (1.12) mooicho oughgepenyuposamsv nouienHo.

15



1.5. OcHoBHasi TPMTOHOMETpPHYECKAsA CHCTEMA.
OpTOroHaJIbHOCTH CHHYCOB U KOCHHYCOB

OCHOBHOI TPUTOHOMETPUYECKOW cucTeMOr Oy-
JIeM Ha3bIBaTh CUCTEMY (DyHKIIUH
1, cos x, sin X, cos 2X, sin 2X,..., COS nX, sin nx, ...
(1.15)
Bee stn dyHkimu mmerorT obmmit mepuoxa 2m (XOTA

. 2r
COS NX ¥ SiN NX KMEIOT ¥ MEHBIIMKA TIEPHUOJ Y ). YcTaHoBUM

HECKOJIBKO BcroMoraresbHeiX (opmyn. Ilpu mobGom 1enom

n£0

N
- - (1.16)
= FhHast X
= Tl as®x (1.17)
;[sﬁnd(j‘r = ok:,zJ

B cuny n3BecTHbIX OpMYIT TPUTOHOMETPUHU

COS ¢r oS 3 = 1 [cos(a + B3)+cos(a — p)]
2

sinasin = %[cos(a — )—cos(a + B)]

JUTSL JTFOOBIX IIENBIX N U M, N£EM,
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L

(1.18)
Haxonen B cuity opMyIisl

JUTSL JTFOOBIX IIENBIX N U M

Isin NX cos Mxdx = % j[sin(n +m)x +sin(n —m)xJdx
(1.19)

PapenctBa (1.16), (1.18), (1.19) nmoka3siBaroT, 4YTO M H-
Terpajg OT TMPOM3BEICHHS ABYX JIIOOBIX PA3THMYHBIX (QYHKIIHHA
cucreMsl (1.15), B3aTHINA MO OTpe3Ky [-7,7], paBeH 0. YcioBUM-
Csl TOBOPHTD, YTO JBe PyHKIHH O(X) U Y(X) opmoconanbibl Ha

b
orpeske [a,b], ecnu J—W [IpunsB 310 onpenene-
a

HUE, MOKEM CKa3aTbh, 4yTo (yHkuuu cucremsl (1.15) momapHo
OpPTOTOHAJBHBI HA OTpe3kKe [-7,7], uiau Kopoue, cuctema (1.15)
OpTOroHalbHA Ha [-7,m].MbI 3HaeM, 4TO IJId MEPUOTUYECKON
(GYHKIMU MHTErpal Mo Jo0oMy OTpe3Ky [UIMHBI, paBHOH Ie-
puoay, WMeeT HeusMeHHoe 3HaueHue. [losTomy Qopmysbl
(1.16)-(1.19) cupaBeIMBBI HE TOJBKO IS OTPE3Ka [-7,7t], HO U
s oboro otpeska [d, at2m]. CnemoBarenbHO, cHCTEMa
(1.15) opToronanbpHa Ha BCSIKOM TaKOM OTpE3Ke.

1.6. Pax ®ypbe 1iis G yHKUUM nepuoaa 27w

[Tycte nnst dynkuuum f(X) mepuona 2m uMeer MecTo pasio-
KEHHE

17



1&%@ (1.20)

TlocTOsSHHOE caraeMoe 37ech 0003HaueHo uepe3 ao/2
s cuMMeTpuu nanbHednmx ¢dopmyn. [loctaBum cebe 3amaueit
BBIYHMCIUTE KOO(PPUIIUEHTHI ag ,ak U by, K=1,2,..., 3Has1 QyHKIHIO
f(x). [ns aTOTO CceaeM Takoe MOMYIIeH U €: OyaeM mpen-
nojaratb, 4to psfg (1.20) u psaasl, KOTOpble MBI ceifyac mo-
Jy4UM, MOKHO HHTEIPUPOBATH MOYJIEHHO, T. €. AJs 3TUX P s-
JI0B UHTETpajl OT CYMMBl paBeH CyMMe MHTErpajoB (TeM ca-
MBIM TPEANOJIOKEHA U HHTeTpupyeMocTh pyHkuuu f(X)).
Nuterpupys paBenctno (1.20) B mpeaenax or —m A0 T, MO~
TYIUM:

B cuny (1.16) Bce mHTerpanbl Moja 3HAKOM CYMMBI
paBHBI HYI0. [ToaTOMY

[fo3k—a (1.21)

YMHO)uM 06e yactu paBenctBa (1.20) Ha COS NX U pe3yJib-
TaT ONATH UHTETPUPYEM B MPEKHUX npeaenax. [lomydaum:

B cuny (1.16) mepBBIif MHTErpan cipaBa paBeH HymO. Tak
Kak ¢GyHkuuu cuctemsl (1.15) momapHO OPTOTOHANBHBI, TO
BCE MHTETPaJbl MOJ 3HAKOM CYMMBbI, KpOME OJJHOTO, OKa3bl-
BAIOTCS TAK)X€ paBHBIMU HYN10. OCTaHEeTCs JNUIIb HHTETrpal
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]Eccszr)d(:z

(em. (1.17)), aBasromuiicss kKodpPUIUEHTOM NpU a,. Takum
obpazowm,

If@am (1.22)
AHaJTOTUYHBIM MIpUEMOM HaMJeM, 4TO
If@)&iﬂlxzk:l@ (1.23)

N3 (1.21)—(1.23) BeITECKAaET

> u =S
azﬂ[ﬁ@zsxx taz7z[f®erm (1.24)
(0. 1.2, .) (1,2, ...)

Urak, ecnu f(x) uHTerpripyeMa U MOKET OBITh pa3ioKeHa B
TPUTOHOMETPUYCCKUN PSJ, TPHUYEM MOUWIEHHOE HHTETPUPO-
BaHHE 3TOTO psAa U PANOB, MOJYYAIOIMUXCSI U3 HETO YMH O-
’KeHHeM Ha COS NX u Sin nx (n= 1, 2, ...), BO3MOKHO, TO KO-
apbunuenTs a, u by Beruucnstores no gpopmynam (1.24).

[TycTh Temeph 3ajaHa HEKOTOpas HHTEeTpUpyeMas QyHKIIHS
nepuojaa2 7, ¥ Mbl XOTUM NPEACTaBUTH 3Ty QYHKIUIO B BH-
7€ CyMMBI TPUTOHOMETpHUUYECKOro psiaa. Ecnu takoe mpen-
CTaBJIEHUE BOOOIIEe BO3MOXXHO (C BRITOJTHEHUEM TPeO OBaHM
NOWICHHOW MHTErPUPYEMOCTH, YIOMSHYTOTO BBIIIE), TO B
CHJTY H3JI0EHHOr0 KO3 (hPuIueHTs! a, u by He0OX0AMMO MO-
nydarTcs no popmynam (1.24). IloaTomy B mouckax Tpuro-
HOMETPHUYECKOTO psijla, UMEIUIEro CBOE CYMMOM 3aJaHHYIO
byuknuio f(X), B mepByro ouepeab €CTECTBEHHO OOpaTHUTh
BHUMaHUE HA TOT P, KO3POUIHEHTH KOTOPOTO BBHIUH CIIS-
oTcsa o Gopmynam (1.24), u mocMOTpeTh, He obJlaaeT Iu
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OH HY)XHBIM HaM CBOMCTBOM. MBI yBUIMM jajiee, 4YTO AJs
obmmpHOro Kiacca QpyHKUUH 3T0 Tak u Oyaer. Koadppunn-
CHTBI a, ¥ Dy, BbIUUCICeHHBIEC MO Gopmynam (1.24), Ha3bIBa-
10TCs K0oppuyuenmamu Pypove nust Gyukuuu f(x), a Tpu-
TOHOMETPUYECKUH sl C TAKUMH KO3 PpPuimeHTaMmu Ha3bIBa-
ercs ee paoom Dypve. 3aMeTUM, KCTATH, 9TO B dopmyrnax
(1.24) unrerpupytorcsa pyaknuu nepuona 2. [loatomy oT-
pPE30K MHTETPUPOBAHUS [—T,T| MOXKET OBITH 3aMEHEH ITI0-
OBIM JAPYTUM OTPE3KOM AJIHHBI 27 (cM. § 1), U MBI HapsAy C
dopmynamu (1.24) monyyaem:

T
e ’f®ZBX=I (n=0, 1, 2, ...),

i
o jf®Enx=I (n=1,2, ....) (1.25)

W310keHHOE BBIIIE JAegaeT €CTECTBECHHBIM 0coboe
BHUMaHue K psgaM Oypre. CocraBuB psag Oypbe s GyHK-
nuu f(X)u He mpeaperniast Bonpoca o ero cxoauMocTu k f(x),
MBI TTHIIEM:

o =

Takast 3amuch O3HA4YaeT Julb, uTo GyHkuuu f(X)
coomeemcmeyem psan @ypbe, HANMCAHHBIA cIpaBa.

3HaK « ~ » MOXHO 3aMCHHUTHh 3HAKOM « = »
TOJIBKO TOTJAa,  KOTJa HaMm yaacTcs A0Ka3aTh CXOJH-
MOCTh psila U pPaBeHCTBO ero cymwmbl ¢ynkunum f(X). U3
NPENIeCTBYIONMX PACCYKICHUN JIETKO BBITEKAET CIEAYIO-
masi, OKa3bpIBAOMIASICS YaCTO MOJIE3HOIA.

Teopema 1. Ecau onsn ¢ynkyuu f(X) nepuooa 2s
umeem mMecmo paszioNceHue 8 HeKOmopolil PAGHOMEPHO CX 0-
oawutica na gceti ocu OX mpueoHomempuueckuii pso, mo
omom pso ecms psid Pypwve oas f(X). JlelcTBUTENBHO, MYCTh
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nns f(x) mmeer mecto paBenctBo (1.20), rae psa cXOaUTCS
paBHOMepHO. B cuny teopemnl I, npuBenennoii B 1.4, f(x)
HENpEephIBHA U MOYJICHHOC HHTEIPUPOBAHKE Psi1a BOZMOXKHO.
OTo HaMm gaet paBeHCcTBO (1.21).

PaccMoTpuM paBeHCTBO

=u_ -
= — - = (1.26)

==
n IIOKa>XeEM, 4TO pﬂﬂ CHpaBa CXOOUuTCs paBHOMepHO.

<A —

Monoxum: TEXFE—

IlycTh € — NpOU3BOJBHOE MOJOXKHUTEIBHOE YHUCIO.
Ecau psan (1.20) cxoauTcs paBHOMEPHO, TO CYIIECTBYET

yrcao N Takoe, uro mng Bcex m>N FRsR== IIpo-

u3BeJcHUE SiN X COS X, OYEBHUHO, SIBIACTCS Mm-1 YaCTHOU
cymMmoit ans psaaa (1.26). [losToMy U3 COOTHOIIEHUS

crpaBeJiIuBOro s Bcex M>N, U BbHITEKAaeT paBHOMEpHas
cxonuMocTh psaga (1.26). B takom ciaydae 3TOT psij MOXKHO
NOYJIEHHO UHTErpUpOBaTh, @ UHTEIPUPOBAHUE JAET PaBEH-
ctBO (1.22). AHanoruyHo Aoka3piBaeTcsa paBeHcTBO (1.23).
Tem cambIM 1715 KO3 GPUITUEHTOB an U by mokazanbl popmy-
abl (1.24). D10 n o3Hauaer, uto pax (1.20) ects psag Pypobe
s f(x).

CoBpemenHas Teopus psigoB Oypbe mMO3BOISIET T0Ka-
3aTh clenyroliee O0onee oOuiee NPeaIOKEHUE, JOKA3ATEI b-
CTBO KOTOPOTO MBI IPUBOJUTh HE OylleM U3-3a €T0 CIIOXKHO-
CTH.
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Teopema 2. Ecau abcorrwomuno ummeepupyemas
@pyurkyus f) nepuooa 2w donyckaem pasznodxiceHue 8 HeKOmo-
pblil MPUSOHOMEMPUYLECKUL PAO, CXO00AWUUC K Hell 8CIO0Y
3a UCKAOYeHUeM, OblmMb MOJCem, KOHEUHO20 YUCIA 3HAYeH UL
(0151 00HO20 nepuooda), mo smom psiod ecmob psid Pypve 014
f(x).

DTa TeopeMa MoATBEPKAACT BEICKa3aHHOE BBIIIE CO-
oOpaxeHHEe, YTO B MOUCKAX TPUTOHOMETPUUECKOTO psaa,
HMEIONIETO CBOCH CYyMMOW 3aJaHHYIO (PYHKIHIO, B TIEPBYIO
ouepenp cieayeT obpamarbes K pagy Pypee.

1.7. Pag ®ypbe njas pyHKUNHU, 3aJaHHOI
HAa OTpe3Ke MJHHBbI 27

B mpunaoxeHHsAX OYeHb YaCTO BO3ZHHKACT 33jJa4ya O pas-
JIO)KEHUW B TPUTOHOMETpUYECKUU psn GyHKIuU f(x),3a1aHHOMN
JHIIb HAa OTpe3ke [—m,m]. 31eck, ciaeoBaTeNbHO, O TIEPUOIH Y-
HoctH f(X) HeT u peun. DTO TeM HEe MEHEee HHCKOJIBbKO HE MEIaeT
HaM Hamwucartb Ui Hee pang Dypee, u6o B dopmynax (1.24) dury-
pUpYET JUIb OTPE30K [—T,7].

Bwmecre ¢ Tem, eciu mepuoaudeckd mpoaonkuth f(X) ¢ ot-
pe3ka [—m, m] Ha Bcro ock OX, TO IOJIyd4UM I1EPUOAUYECKYIO, COB-
nagaronryio ¢ f(x) Ha [-7, ] dyHKHMIO, IS KOTOpOW psin DPypbe
Oyaer TokaeCTBEHHBIM ¢ psimoM Dypre ms f(X).

K Tomy xe, ecnmu psg @ypbe mans  f(X) okaseiBaeTcs cxojs-
IMMCcs K HeH, TO ero cymma, Oyaydu mepuoandecko QyHKIH-
e, 1acT KaK pa3 ymnoMsHyTO€ MEPUOIUIECKOE TPOJOTIKEHU e
f(X) ¢ orpeska [—m, n] Ha Bcro och Ox. Takum oOpasom, ro-
BOpUTH 0 psage Pypoe mis f(X) 3amannoit Ha [—m, T], —3TO
BCE PaBHO, YTO TOBOPHUTH 0 psane Pypbe s QyHKIHUU, T O-
nydampomeics us f(x) nepuoarnyeckum MpogoKEHHEM €€ Ha
och Ox, OTCcroa BBITEKAET, YTO MPU3HAKU CXOJAUMOCTHU Psi-
noB dypbe nocTaToOuHO (GOPMYIMPOBATH JUISI MEPHOIHY E-
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ckuX (yHKIHN. B CBS3M ¢ YHOMSHYTBIM NMEPUOIUYECKAM
npononkenueM f(X) ¢ orpeska [—m, m] Ha ocb OX yMecTHO
cIoenaTh cieayruiee 3aMeYaHue.

Ecnu f(-n)= f(x), To nepuoauyeckoe NpoaoKeHUE HUKa-
KMX 3aTpYJHEHUN He BCTpedaeT (puc. 7, a).

ﬁ -
?i’
qr-
’f

Ta

NN, N

Puc. 7.

-

.

EI'
%
|

[Ipu 3TOoM, eciiu f(X) Obliia HEempepbIBHOW Ha OTpE3Ke
[-7, ], TO ee mpoaoKeHHe OyIeT HENP ePhIBHBIM Ha BCEH OCH
Ox. Ecau xe f(-m)#f(m), 10, He u3MeHsas 3nadenuit f(-mu
f(m)MBI He CMOXKEM OCYIIECTBUTH HYXKHOE MPOJIOJIKCHHUE, TAK
KaK M0 cMbICIy nepuoandnoctu f(-z)nomxkHo coBmanats C
f(x).

0060 TH PTO 3aTPYAHECHUE MBI MOXKEM JIBOSIKUM 00pa3oM:
BO-TIEPBBIX, HCKIIOUYUTH BOBCE M3 PACCMOTPEHHUS 3HAYCHUS
f(X) mpu X=- m 1 X= 7, cleaaB TeM CaMbIM (QYHKIIHIO He-
OTIpeCTCHHOM IJIsl 3TUX 3HAYCHHUU U, CIEIOBATEIBHO, Clle-
JaB HEOMpeIeJICHHBIM Mepuoandeckoe mpoaonkeHue f(x)
i Bcex 3HadueHud X Buaa (2k+1) m (k=0, £1, £2...); Bo-
BTOPBIX, HW3MEHHTH BBITOJHBIM HaM 00pa3oM 3Ha4YCHHS
¢ynknuu f(X) npu X=-1 1 X= m ,cnenaB ux paBHBIMH. BaxxHo
OTMETHUTb, YTO U B TOM M B JPYrOM Cly4asx KO3 (PUIIHCHTHI
dypre OynyT UMETh TE K€ 3HAUYCHU S, 4YTO M cHauaa. J(ei-
CTBHTEJIBHO, N3MEHECHHE 3HAYECHUI (YHKIUH B KOHEYHOM
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YU CJIe TOYEK, HIIH JIaXKe HEOMPECICHHOCTh €€ B 3TUX TOU-
KaX,— HE MOJKET 0Ka3aTh BIUSHUS HAa BEJIUUYNHY HHTETpaa,
B YaCTHOCTHU HA BeNMYMHY uHTeTpanoB (1.24), onpenensio-
nmx kodpdunuentor dyppe. Takum 00pa3zom, HE3aBUCHMO
OT TOTO, OCYIIECTBUM MBbl YKa3aHHYIO MOJAUPUKALIUIO QyHK-
nuu f(X)unu HeT, psag @ypbe A1 HEe 0CTAETCS HEM3MEH HBIM.
HyxHo oT™MeTuTh, uto npu f(-7)#f(x) u npu HenpepriBHOCTH
f(dua otrpeske [—m, n] mepuoauueckoe npopomkerue f(X)
Ha BCIO och Ox OymeT ©MeTh pa3pbIBBl BO BCEX TOYKAX BHJA
X=(2k+1)m (k=0, £1, £2...), Kak ObI MBI HU U3MCH SN 3Ha-
yeHHus QYHKIUU NpU X=- T U X= 7 (cMm. puc. 7,6). K kakum
3HAYCHHSIM CJIEAYyeT OXHUAATh CXOAUMOCTH psna Dypbe B
atux Toukax npu f(-z)#f(z), - 3T0 Bopoc ocoOblii, U MBI pe-
mmM ero nmosanee. [Tycts Tenmeps f(X)3agana Ha NIpoOU3BOIIb-
HOM OTpe3ke [a,a + 2 w | niuHbl 2 T U ee TpebdyeTcs pas3no-
KHUTh B TpUToHOMeTpuueckuil psaa. Kospounuentsr dypoe
BeIuuciasieM o popmynam (1.25). Kak u BbIIIe, NpuXoaum K
BBIBOJy, 4TO TOBOpHUTH 0 psane Dypwve nus f(X) mnm mns
GYHKI MU, MTOJTyYaIOeHcs U3 Hee MEePUOIUISCKUM MPOI0JI-
XeHHeM Ha BClo och Ox,— 3T0 oHO U TO *xe. [Ipu 3TOM He-
npepeiBHas Ha oTpe3ke [a,a + 2 w| ¢ynkuus f(x) mpu
f(a)#£f(a+2 x) naer npomoKeHue, pa3pbIBHOEC B TOYKAX BUAa
x=a+2k © (k=0, £1, £2,...).
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1.8. IlpaBblii 1 1eBbIi npeaeibl G YHKIUUA B TOUYKE.
Touku paspeiBa nmepBoro poaa

BBeneMm o603HaueHUA:

r___,.--"'

i &

-—— =

Puc. 8.
(ecau 3TH mpeaenbl CymecTBYIOT U KOHEeUYHBbI ). [lepBbIii u3
THX MMPEIEIOB Ha3biBaeTcs npederom T (X) B Touke Xo cre-
6a, BTOpoit — npedenom f(X) B TOUKe xo cnpasa. B Toukax
HEMPEPBIBHOCTH, 1O CAMOMY OINPEICIICHUIO TTOHSATHUS HEMpe-
PBIBHOCTH, 3TH IPEJIEJIbI CYIIECTBYIOT, IPHYEM

f(xo - 0) = f(xo) = f(xo + 0). (1.27)

Ecnu xo ecTh ToOuka paspeiBa pyakiuu f(Xx), 10
npeaensl cupaBau cieBa (00a UJIM OMH U3 HUX) MOTYT
CYIIECTBOBATH B OJHUX CIIy4asX U HE CYHIECTBOBATH B [P y-
rux. Eciiu 06a npedena cymecTBYIOT, TO TOBOPAT, 4TO TOYKA
X0 €CTh MOYKA pa3pvléd nepgo2o pooa nis GyHKIUH
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f(x). Ecauxe xoms 661 00un npeaen He CyeCTBYET, TO
TOYKa X Ha3bIBACTCS MOUKOU pazpulea 6mopoco poda. Hac
OyIyT HHTEpPECOBAaTh TOYKH pa3pbiBalepBoro posaa. Eciu xg
— Takas TOYKa, TO BeJIMYHHA

§=fixo+0)-f(xo-0) (1.28)

HasbIBaeTcs ckaukom Gynkuuu f (X) B Touke xo.
Jns mosicHeHHs CKa3aHHOTO PACCMOTPUM IIPUMED.
IlycTs

> OUzskA,
T O oyzzx=3 (1.29)
X oOuzsx=A

Ha puc. 8 uzobpaxen rpaduk 3Toit GyHKIIUU.
3HaueHue QyHKIIUU pU X = | ©300paKeHO MaJIeHb-
KUM KpykKoM. J{71s mpenenoB ciaeBa u cnpaBanpu X=1,
O4YEBHUJIHO, UMECEM:
f(1-0)=-1,
f1+0)=1
CrnenoBaTenbHO, ISl CKaUyKa QyHKIIUU MOJTydaeM:

d=f(1+0) - f(1 - 0) = 2,

YTO BIOJHE COTJIACYETCS C HATJISTHBIM MTPEACTABICHUEM O
ckauke (cMm. puc. 8).

Touku pa3psIBa IEPBOTO pOJa MOTYT MOSABUTHCH,
HanpuMmep, IpU NEPUOAUYECKOM IIPOJOIIKEHU U
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HEMpepbIBHOM Ha oTpe3ke [-7, 7] yukuu f(X) ¢ aToro or-
pe3ka Ha Bcio ock Ox B ciyuae, korzaa f(-n) # f(n) (cm.puc.
7,6). Ilpu 3TOM BCE CKAYKH OKa3bIBAIOTCS pPaBH BIMH YK CIIY

0 = f(-n) - f(n).
1.9. 'maakue U Kyco4yHO-rJaaKkue (pyHKUHUHA

Gyuknuto f (X ) Ha3pIBalOT 21adkou Ha OTpe3ke [a, b],
€CJIM OHAa HA ATOM OTpEe3Ke 00J1afaeT Henpepvl8HOU TPOU3-
BOJHOMW. Ha reoMmeTprn4eckoMm si3bIKe 3TO 03HAYAET, UTO NPHU
nepeMenieH U BA0JIb KpuBoii y = f(X) HanpaBieHue kaca-
TEJIILHOW U3MEHSETCS HenpepwvieHo, 0e3 ckaukoB (puc. 9, a).
Takum o6pa3om, rpaduk riaakod GyHKIUU OIPEACTABIACT
co00¥ MIaBHYI KPUBYIO, IUIMICHHYIO YTIOBBIX TOUEK. DyHK-
nuio f (X) Ha3sIBAIOT Kycouno-2naokou Ha oTpeske [a, b],
€cJIM OHa caMa M ee IPOU3BOAHAs TM0O0 HENpEepbIBHBI Ha
TOM OTpe3Ke, K00 JOMYCKAIOT HAa HEM JIUIIb Pa3pbIBHI e -
BOT0 pOJia, U IPUTOM B KOHEUHOM YHCIIE.

JIerko mOHSATH, UTO IpaUK KyCOUHO-TIaAKON QyHKIIUHU
npeJcTaBiser co00i HenpepbIBHYIO HJIM pa3pbIBHYIO Kp U -
BYIO, KOTOpasi MOXKET UMETh KOHEYHOE YK CJIO YTIOBBI X TOUECK
(B HUX IPOMCXOAUT CKAYOK MPOU3BOJHOMN); C TPHOIHKEHHEM
K TaKOMY YIJIy HJIM K MECTY pa3pbiBa (C TOW UJIUM HHOM CTO-
POHBI) HallpaBJICHUE KACATEJIbHOU CTPEMHUTCA K Ol peJiesie H-
HOMY MOJIOKEHHUIO (BeJb Yy HAC MPOU3BOJHASL UMEET JIH LIb
pa3pbIBBI TepBOro ponal).

Ha puc. 9,6 u 9 B uzob6paxensl rpadpuku Hempe-
PBIBHOM M pa3pbIBHOW KyCOUHO-THaAKuX pyHknuii. ['mankue
byHKIMU MBI OyaeM paccMaTpHBaTh B JajJbHEHIIEM Kak

YaCTHBIM ciaydail GyHKIUH KyCOUHO-TIagKHX.
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Puc. 9.

HenpepoiBHas unu pa3peiBHas pynkuus f (X ), 3amanHas Ha
Bceil ocu Ox, Ha3bIBAETCS KYCOUHO-TJIAJKOM, €CIIU OHA TaKO-
Ba JUIA KaXXJOT0 OTpe3Ka KOHEYHOU AJMHBL. B yacTHOCTH,

3TO OTHOCHUTCS K NEPUOANUYSCKUM PyHKIIU M.

Besikas kycouno-rnankas yakuus f(X) (HenpepbiBHas
UITH pa3pbiBHAS) OTpaHHYCHA U KMMEET OTPaHUYCHHYIO TP O-
M3BOJHYIO BCIOAY, 32 UCKITIOUYCHHU EM YIIIOBBIX TOYEK U TOUYEK
paspsiBa (Bo Bcex aTux Toukax f'(X) He cymectByer).

1.10. IIpusnak cxoaumocTu paga Pypse

Mps1 chopmynupyem Hanbosee ynoTpeOuTeIbHBINA NP U-
3HAaK CXOAUMOCTH psiga Dyprwe.

2

1:: Jir .5!: T

1 ] I
& -l ¥
i i i
' [ 1

Puc. 10.
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Psang ®ypre KycouHO-TIaaKoN (HenpepbIBHOM UK pa3-
peiBHOM) GyHknuu f (X ) mepuona 2z cXoauTes 15 BCeX
3HAa4YeHUH X, Ipu4YeM ero cymma paHa f (X ) B kaxnoi

OO
2

(cpennee apudMeTHUIECKOE MPEICIbHBIX 3HAUYCHUM CIIpaBa U
clieBa) B KaXJ0# Touke pa3pwiBa (puc. 10).

Ecnu f(X) Bcroay HenmpepbIiBHA, TO PSIJI CXOAUTCS abCo-
JIOTHO U pAaBHOMEPHO.

[Mycts pyrknus f(X) 3agana nuie Ha [-7, 7], IBISETCS
KYCOUYHO-TJIaJIKO Ha 3TOM OTPE3KE U HeNIPEPhIBHA B €TI0
koH1ax. Kak mbi 3ametunu B 1.7, psag @ypwe nis f(X) cos-
nagaeT ¢ psaaom Oypbe i GyHKIHH, SIBISIOIICHCS TEpUo-
audyeckuM npogoskenuem f (X ) naBcio Ox. Ho Takoe nmepu-
OJIMYECKOE MPOJTOJIKCHUE B HAIIIEM Cydae, OUeBHUHO, TP M-
BeneT Kk pyHkuuu f(X), KycouHo-riaakoi Ha Bced ocu Ox.
[TosToMy U3 cHOPMYITHPOBAHHOTO HAMHM IIPH3HAKA BBITCKAET,
410 psg Dypee OyneT BCrOIy cxoasmmmMcs. B yactHocTH,
3TO OyJeT UMETh MECTO Ha HHTEPECYIOIIEM HAaC OTpe3ke |-,
r], mpuyem qist - 7 < x < 7 pajg oyaet CxoauThesa K f(X) B
TOYKaX HENPEPHIBHOCTH M K 3HAUCHU IO
B TOYKax pa3pbiBa. YTo e OyaeT NpOMCXOAUTH B KOHIIAX
oTpeska [-x, 7]?

Bo3MoxHBbI ABa ciiydas:

TOYKE HENPEPBIBHOCTH U paBHA YUCIY

1.f(-n)=f(n). 3nech mepuoaANUECKOE PO TOTKCHUE
MNPUBOJUT, OUCBUHO, K PYHKI[UH, HEITPEPHIBHOM B
TOYKax -7 ¥ 7 (1 BOOOIIE BO BCEX TOUYKAaX BUAA X =
(2k+1)x (k =0, +1,+2, ...)). B cuny Hamero
MpU3HAKa U B KOHI[aX OTpe3Ka psia OyAeT CXOAUThCH,
ciaenoBaTenbHO, K f(X).

2. f(-m) # f(7r). 3nech mepuUOAMUYECKOE MPOIOJIKCHHUE
NPUBOJUT K QYHKIIMHU, pa3pbIBHOW B TOUKax -7 U 7 (a
Takke BO Bcex Toukax Buaa X = (2k+1)z (k = 0,
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+1, £2, ..)), npuyem mias mnpoxonkeHnon f(X)
oueunuo:f(-z - 0) = f(x), f(-m+ 0)=f(-n),
fx+0)=f(-n),  f(x-0)=f(n)

(puc. 11). [ToatoMynipu x =- 7 U X = 7 psAg OyIeT CXOIHUTh-
Cs K 3HAYCHH SIM

TGO F O )
= || FCSAFEQ
TC=OF€O | =2
P B

Takum o6pazom, mis pynkuuu f(X), 3amaHHON HA OTpe3Ke
[-7, 7] u HenpepbIBHOW IpU X =-7 U X = 7, pag DPypbe BeneT
ce0s B 9TUX TOYKAX, KaK M B IPOYNUX TOUYKAX HEMPE PHIBHOCTH
bynkuuu, ecnu f(-n)= f(x). Ecnu xe f (-n) # f(7) 10 psn
3aBEJI0MO HE MOKET cxoauThesa K f(x) npu x =-7u x = 7.
[TosToMy B mocyieHEM ciaydae 3aqauy o paznoxeHuu f(x) B
pan @ypbe UMEeT CMBICI CTABUTh HE I - T < X < 7, a U -
7 < x < 7. AHaIOTMYHOE 3aMe4YaHHUe MOXKHO CJeNIaTh
OTHOCHUTENbHO psifa Pypbe aist QyHKIMHU, 3aJaHHON HA
OTpe3ke BHa [a, a + 2m], Tne a — nr1000€ 9Yuco.

¥
>z 'ﬂ'i ™ Nig "":.5:1' I

Puc. 11.

Brpodem, mpu pemeHn M Kaxx 101 KOHKPETHOM 3a1a4u, KO-
r71a YUTaTeNb MOCTPOUT rpauK MepuoAUYECKH IPOaOT -
KEeHHOU QPyHKIMH (a 3TO BCeT1a peKOMEHyeTcs!) 1 BCIIOM-
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HUT cOPMYIUPOBAHHBIH BhIIIE MPU3HAK, TO BOIPOC O MO-
BeJeHUHU psaga Pypre B KOHIIAX OTPE3Ka Cpa3y CTAHET sAC-
HBIM.

1.11. YeTHble M HeYeTHbIC (PYHKIHUHU

[Tycts f(x)3amana Ha Bceit ocu Ox UM )KE€ HA HEKOTOPOM
OTpe3Ke, CAMMETPUIHOM OTHOCHUTEIILHO HauaJia KOOPAHHAT.

y ¥
7 7 S g :
fiz) %)
Puc. 12.

Ckaxewm, uto f(X) ectb wemnas GyHkums, ecinu s
Kaxpgoro x: f(-x) = f(x).

W3 3TOoro onpeneneHus BHITEKAET, 4YTO TpaduK BCAKOU
4YeTHOU PYHKIIUU y = f(X ) CHMMETPHUUYEH OTHOCUTEIBHO OCH
Oy (puc. 12,a). 3 uaTepnpeTaninu HHTErpaga Kak miommaigu
ISl YeTHBIX QYHKIUNA MMEeM:

j f (x)dx =Ij f (x)dx (1.30)

npu a6om | (aumm 661 f(X) OblTa ompesaencHa u

uHTerpupyema Ha orpeske [ - I, 1]).

Gyukuuio f (X) HA30BEM HeyemHOU, €CIIH IS
kaxgoro X: f(-x) = -f({X). ANsa weuerHo¥ pyHKI MU, B
gactHocTH, f(-0)=-f(0) u, cnemoBareapHO, T}20) =0. I'pa-
¢uKk BCsKOoM HeueTHOM GyHKUUU Yy = f(X) CUMMETpPHUUYEH OT-
HocuTedabpHOo Touku O (cM. puc. 12,06). Jlns HEUETHBIX

byHKI U
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j.f(x)dx=0 (1.31)

npu ito60oM | (mumb 661 f(X) Obla onpeaeieHa U UH-

terpupyema Ha otpeske [-1,1]).
W3 onpeneneHust 4€THHIX U HEYETHBIX QYHKIIM I JIETKO BBITE-
KaeT:

a) IlponsBejseHue NBYX YETHBIX U JIBYX HEYCTHBIX
GyHKUIUHN ecTh QYHKIIMA YeTHaS.

6) [IpousBenenue ueTHON U HeUeTHON PyHKI U eCcTh
GyHKI M HedeTHasl.

JledcTBUTENBHO, eclii P (X) u Y(X) - yeTHble QYHKIIUU, TO
s f(x) = @(x)w(x) umeem:

f(-x)=0-x)p(-x) =p(x)p(x)= f(x).

Ecnu ke @(X) u Y(X) HedeTHsl, TO

fe-x)=0C-x)y(- x) =[-0(x)][-w(x)]=
=o(x)y(x)= f(x).

TeM caMbIM CBOWMCTBO a) J0Ka3aHO.

[Iycte @(X) 4yeTHa, Y(x) HeyeTHa. To-

rga
fex)=e-x)p( x) =o(x)[-y(x)]=
=-p(x)w(x)=- f(x),T.e. nokazaHo u 0).

1.12. Psaabl mo KOCHHYCAM U PSAAbI MO0 CHHYCAM

IMycte f(X) — yerHas QpyHKUUS, 3aJaHHAS HA OTPE3-
Ke [-7, ] (unum ke yeTHas nepuoanueckas QyHKIU).

Tak xak cos(nx) (n = 0,1,2,...) ecTb QyHKIHS, OUYE-
BUJHO, YeTHAs, TO MO cBoiicTBya) § 1.11 OyneT yeTHOU U
bynkuus f(x)cos(nx). dyuknussin(nx) (n = 1, 2, ...)
HeueTHA. [ToaTomyno cBoiictBy 0) §1.11 HeueTHa U QpyH K-
mus f(x) sin(nx).
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Torna B cuny (1.24), (1.30)u (1.31) nus kodppunuerTos
dypbe yetHo pynkuuu f (X ) momyusaem:

i

b, 1 j f (x)sin(nx)dx = 0

V4

-

(n=12,..),
a, = 1 j f (x) cos(nx)dx = EJ f (x) cos(nx)dx
T - 7 0
(n=012,...).

CnenoBartenbHO, A1 YeTHON QyHKIUH psig Pypbe co-
OEPXKUT JTULIb KOCHHYCHI, T. €.KO3(DOUIIMESHTHI @, BHIYHU CIIS-
foTcs o popmynam (1.31).

[Tycth Tenmeps f (X ) —HeueTHas pyHKI U, 3a1aHHAS HA
oTpeske [-m,m] (Mau xKe HeueTHas nepuoguueckast QyHKIus),
cos(nx) (n=0, 1,2, ...) — dernas ¢pynkuus. [lo cBoiicTBY 0)
1.11 pynkuus f(x)cos(nx) HeueTHas. DyHKI U sin(nx)
(n=1,2,...)HedyetHa. [loaTomyno csoiictBya) 1.11 ¢pyH k-
nusf(x) sin(nx) okaseiBaercs ueTHoi. Torna B cuny (1.24),
(1.30)u (1.31) nns korppunnentoB Pypbre HeUETHOH DyH K-
muu f(x):

1 /4
a, = ;J;f (x)cos(nx)dx =0 (1.32)
(n=012,..),
b, = 1 j f (x)sin(nx)dx = 3] f (x)sin(nx)dx
T - T 0
(n=12,..)
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Takum o6pazom, psiag @ypre HEUETHOH PYyHKIIUU CONEP-
XKUT JIUIIb CUHYCHI, T. €.

Sk iny

rae b, Beruncastorces no popmynam (1.32). ITockonb-
Ky psng @ypbe A1 HeUeTHOW (QYHKIIUHM COACPKUT JHIIb CH-
HYCBI, TO, OYEBHUJHO, OH BCET/a CXOJUTCS K HYJICBOMY 3H a-
yeHUIo npu x=-1,x=0 u X =7 (1 BooOWEe Ipu X = k=), Ka-
KOBO OBl HU ObLIO 3Ha4YeHue f(X) B 3TUX ToUKax.

¥4

Y
2
;

=
7

Puc. 13.

YacTo BO3HUKACT 3aj1aya O Pa3JIOKECHHUHU B PSIJ] MO KOCH-
HyCaM UJH B psijg no cunycam pynkuuu f(X), 3aganHoi u
a0CONIOTHO HHTErpupyemoii Ha oTpeske [0,7].

Hns pasnoxenus f(X) B psa mo KOCHHycaM MOXHO
paccyxaath cieaywoumm oopasom. IIpomgomxkum f(x) uer-
HbIM 00pasom ¢ orpeska [0, ] Ha oTpe3ok [-m, 0] (puc. 13,
a). Torga nus «mpoxOJIKEHHOW» YETHOM (I)YHKI_[I/II/I crnpa-
BEJUITUBBI BCE MPEABIYIINE PACCYKICHU S, H CIEIOBATEIBHO,
ko3 (ppunreHTsl ypbe MOTYT OBITH BHIUMCIEHBI 1O GOPMY-
aam

a;jf&:mﬁ (n=0,1,2,...), (1.33)
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bn=0 (n=1,2,..).

B atux popmynax burypupyrot nuimb 3adanusie Ha [0,
n] 3nauenus f(x). CrnegoBaTenbHO, IPU NPAKTUUYESCKHX BbI-
YU CIICHUAX paKkmuyecky MOXKHO U HE OCYIIECTBIATh yKa3aH-
HOE YETHOE MPOJOJKEHUE.

Ecnu mMb1 X0THM pa3noxuth f (X) B psig mo cuHycam, TO
npojaoikaem ee ¢ orpeska [0, m] Ha oTpe3ok [-m, 0] HeueT-
HBIM 00pa3om (cM. puc. 13,0). [Ipu 5TOM o cMBICTY HEUE T-
Hoctu nokHBI npuHATh f(0) = 0. K «ipogomkeHHO» He-
YeTHOUW QYHKIIMH ONSATh NPUMEHUMBI COOOpaKeHUs, MpH-
BeJCHHBbIE BHILIE, U, CII€I0BATENbHO, A1 KO3 (pPuiineHToB
®ypre cipaBeaTUBBI GOPMYITBL:

a,=0 (n=0,1,2,..),

p:jf@s-m (n=1,2,..).  (1.34)

[TockonbKy 3/1€Ch y4acTBYIOT JuIb 3HaueHus f(X) Ha
[0,m], TOCTONBKY, KaK M B cllyyae psija o KOCUHYcaM, Qak-
muueckoe npopokenne Gpyaknuu f(X) ¢ orpeska [0, n] Ha
0oTpe30K [-m, 0] MOKHO U HE OCYIIECTBISTh.

1.13. Ilpumepsl pa3ioxkeHuii B pag @Pypbe

Hpumep 1.f(x) =x2mis—n<x<n Oyakuusf(x)
— veTHad. ['paduk f(X) BMecTe ¢ ee mepuOAUICCKUM MTPO-
noyKeHueM n3o0paxken Ha puc. 14. [IpogomxeHnHas GyH K-
¥ — HEIPEpPHIBHASL M KycOuHO-rnajkas. [lpoTromy mo mpu-
3raky § 10 psanx @ypwe cxogutces k f(X) = X“ BcroayHa |[-m,
T] M K MEepHOJUYECKOMY MPOJOJIKECHUIO ITOH
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N~~~ aa-
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Iz

&

n 3
Puc. 14.
¢byaknuu BHe [-7, 1]. CXOOUMOCTh — abCONIOTHAS U

paBHoMepHas. [logcuer gaer:

@%5(
;§5

C moMomIbI0 HHTETPUPOBAHUS MO YACTAM Jajiee Haxo-
TM:

|
&
L)

X
J
M

f

bh=0m=1,-2,...)(rak xax f (x ) uerna). I[loaTomy
A —T < X< T

= C R == >
%w{—‘%—_ (1.35)

Mpumep 2. f(x)=|x|ana—n<x <n. ODynknusf(x)
— veTHas. Ee rpaguk BMecTe ¢ mEPHOIUYECKUM PO -
noyKeHueM u3o0paxker Ha puc. 15. [Iponomxkennas QyHk-
U si— HenpepblBHAs U KycouHo-Tyaakas. [Ipusnak § 10
npunoxuM. [loatomy psig @ypse cxoautcsak f(x) =[x
BCIOJlY Ha [-7, T] U K €€ MEPUOJUUECKOMY ITPOJOJIKEHHUIO BHE
3TOr0 oTpe3ka. CXoAMMOCTh a0COIIOTHAS U paBHOMEpH asl.
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Puc. 15.

Taxk kak |x|= x gus x>0, 1o

%;jcc)m(e FPole<

oAk

OTCI0Na BBHITEKAET, UTO A N YETHBIX @, = 0, a 114 n
HeueTHsX -4/(n 7%). Haxomem, b, =0 (n=1, 2, ...), Tak KaK
f(x) yerna. Takum oOpazom, st -t <x <=

NIAW

g e (1.36)

== % = Mpu-

mMep 3. f(x) = [sinx|. DTa QpyHKI KA onpeaeaeHa s BCEX X

U MpelCcTaBlsieT cO00M HENMPEPHIBHYI KYyCOYHO - IIAAKYIO H
yeTHYI0 QyHKUuI0. Ee rpaguk nzobpaxeH Ha

puc. 16. CniegoBatenbHo, f(x)=| sin X | BCIOJy paBHa CBOEMY

pany ®ypre, KOTOPBIH CXOAUTCS a0OCOTIOTHO U pAaBHOMEPHO.
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Ja

Puc. 16.

Tak kak [sin x|=sinx a1 —n<x <T, TO
. Z
S S =

a, = Ejsin(x) cos(nx)dx =
4 0

= E]i(sin(n +1)x —sin(n —=1)x)dx =
T 0

_1fcos(n+Dx cos(n-1)x]"" _ D)1
n+1 n-1 | z(n® -1)
ectin# 1.

T
Hnan=1
2% . 17 .
a, == [sin xcos xdx = = 'sin 2xdx = 0
ﬂ.O 7[0

bh,=0(n=1,2,...), Tak Kak f(X) uerHa.

Takum o6pazom i Bcex X
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Mpumep 4. f(x)=x qisa -1 <x <7. ®yuaknus f(X)
HeueTHa. ['paduk f(X) BMecTe ¢ ee mepuoaAMYECKUM IPO-
noJKeHueM u3o0paxen Ha puc. 17. [IponommkenHas GyHK-

U ABJISCTCS KYCOUHO-TJIaJKOM ¥ pa3pbIBHOM B TOUYKaX BH 1A
x= 2k+)n (k =0, £1,+2, ...).

¢

'

'
-
-t

1

'

IIpuznak § 1.10 npunoxum. B Toukax paspeiBa psj

(D}épI;CZCXO)I[I/ITCH K Hynto. B cuny HeueTtHocTH f(x) an=o (N

bn = ijsin nxdx = g(_l)nﬂ
Ty T

[MosTomy g —t <x <m

_ SBRAr<sIB
== (1.37)

[Ipumep 5.Pa3noxuTh B paa no cHHycaM (QPyHKIIHUIO
f(x)= 1 nnsa 0 < x <n. HeueTHOE pogoIKeHUE f(X) HA OT-
pe3ok [-m, 0] mopoxnaetr paspsiB npu X = 0. I'paduk f(x)
BMECTE C €€ HEUETHBIM MpoJgoKeHueM Ha [-m, 0] u mocie-
AYIOIUM NEPUOJUYECKUM NPOJOJKEHUEM (IO MEPUOaY 2T)
Ha Bci0 Ox n3obpaxeHn Ha puc. 18. K Takoil «npogoimxeH-
HoM» ¢yHkuuu npusHak § 1.10 npunoxum. [lostomy psn
Oypbe cxonuTesak f(x)=1qn10<x<m u K QyHKIHH, U300-
pakeHHOM Ha puc. 18, BHE 3TOro MpPOMEXKYTKa, IPUUYEM B
TOYKAX BUOa X = k7w
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(k = 0, £1, £2, ...) cymma psja paBHa HYJIO.

¥
— pre— (r— r——
- 2 $ 2 1 20l
-z 0 m 2w 3m__4wmw  Sm_
.
Puc.18.

HNmeewm, nanee,a, =0 n=0,1,2,...),

Takum oOpazom, st 0 <X <

Al T
= =
(1.38)

[Ipumep 6. Paszmoxute B psag DPypse (PyHKIIHIO

f(x) = x mna 0 < x < 2m. BHemmHe 3ajaya HamOMHHAeET

npumep 4, HO €CJIM MOCTPOUTH rpauK MEPUOTUIECKHU TPO-
JNOJOKEHHOUN f(x), To cpa3y yBuaum pasnuuue (puc. 19). K
npoaooKkeHHON QyHkuuu npusHak § 1.10 mpumoxum.

}y

e

4
Puc. 19.

B Toukax pa3pbiBa psig CXOOUTCS K cpeaHeMy apudme-
THYECKOMY MpeedbHbIX 3HAaUCHUN ClipaBa U cjeBa,
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T. €. K 3HaueHuto T. Dynkuus f (X) He IpUHAMICKUT Kiaccy
YETHBIX UJIM HEYSTHBIX QYHKIIUIL:

=z
42 =
" = ]

2r 27
a, = 1 jxcos(nx)dx = i[xsin(nx)]ijé” NS J'sin(nx)dx =0
Ty Nz Nz 0

n=1,2,...)
207 2z
b, = 1 Ixsin(nX)dX = —i[xcos(nx)]ﬁjé” L Icos(nx)dx __2
T 0 nx nﬂ'o n

ITostomy s 0 <x <2m

. =s
)@%ﬂqz—l—s—l: (1.39)

Ipym 68 7. Pa3noxuth B psiag Pypbe (yHKUHUIO
f(x)= x° nnsa 0 < x <2m. 3agaya HanoMuHAET mpumep 1, HO
rpadyK MepuoOANICCKU MPOJOKEHHON QYHKIIMH Cpa3y yKa-
3piBaeT Ha paznuyue (puc. 20). K npogomxkennoit GpyHkuuu
npusHak § 1.10 npunoxum. B Toukax paspbiBa psig CXOAUTCS
K cpeaHeMy apu(MeTHyecKOoMY NpEIelIbHbIX 3HauYeHUH
clipaBa M cjleBa, T. €. K 3HaueHuto 2n°. OyHKud

-
R Ny
[PPSR

0| rn i 6n 8r Wn En?

Puc. 20.
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f(X) He MpUHAIIEIKHUT KIACCY YETHBIX UJIU HEUYCTHBIX
byHKIU:

0

==

i

Hurerpupys, 1o yacrtsam, uMeeM:
1 ¢ 2 2
a, :—jx cosnxdx =4/n
/4

2z
b, :iszsinnxdx =4x/n

0

[Tostomy ans 0 < x <2,

7[2 .
X = 3 +4(cosx—7rsmx+...+

2

cosnx szsinnx N
n n

47’ 2 (cosnx smsinnx) 4r? 2. COSNX 2. sin nx
= +4> | - = +4> T ——Ar).
3 n=1 n n 3 =1 N n=1 n

(1.40)

Hp umep 8. Paznoxuts B psiaag Oypre dyHkuuio f(x) =
Ax? +Bx + C s -r < x <m,rae A, B, C — IIOCTOsSHHEIE.
I'paduk f(x) npeacrapiusieT c060it napa60ny. B pesynbrare
NEePUOIUUYECKOTO MPOJOJIKEHHUSA, B 3aBUCUMOCTH OT BbIOOpaA
3HaueHUN A, B u C MOXeT moJIy4aThCs
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yararaiaial

/ol g’ o 7n? Il &

Puc. 21.
HenpepbiBHAs UM pa3peiBHas (ynknus. Ha puc. 21

n300paxeHo TaxoeMpononmeHHe JUJISE HEKOTOPHIX (UKCUP O-
BaHHBIXA, Bu C 0HO OBIJTO OBI TOACYUTATH KODPuI N-

eHThl Pypbe MO COOTBETCTBYIOIUM (opMysiaM, HO B 3TOM
HYXJbl HET, TaK KaK Mbl MOXEM BOCIOJb30BaThCA YXKE U 3-
BGCTHI;}MI/I pPa3NOXKEHUAMH s -T < X < T QYHKIIUI

u x (mpumepsl 1 u 4). Oto naer qas -n < X <7

Hp umep 9. Paszmoxutes B psag Pypre QPyHKUHIO
f(x)=Ax’+Bx+C q1s 0<x<2z. Hapuc.22 uzobpaxena
nepuoaruecku npoaomkenHas f(X) (mpu HekoTopoM BeIOOpE
noctossHHBIX A, B, C). Ilonp3ysck yxe H3BECTHBIMH HaM
paznoxeHuamu 11 0 < x < 2w pyHkuuii x° u x (mpumepst 6
u 7), monyaum gaas 0 < x < 2m:

Puc. 22.

2
Ax2+Bx+C:A3 +B7r+C+4AZ( pn X
n

sin nx

— (4mA - ZB)Z( "
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W3 HammX npuMepoB MOXKHO BBIBECTH 3HAUYCHUS CYMM
HEKOTOPHIX BaXXHBIX TPUTOHOMETPUUYECKUX psAnoB. Tak, u3
(1.39) nna 0 < x < 27w cpa3y mojydyaeM:

Seimxre> (1.41)
< 2 '

N3 (1.39) u (1.40) nns1 0 < x < 27 BBIBOJIUM:
K S
— a=

(1.42)

Tak KaK 4JI€HBI psAAda ciICeBa HC MPEBOCXOLAT 11O a0CcoI0THOM
1

BCINMYUHEC YUCCII F ,TOOTCHOAAa BBITCKACT paBHOMCpHAA

CXOJMMOCTD Psijia, @ 3HAYUT, U HEMPEPBIBHOCTD €0 CYMMBI
st Bcex x (cm. § 1.4). [Toatomy paBenctBo (1.42) cnpase a-
auBo 11 0 < x < 2w, a He Toapko gia 0 < x < 2m.

N3 (1.37)ans -mn<Xx<m HaXOIUM

Soyesmee (1.43)

X 2= (1.44)

N3 (1.38) nnst 0 <x<m

:)%@( 4 (1.45)

N3 (1.36)nna 0 <x<m



=B =2
e =" (1.46)

C noMouipto BelunTaHus U3 pasencrsa (1.41) paBen-
ctBa (1.45) natigem s 0 <x<m:

SSEne (1.47)

g’ 4 | 4

a C MOMOIIBIO BEIUMTAaHUS paBeHCTB (1.42) u (1.46) nns
0<x<m:
—r‘ 1.48
— =2 (1.48)

YcTaHOBJIEHHBIE PABEHCTBA MO3BOJAIOT NOJIYYUTh BbI-
paXXeHus AJd CYMM HEKOTOPBIX YUCA08bIX PANOB.
Taxk npu x =0 u3 (1.42) u (1.44) Haxonum:

S a 1 1 s a 1 1
e TsEaigt 133 HF°

Ilpu x = @w/2 paBenctBo (1.45) naer:
a4 357

1.14. KomnuaekcHas ¢popma psina dypbe

[Tycte dpynknus f(X) uHTErpUpyemMa Ha oTpe3ke [-m, m].
CocraBum qis Hee psag Dypbe:
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f(x) ~ a—z"+i(an COS NX + b, sin nx) (1.49)
n=1
1 T
a, =— '[ f(x)cosnxdx (n=01.2,..)
1 (1.50)
b, == [ f(x)sinmxdx  (n=12,..)
72. -

Bocnosp3yeMcs H3BECTHBIM TOXKIECTBOM Diijepa, CBsI3bl-
BAIOIIMM TPUTOHOMETPUUYECKU E PYHKIIUH C TOKA3aTEIbHOM:

e—Cc@siSid
U3 sToro TOXKIACCTBA JICTKO BBITEKACT, UTO
e . e

cCos=—— S
as———— sip——

HOBTOMy MOXCM HalluCaTh:

enxetn

CcCoOoOBEE—

>

_ & > S g
SIS —=

- =

I[ToncrtanoBka B (1.49) naer:

Ecnu mojoXuTh
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a a,—ih a+Hb

0= G S5 e Cn > (n=1,2,...), (1.52)
TO m-s yacTHas cymma psazna (1.51), a 3Hauurt, u ps-

na(1.49) wmoxeTt OBITH 3allMCaHa TakK:

S saa s (153)

| =" =3 L = = ]

[ToaTOMY ecTecTBEHHA 3aMKUCh

fFR—~SG" (L54)

OTO U €CThb KomniekcHas @opma psaoa D@Pypve 0as
f(x). Cxomumocts psaa (1.54) HY)XKHO MOHUMATh KaK CYy-
I(le-eglé];OBaHI/Ie npenenaa nmpu M-—>o0 CUMMEMPUYHBIX CYMM

KosdpdbunuenTsl Cp, narommecs popmynamu (1.52), HazbI-
BAIOTCS KOMNAEKCHBIMU KO Puyuenmamu Pypve GyHKIIUH
f(x). Jnsg HUX cipaBeAJIUBBI COOTHOILIEH U 5T

A j
G—— .f@ﬁr&l (n=0,*1,+2,.). (1.55)

JleficTBUTENIBHO, B CUJIYy TOXJecTBa Diliepa u Gopmyin

JJIA ITOJTOXUTEIBHBIX HHACKCOB U
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I OTPULIATENbHBIX HHIeKCOB. [loJIe3HO UMETh B BUY, UTO
s Oeticmeumenvrot GyHkuu f(X) KoapPuuumeHTs ¢y U ¢
SIBJISIIOTCS B3aMMHO COTIPSIKCHHBIMU KOMITJICKCHBIMU YK CITa-
MH. D10 cpasy ciaeayet u3 (1.52).

2. CXOAUMOCTD PAJ1OB ®YPBE

2.1. HepaBencTBo becceJisi u ero cieacraue

beckoneunas cucrema AelCTBUTENbHBIX (yHKINH
?,(X), @ (%), ¢,(X), ... @,(X), ... Ha3BIBaeTCA MMONMAPHO

b
OpPTOTOHAJILHOW Ha OTpE3Ke [a,b], eciu J. @, (X))@, (x)dx =0

(n;t m n=01 2, .., m=0, 1 2 ) Bynem Ttarxke mpemmnosna-
raTh BCEr/a, 4To

Cucrema ¢,(x), ¢,(x), @,(X), ... @,(X), ... Ha3pIBaeTCs
b
HOPMHPOBAHHOM, €CITH Iwﬁ(x)dX:l (n=0,1 2, ..).

Besikyto  OpTOrOHaJIBHYIO CHUCTEMY MOXHO HOPMHPOBATh.
DTO 03HAYaeT CleIyrolee: BCeraa MOKHO MMOJ00paTh MOCTOSHHbIE

Hor My coer Moy oo TaK 4TOOBI cucreMa

UoPo (X), @ (X), ..., ,¢,(X), ..., KOTOpas,  OYEBHAHO,  IIO-
MpeXHEMY OPTOTOHAIbHA, ObLJIa Y)kK€ U HOpPMUPOBaHHOU. JleiicTBU-
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TEJIbHO, U3 YCIOBHUS TM% (x)dx = ,unJ.gozdx 1 (n=0, 1, 2, )

1
CHENYeT, HTO [l =~ . Haxonen, BBeneM o0o3HadyeHHE

[ 02 (x)clx

a

b
len | = /I¢§(X)dx (n=0, 1, 2, ...) ¥ HA30BEM 3TO UMCJIO HOPMOI

byaxunn @, (x). Eema cucrema ¢y (X), ¢y(x), @,(x), . 9, (%),
||:1 (n=0,1 2, ..).
[ OCHOBHOM TPUTOHOMETPUYECKON CUCTEMBI

1, cosx, SinX,..., €Os nx, sin nx,... (1.1)
noJjrydacm

b= Jroc=vzz,

.. HOpMHpOBaHa, TO, OUCBUIHO,

lcos nx|| = Icos2 nxdx =~z (n=1,2,...)

-
lsin x| = Tsin2 nx-dx = /7
-7

[ycte f(X) — dyHKIMS ¢ MHTETPUPYSMBbIM KBAJPAaTOM, 3a-
naHHast
Ha oTpe3ke [-m, ] B mpumenenun k cucreme (1.1) Hepa-

BEHCTBO
Beccenst mpuoOperaet Buj

jf (x)dx>(a ) il +Z( aZ|cos nx|” +b?|sin nx|’ )
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V4 2 ©
Wt Ifz(x)dxz(a—z‘)j 27+ (a2 +b?)- 7
g n=1

V3 2 ©
oty [ F200dx> %MZ(aj +b?) (1.2)
T n=1

B Ttakoit uMeHHO dopMe U TPHUHATO MHUCATh HEPABEHCTBO
beccens

JUIs cllydasg OCHOBHOM TPHUTOHOMETPUUYECKOW CHCTEMBI..
CrnenoBarenpHO, ClIpaBeInBa.

Teopema. Psn u3 kBagpaToB Kod(duiinenToB Oypee Jto-
00l (PyHKIMHU ¢ MHTETPUPYEMBIM KBAJpPAaTOM BCEr/a €CTh PsiJi CXO-
nsmmiicst. [Toe3Ho 3aMeTUTh, YTO JJIsl BCAKOW MHOUM (QyHKIIUU (T.€.
JUI BCSKOM (yHKUMM, KBaJpaT KOTOPOW HE MHTErPUPYEM) s U3
KBaJpaTtoB kod(dunnentoB dypre Bcerma pacxoauTcs. ITOro Mbl
JIOKa3bIBaTh HE Oy/leM.

2.2. Mlpexen mpu N—co TPUTOHOMETPHYECKUX MHTerpa-

JIOB
b

b
j f(x)cosnx-dx u I f(x)sinnx-dx . W3 npexsiayiueii Teo-
pPEMBI cpasy CIEAyeT, YTO

lima, =limb, =0 (2.1)

N—oo n—o0
Uig 0001 (QYHKUMH C MHTETPUPYEMBIM KBaJpaToM (I1o-
CKOJIBKY
Oo0UMI WIEH CXOAALIErocs psaa 00s3aTeIbHO CTPEMUTCS K
HYITIO
pu N—0)

a, = 1 j f (x) cos nxdx,
r -

b, = 1 j f (x)sin nxdx,
7[771
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U MTOATOMY

nN—oo

lim I f (x) cos nxdx = lim '[ f(x)sinnxdx =0 (2.2)
Ortcrona cinemyer, 4To

b b
lim [  (x) cos nxcx = lim [ f (x)sin nxdx = 0 (2.3)
n—oo 2 n—oo 3

KakoB ObI HHM ObLT OTpe30k [a,b] (moka MbI mpeamonaraem, uto f(X)
— (yHKIUS ¢ MHTETPUPYEMBIM KBAJIPaTOM, XOTS MO3HEE OT

3TOro TpeOoBaHMS OTKaxemcs). JledCTBUTENBbHO, JIOIMYCTUM C
Havasa, yroa<b<a+27, t.e. b—a <27z U nonoxum g(x)=f(x)
st a<x<b,g(X)=0 min b<x<a+2z. Oyukuus g(X), ode-
BUJHO, C MHTETPUPYEMBIM KBaJpaToM Ha oTpeske [a,a+2m]. IIpo-
JOJKUM € Tepuoimuecku (mo nepuoay 2m ) Ha Bcro ock Ox. Torma
110 CBOWMCTBY MEPUOAMICCKIX (DyHKITHH

a+2r T
I g(x) cos nxdx = Ig(x) cosnxdx orkyna B cuiy (2.2)
a -

a+2x n

lim _[ g(x)cos nxdx = lim jg(x) cosnxdx =0

C npyroii cTopoHbI, U3 onpeaeacHus GyHkiuu g(X) ciemyer, 4To

a+2z b

b
I g(x) cos nxdx :j f (x)cosnxdx u Iimj f(x)cosnxdx =0

Jliist BTOpOro uHTerpaia B (2.3) paccykieHue Takoe xke.
Ecnmu ke b-a> 2m, To oTpe3ok [a,b] MOKHO pa30MTh Ha KOHEUHOE
YHCJI0 YaCTHUUHBIX OTPE3KOB C JJIMHON, HE MPEeBOCXOASEH 27, A7
Ka)XJI0T0 M3 KOTOPBIX CBOWMCTBO, BBIPAKEHHOE paBeHCTBOM (2.3)
yKe mokazaHo. Ho Ttorma 3To CBOWCTBO OyaeT CpaBeIMBO M IS
BCEro oTpe3ka. Temepb Mbl 0CBOOOIMMCS OT TPeOOBAHUS TOTO, YTO
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f(X) ecth QyHKIIHS ¢ HHTETPUPYEMBIM KBAJPATOM.

Y

0 a"'& ] '§ ' ' L=
Puc. 23.

bonee Toro, Mel ocBOOOAMMCS M OT TpeOOBaHUs, 4TO N SB-
JSIETCS  LENBIM 4iCIoM. JIJist 3TOro HaM MmoHamo0sTCs IBE JIEMMBI,
TOBOJILHO OYEBHIHBIE C TEOMETPUUYECKON TOUKHU 3PEHHUSL.

Jlemma 1. Ilycte f(X) HempepoiBHa Ha otpeske [a,b]. Jlns
BcAkoro €>( cymiecTByeT HEMpephIBHAS U KyCOUHO-TIIaaKast (yHK-

s g(X) Takas, 4To |f(X) — g(X)| <¢ (puc.23)
Jlemma 2. Ilycts f(X) abcontoTHO MHTErpUpyeMas Ha OTPE3-

¢ [a,b]. [lnsa Bcsakoro &>0 CylnecTBYeT HENpephIBHAS U KYCOUYHO-
b

riagkas Qynkius g(X) Takas, 4To I |f(X) — g(X)|dX <eg.
a

JoxkazatenbctBo. OyHkius f(X) MOXKET UMETh JIHIIb KOHEY-
HOE YHCIIO TOYEK Pa3pbIBa U, B YACTHOCTH, JHIIb KOHEYHOE YU CIIO
TOYEK, BOJIM3U KOTOPBIX OHA HE OorpaHuueHa. Kamayro Takyr TO4-
Ky 3aKII0YMM B MPOMEKYTOK CTOJb MAJIOW JUTMHBI, YTOOBI CyMMa
uHTerpaioB ot ¢ynkiuu [f(X)| mo 3TMM mpomexyrkam He HpeBOC-
XOMiIa ynucna &/3.

IIycts @(x) — BcomorarenbHas GyHknus, papHas f(X) Bae
YIOMSIHYTBIX TPOMEXYTKOB M paBHas HYIIO BHYTpH UX. D(x)
OrpaHUYCHA, MOXKET UMETh JIMIIbL KOHEYHOE YKCIO pa3pbiBOB H,
OYEBHJIHO,
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b
£
ﬂu@—Qumxs— (2.4)
4 3
Kaxnayto Touky paspbeiBa QgyHkuuu P(X) B CBOIO Ouepelb
3aKII0YMM B CTOJIb MaJbIi TPOMEXYTOK, YTOOBI Ui CyMMapHOM
amuHbl | 3THX mpomexyTkoB BeImonHsUIOCH yenoue 2MI <&g/3
rae M- kakoe-HHOyAp uncio, npesocxoasmee |[D(x)| amst Xe [a,b]
Paccmorpum HempepbiBHYIO (yHkiuio F(X), paBHyro D(X)
BHE TOJIBKO YTO YIOMSHYTBIX ITPOMEXKYTKOB M JIMHEHHYIO BHYTPHU
KaK10ro 13 HuX. OueBUIHO,

b

ﬂ@@)—FUWﬂSZMIS% (2.5)
Hakoner, mo ysemMe 1 cCymecTByeT KyCOYHO-TJIAIKasi He-

IpepbIBHAs
byakiusa g(X), a1 KOTOpOi
£

F(X)—g(x) < a<x<b) orkyma
FOO-00d =5 ¢ ) otxy,

b
“F(X) —g(x)|dx < % U3 (2.4), (2.5) BBITEKAET:
HHM—MWWS

< 'T| f (x) — D(x)|dx + h@(x) — F(x)[dx + 'bﬂF(x) —g(dx <&

YTO U TPEOOBAIOCH JOKA3ATh.
3ameuanue. Ecmu f(X) — abconoTHO HHTErpHpYyeMas 1
nepuoauueckas QyHKuus, TO U QyHKIHIO §(X) MOXKHO B3STh
MEPUOANYECKOM.

Teopema. [l 10601 aOCOTIOTHO UHTETPUPYEMOM (PyHKIIUU
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b b
lim | f(x)cosmxdx = lim I f(x)sinmxdx =0 (2.6)
m—>co m—o0
a a
npuicm M HE npeAmnoIaracTcsd UCibIM.
JoxkazarenbcTBo. [lycTh € — MPOU3BOIBHO Majo€ MOJIOKHU-
TENBbHOE YHUCIIO0. B crity 1eMMBI 2 CyIeCTBYET HENpEpbIBHAS U

KycouHO-TyaKast yHkus g(X), 11 KOTOpoi

b
[T 00— g(ldx < g 2.7)
PaccmoTpum
T f (x) cos mxdx| = j'[f (x) — g(x)]cos mxdx + j' g(x) cos mxdx| <
S_H f(x) — g(x)|ox + fg(x) cos mxadx (2.8)

WHTerpupyst 1o 4acTsM, MOJYdHuM:

b b

jg(x) cos mxdx = l[g(x)sin mx|\ — j g’(x)sin mxdx
a m a

BeipaxkeHue B KBagpaTHBIX CKOOKaxX M HHTETPAl CIpaBa,
OYEBHUIHO, OTpaHHYeHBI. [loATOMY /IS BCEX MOCTATOYHO OOJIBIIMX
3HaYeHUU M

<Z (2.9)

b
J' g(x) cos mxdx 5

a

B cuny (2.7) u (2.9) u3 (2.8) BBITEKaET, 4TO I BCEX
JOCTATOYHO OOJBIIMX M
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b b
f f(x)cosmxdx| <e, Te. rLILTl f(x)cosmxdx =0 Jlns
a a
BTOpOro uHTerpaina (2.6) paccyxnenue To xe. Teopema gokazaHa.
Ecniu ™Mbl BcrioMHUM  GopMyabl Ui KO3(PUILIMEHTOB
®ypre, TO U3 T0KA3aHHOW TEOPEMBI ITOYIUM JIPYroe CIEACTBHE.
Kosghgpuyuenmor @ypwe ons 1toboti abcoriomuo unmezpu-
pyemou hynkyuu cmpemamcs K Hyao npu N—oo. B Hauane napa-
rpaga 3TO CBOICTBO HamMH ObUIO JOKa3aHO AJs (yHKUHM C UHTe-
IpUpPYEMBbIM KBAJpaToOM, a TEIEpb Mbl €T0 PAcIpOCTPaHsIEM Ha JII0-
Oble abcomoTHO HHTerpupyemble (yHkuuu. CremayeT 3aMeTHTb,
YTO MpPHU OTKa3e OT YCJIOBUSA a0COJIOTHON MHTErpUPYeMOCTH (hyH K-
nuu kodduurentsr Oypre yxke MOTYT M HE CTPEMHUTBCS K HYIIO
npu N—oo.

2.3. ®opmyia VIS CyMMbI KOCHHYCOB.
Bcnomorare/ibHbIe HHTErpPaJibl

JlokaxeM, 4To

) 1
1 sin| n +§ u
—+C0SU+C0S2U+...+COShU = —————2— (2.10)
2 . u
2sin—
2
Jlst aTOTO CYyMMYy cliieBa 0003HauuM 4epe3 S. OueBHaHO,

ZSsinE :sing+2cosusinﬂ+2c052usinE+...2cosnusin£.
2 2 2 2 2

[puMeHsist K KaXIOMY MPOHM3BEIACHHUIO CIpaBa (OpMYITy
2cos asin g =sin(a + ) —sin(a - )
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HaueM:

. u .u .3 . u ) . 3
25sin—=sin—+| SiIh—u—-sSin— [+| SIh—u—-Sin—u |+...
2 2 2 2 2 2

+ [sin(n + l}u —sin(n —ljuJ :sin(n + EJU Ortcrona
2 2 2
ofn+3)
sin| n +§ u
S=—~ =7

u qTO "N Tpe6OBaJ'IOCB J0Ka3aThb.
2sin—
2

YCTaHOBUM e€IIie JIBE BCTIOMOTATEIIbHBIE (POPMYITHI.
[IpounTerpuporaB paBeHcTBO (2.10) o oTpesky [-m,7t] u
pa3fenuB pe3ynbTaT Ha T, MOTY4UM:

1 ”sin(n+;]u
1== j—udu (2.11)
7 2sin—
2

KakoBO Obl HM ObLIO N (Tak KaK MHTErpajbl OT KOCUHYCOB PaBHBI
Hyit0). HerpynHo cooOpas3uthb, uto moa unterpaiom B (2.11) ctout
yeTHas (QyHKUMS (CMEHa 3HaKa y U MEHSET 3HAK M B UUCIIUTENE U B
3HaMeHartesne |, CIel0BaTelIbHO, OTHOUICHHE OCTAeTCs HEU3MEH-
HBIM).

[ToaTomy
. 1 . 1
L Sln(n+2ju 1 0sm(n+2]u L
o 2sin— T 2sin— 2
2 2
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2.4. UuTerpanbHas ¢opmyia JJIsi YaCTHOM
cyMMBbI psafa Oypbe

IMyctp f(X) umeer nepuon 27 u
F(X) ~ a—2° +3"(a, coskx+b, sinkx)
k=1
[onoxum:

S (x)— +Z a, coskx+ b, sinkx)

HOIICTaBI/IB CI0JIa BRIpaXeHUs 1715 KodpunreHToB Dyphe,
TTOJTYIHM:

s, (X) = L I f (t)E + Y (cosktcos kx+ sin ktsin kx)}dt =
T k=1

17 1
=—| f(t)] =+ ) cosk(t—x) |dt
- J (){2 2 cosk( )}
WJTU, BOCTIONB30BaBIIMCh (hopmyroi (2.10),

i

Zsmt;
2

sn(x)=%j|zf(t)- dt

B stom HUHTCIpaAJIC MPpOU3BCACM 3aMCHY IIEPEMCHHOIO, I10-
JIOKHB

t-x=u. DT10 macr:

SII’I[I’H—)U
s (x)_—j Fx+u)—— 2/ gy

-7-X 25inE
2
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sin(n+2Ju

Oynxiun f(x+u) g —————
2sin—
2

Mo NEPpEMCHHOMY U UMCIOT

Iepuon 2w (cMm. paBercto (2.10)), a orpe3ok [-7-X,7-X]
uMeeT JTMHY paBHYI0 27. ClieIoBaTeIbHO, HHTETPA 110 3TOMY OT-

PE3Ky COBIAJaeT ¢ HHTerpajioM mo orpesky [-z,z] (ecm. 1.1 . 1), u
MBI [TOJTy4aeM:

L sin(n+ju
sn(x)=;If(x+u)—2du (2.13)

2sin —

Dta uHTerpaibHast GopMysa st YaCTHOM CyMMBbI psiia Dypbe
IMMO3BOJIMT HAM YCTAHOBHUTD YCJIOBHS, IPU KOTOPBIX MOXKET GBITI)
rapaHTHPOBaHa CXOAMMOCTh psaa K GyHkiuu f(X).

2.5. IlpaBas u JieBasi NPOU3BOAHBIE

[penmnonoxum, uro ¢yakius f(X) HempepblBHA B TOYKE X
crpaBa, T.¢ f(x+0)=f(x). Ckaxem, uto f(X) umMeer B Touke X mpa-
BYIO IIPOM3BOIHYIO, CCITU CYIIECTBYET KOHEUHBIN TIpe/Ies

lim f(“”j —T) ¢ (2.14)

u>0

Ecnu xe f(X) HenmpepbiBHAs B Touke x clieBa, T.¢. f(X-0)=f(x)
U CYIIECTBYET KOHCUHBIN Mpee
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lim f(“uj_ T _t ' (2.15)

TO cKaxkeM, uTo f(X) mMeeT B TOUKe X JICBYIO IPOU3BO/IHYIO.

y=ri)

Puc. 24.

14 !

B cimyqae xorma f, (x)=f_(X) dynxus f(X) B Touke x
UMeeT, OOBIYHYIO MPOM3BOJHYIO, YHMCICHHO PaBHYIO OOIIEMY 3Ha-
YEHHUIO TPABOM M JIEBOM MPOM3BOAHBIX, T.¢. KpuBas Y=f(X) B Touke
¢ aOCITUCCOM X MMEET KacaTelIbHYIO.

! ’

B caydae xe, xorma f, (x) = f_(X), HO Ta m apyrag npo-
M3BOJIHBIC CYIIECTBYIOT, KpuBas y=f(X) mmeeT «m310M», 1 MOXKHO
TOBOPUTH O HAJIWYMU NPAaBOW U JIEBOW KacaTeNIbHBIX (Ha puc. 24
yKa3aHbl cTpenakaMu). IlycTs Terneps x ecTh TO4ka pa3pbiBa IEPBOIo
pona.

Torma, ecnu cymecTByeT KOHEUHBIN mpenen (Bmecto (2.14))

lim - £, (X) (2.16)
u>0

to f(X) B TOUKE X MMEET MPaBYIO MPOU3BOIHYIO.

im f(x+u)—f(x+0)
u

Ecnu ke cymecTByeT KoHEUHBIN mpenen (Bmecto (2.15))

lim f(”“); Tx=9) _ ¢ "(x) @2.17)

u—0
u<0

59



TO MBI TOBOPUM O HAJIMYHUU B TOYKE X JIEBOU MTPOU3BOIHOM.
CymecTBoBaHME MPaBOM MPOU3BOAHOM B TOYKE pa3pbiBa
X=X PaBHOCHJIbHO CYIIECTBOBAHUIO KacaTeJIbHOM NpU X=X K Ipa-

¢uxy pynkuun y = f,(x), copnanaromeii ¢ f(X) a1 X>xo u paBHOil
Sf(xo+0) mpu x=xo (pynxuus f,_(X) ompeneneHa, Takum oOpasom,
mank s XZ Xo ). ToYHO Tak e CYIECTBOBAHUE JICBOI MPOMS3-
BOJIHOW NpH X=Xo K rpaduky ¢yaxuun Yy = f_(X) coBmamaromeii c
f(x) ms x<0 wu paBuoit f(xo — 0) mpu x=xo (byrkuus y = f_(X)
ompenenera XS Xo ). Tax, st QyHKIHH
— X3 x<1,
f(X)=<0 ona x=1,

\/; ona X >1,

£

Puc. 25.

rpaduk KoTopoit n300paxkeH Ha puc. 25, B TOUke x =/, ABJISIOLICICS
TOYKOH pa3phiBa, OYEBUHO, UMEEM:

f+(x):\/; ons X =1,

f (x)=—x%ona x<1,
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o= =] =2
H, CIIEOBATENILHO, 2.X 2
3

CooTBeTCcTByIONIME KacaTelbHbIe M300paKeHBI Ha YepPTExKe
B BU/JIC CTPEJIOK.

2.6. locTaTouHOE yCJI0BHE LISl CXOAMMOCTH psija
dypbe B TOUKe HeNPePbIBHOCTH () YHKIIMH

Mbl noKakeM, 4TO B KaXJOW TOYKE HEMPEPBIBHOCTH
abcomoTHO MHTEerpupyemoin dyukiuuu f(X) meproga 2w, B KOTOpOi
f(X) obnamaet mpaBoii U JI€BOW MIPOU3BOIHBIMU, Psifi Dypbe CXOIUT-
cst 1 uMmeeT cBoelt cymmoit f(x). B wactaoctu, ato byner umers me-
cro B Kaxaoi Touke auddepenmupyemoctu f(X).Ilycts x ecth TOU-
ka HerpepbiBHOCTH (QyHKuuu f(X), B KOTOpOH CYIIECTBYIOT IpaBas
U JieBas pou3BoiHbIe. Hy:KHO 10Ka3aTh, 4TO

. sin[n+;ju
j f(x+u)——"du = f(x)
- 23in5

.1
lim=

nN—o 77

(2.18)
N3 (2.11) cnenyer:

o)
sin n+E u
——d

2sin —
2

f(x):%]if(x) u

[ToaTomy BMecTo (2.18) MOXeM HamucaTh:
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sin(n+lju
]—Zdu =0 (2.19)

17
I|m—J.[f(x+u)— f(X)
n—oo 72' -
- 2sin—
2
3amaya, TakuM 00pa3oM, CBeJach K JIOKa3aTEIbCTBY ATOTO
paBCHCTBA. Hpex(ne BCCIro YCTaHOBUM 8.6COJ'II-OTHyIO HUHTCIpUpPYyC-

MOCTb

OyHKIUU
¢(u)=f(x+u)—uf(x)= f(x+u3—f(x). u (2.20)
2sin—

ZsinE
2

(x ukcupoBaHo).
Tak kak f(X) B Touke x oOyamaeT mpaBoil M JIEBOW MpPOU3-
BOJIHBIMH, TO OTHOILICHHE
f(x+u)—f(x)
u
OCTaeTCs OTPaHMYCHHBIM TIpu U— (). HBIMU CIOBaMH, CYIIIECTBYET
yucio 6>0, Takoe, 4TO

(2.21)

|f(x+u)—f(x)|£M = const
u

misi—oO <U < 0. Tak kak mpu U#( 3TO OTHOIICHUE MOXKET UMETh
pa3phIBBI JHIIB TaM, rae ux umeet f(X+Uu) (a ata pyHkius, Oyaydn
a0COJTIOTHO HHTETPUPYEMOM, ITOCKOJIBKY a0COIFOTHO HTErpUpyeMa
¢ynkius f(X)0 MOXKeT UMETh JIMIIL KOHEYHOE YHUCIIO PA3PHIBOB), TO
OHO TMPEJICTaBIIAET COO0M aOCOMOTHO UHTETPUPYEMYIO Ha [ - O, O].
Bue otpeska [- 0, 8] otHomeHue (2.21) mpencTaBisieT co-
0ot mpou3BencHUE a0COIOTHO MHTEerpupyemon Qynkiuu f(x+u)-

1
f(x) Ha orpannveHHyr0 QyHKUHMIO — (TaK Kak U3 |u| > J cremyer,
u
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1 .
4T0 |~ < =) U MO3TOMY siBIsieTcsl (DyHKIMEH aOCONIOTHO UHTETPHU-

u
pyemoii. Utak, otHomenue (2.21) nmpeacrasisier cobor aOCOTOTHO
UHTETpUpyeMyro (yHKIHIO KaK BHYTPH OTpe3ka [ - 0, O], Tak U BHE
sToro otpeska. CrenoBarenbHO, aOCOTIOTHAsT WHTETPUPYEMOCTD
uMeeT MecTo U Ha [ - t, ). C npyroit CTOpoHBI (PyHKIIHS
u
2sin - (2.22)
2

HernpepbiBHA pU U£Q U cTpeMuTes K equnuie uist U—0).

CrnenoBarenbHO, OHA MPEACTABIAET COOOW OrpaHMYCHHYIO
HEMPEphIBHYIO (YHKIHUIO (HEe ompeneneHHyro ymib s U=0). Ta-
kuM obpazom @(U) (cM. (2.20)), mpeacTasisisi OO0 MPOU3BEACHUE
abconmoTHO nHTErpupyemMon yHkuuu (2.21) Ha OrpaHUYCHHYIO

¢bynkuio (2.22), cama gBISETCS aOCONIOTHO HMHTETPUpYe-
moi. Ho

i sin(n +]u .
JIFOer0) = FO0]——22du = Iﬂgo(u)sin(n +%]udu

-z 2sin—
2

[TosTomy B cuity (2.6) oTciozia ciemyeT paBeHCTBO (2.19).

2.7. loctaTo4yHOoe ycJI0BHe VI CXOAMMOCTH psiia Pypbe
B TOUYKe pa3pbiBa () yHKIHH

Jlokaxem, 4ToO B Kax/10i TOUKe pa3pbiBa aOCOIIOTHO UHTE-
rpupyemoii ¢yrkiuu f(X) mepuoma 2 m, B kotopoii f(X) obmamaer
IIpaBOM M JIEBOW NIPOU3BOIAHBIMU, psan Dypbe CXOOUTCS U UMEET
CBOEH CyMMOM YU CJIO

f(x+0)+ f (x—0)
2

63



B cuny (2.13) Hy)KHO J0Ka3aTh paBEHCTBO

sm[n+)u f f
lim = jf(x+u) 2)_ gy = 1x+0)+ F(x=0)

e 2sin— 2
2
Z[J'IH 9TOro JO0CTATOYHO YCTAHOBUTH, YTO
sm(n +2j o
lim = j f(x+U) du = 1 x+0) (2.23)
n—oo 71' - 2
2sin—
2
sm(n +2Ju o
lim = j f(X+u) ' du= =0 (2.24)
o ZsinE 2

Ms1 orpaHMYMMCS JJOKa3aTeIbCTBOM paBeHCTBA (2.23), Tak
Kak Juis (2.24), paccykJIeHHE HUYEM CYIICCTBCHHBIM HE OTIINYACT-

csl.
Beuny (2.12)
¢ 0 1* sin(n + ;]u
M:-j f(x+0)—— =/ duy
2 g 2sin—
2
[TosTomy BMecTO (2.23) MOXKkeM J10Ka3bIBaTh PABEHCTBO
. sm(n + ju
.1 2
lim = [[f(x+u) - f(x+0)]—udu =0 (2.25)
B 2sin —

CHavana yCTaHOBHM aOCOJIIOTHYIO HMHTETPHPYEMOCTh Ha
orpeske [0,7] QyHKIIMU TIepeMeHHOTO U:
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_ f(x+u)—f(x+0) _ f(x+u)—f(x+0) u

o(u)
2sin ¢ u 2sin ¢
2 2
Tak xak f(X) B Touke x 00s1a1aeT IPaBO IPOU3BOIHOM, TO
OTHOILICHHE
f(x+u)—f(x+0) (u>0) (2.26)
u

octaercs orpaHudeHHBIM npu U—0). OTcroma (kak 1 ISl OTHOIIIE-
Hus (2.21) MBI genaeM 3aKIIOUEHHE O ero aOCONIOTHOM WHTETpH-
u

pyemoctu. Ilockonbky dynkuns o, U orpannuena, To abeo-
2

JFOTHO MHTErpupyemMoi Ha [0,7] okassiBaeTcs U QyHKus @(U).
Ho

" sin(n +]u ,[
[I[F (xru) = (x4 0)]——22du = j¢(u)5in(n+£}udu
0 Zsin: 0 2

1, 4TOOBI OYIHTH (2.25), ocTaeTcsi NpUMEHHUTH (2.6).

2.8. O6001Ie HHE 10CTATOYHBIX YCJI0BMIA
cxopumocT psana Pypee

AHaJIM3 J10Ka3aTesibCTB, MPUBEJAECHHBIX B 2.6 U 2.7, mpuUBO-
JMT K BBIBOY, YTO CYIIGCTBOBAHWE MPABOM U JIEBOW MPOU3BOIHBIX
B TOYKE X MOTPeOOBAJIOCH JUIIL JJIsI TOTO, YTOOBI MOXKHO OBLIO
YTBEPXKAaTh aOCONIOTHYIO HHTETPUPYEMOCTb OTHOIICHHS

f(x+u)+ f(x) (2.27)
u
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B 2.6 (cm (2.21) m nmanee) u abCONMIOTHYIO MHTETPUPYEMOCTh OT-
HOILICHU

f(x+u)—f(x+0) (u
u

f(x+u)— f(x-0) (U <0)
u

> 0)
(2.28)

B 2.7 (cM. (2.26) u manee), Tae X (UKCUPOBAHO M OTHOIICHUS pac-
CMaTpHUBAIOTCS Kak (QyHKIMHU IepeMeHHoro U. CiienoBaTenbHO, ec-
JU MBI 3Ty aOCOJIOTHYIO MHTETPUPYEMOCTh MOTpedyeM (OTKa3aB-
IIMCh OT YCJIIOBUS CYIIECTBOBAHUS MPAaBOM U JIEBOM MPOU3BOJIHBIX),
TO MOJyduM OoJjiee 00ImMil mpu3HaK cxoauMocTu: Psg dypre adbco-
JTr0THO MHTerpupyemoi dynkiuu f(X) mepuona 2m cxomures k f(x)
B KaXJI0Ml TOYKEe HENpPEphIBHOCTH, B KOTOpPOW OTHouIeHue (2.27)
IpeJCTaBIsAET cO00M aOCOIIOTHO MHTErpUpPYeMyO0 (yHKIUIO Iepe-
f(x+0)+ f(x-0)
2

B Ka)X/10i1 TOUKE pa3pbiBa, B KOTOPOH aOCOIIOTHO HHTETPUPYEMBI
o0a otHomeHus (2.28).

MEHHOTO U, 1 CXOOUTCS K 3HAYCHUIO

2.9. Cxonumoctsb psaja Oypbe 1J1s1 KYyCOYHO-TJIAAKOM
(¢ yHKIMH (HenpepbIBHOM WJIN Pa3pblBHOMN)

Kak cnencrBue 2.6 u 2.7 MOXKeT OBITh MMOTyYEHA.

Teopema. Eciu f(X) — abconomno unmezpupyemas gpynryus
nepuoda 2w, KycouHo 2naokas Ha ompeske [a,b], mo pao @ypwve
CXO0UMCs 0111 8Cex X, YOoenemeopsiiouux yenosuro a<x<b, npuuem
eco cymma pasna  T(X) 6 mouxax nenpepvienocmu u pagna 3na-
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f(x+0)+ f(x-0) .
YeHUuIo 5 8 MOUKax pazpvlea (0 3HAYeHUll X =a u
x=b exooumocms moscem ne umems mecma).

Teopema ecTh MPOCTOE CIEACTBHE TOTO (Pakra, 4TO Kycou-
Ho-mmafkas Ha [a,b] dyukums (em. 1.9 ) mig kaxgoro x, a<x<b,
00s13aTeNIbHO UMEET MPaBYIO U JICBYIO MPOU3BOAHBIC (M HAM OCTa-
€TCsl IPUMEHUTH Npu3Haku 2.6 u 2.7). Ins touex quddepeHnupy-
eMocTd (DYHKUHH 3TO SICHO. [[71s1 yIioBOM TOYKM C MOMOIIBIO M3-
BecTHOU (hpopmynbl Jlarpanxka Mbl IOTydaeMm:

. f(x+u)=f(x) ..
lim ( ) -1 ):Ilmf’(g):f'(x+0)

u—0 u—0

u>0 u>0

Tak Kak X<&<X+U, u, cieqoBarensHo E—X, £>X.
[Togo6HBIM 00pa3oM IS TOYKH pa3pbiBa PYHKIIUU:

im f(x+u)—-f(x+0) =!,iﬂg £(£) = £(x+0)

li
u—0
u>0 u u>0

WHpIMU cIOBaMU, U B YIJIOBOW TOYKE, U B TOYKE pa3phiBa
uMeeTcss mpaBas npou3BoaHas. CylecTBOBaHUE JICBOM MPOU3BOI-
HOM yCTaHaBIIMBAETCS aHAJIOTHYHO. YTO KacaeTcs KOHIIOB OTpe3Ka
[a,b], To U3 ycnoBus Teopembl cieayeT CyliecTBOBaHHE JIUIIb Ipa-
BOH MPOM3BOJHON VI X=da W JIWIIb JCBOW MPOU3BOAHOM TSt X =D.
CnenoBarenpHO, pu3Haku 2.6 U 2.7 Mbl 31€Ch MPUMEHSITh HE MO-
xeM. Ecmu orpesok [a,b] umeer mmny 27, TO J€TKO COOOpa3HTh,
yro f(X) okaseiBaeTcs KycoUHO-IrIaakoi Ha Beei ocu OX (ITOCKOIIb-
ky f(x) — mepumogmueckas Qynkus). B stom ciydae psg Dypbe
OKa3bIBACTCS BCIOAY CXOASIIMMCS. MBI MOJYIHIIH TO, YTO COCTaB-
JISeT TMEePBYIO 4YacTh Mpu3Haka, copmynuposanHoro B 1.10. Bro-
past 4acTh, Kacaromascsi abCOIIOTHONW ¥ PaBHOMEPHON CXOJIUMOCTH
psnma B cirydae HenpepbiBHOCTH f(X), Oyaer mokazaHa B CIIEAyOIEM

naparpade.
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2.10. AbGcosiloTHAsE 1 paBHOMEpHAasi CXOAUMOCTH psija Dypbe
HeNpepPbIBHON M KyCOYHO-TVIaAKol (yHKIUU nepuoaa 2w

ITyctep f(X) — HempepbiBHAsS W KycOUHO-TIaaKast (QYHKIHS
nepuozaa 2n. IlpousBoanas f'(X) cymecTByeT BCrOdy, 3a MCKIHOUEC-
HHeM yriIoBeIX Touek rpaduka f(A), W sBIsAeTCS OrpaHUYEHHON
¢dynkuueii(cm. 1. 9). Iloatomy, npumensst GopMyily HHTETPHUPOBa-
HHUS 10 YaCTAM (YTO 103BOJUTENBHO BBUY 1.4 , mMOTyduM:

a, = 1 _[ f (X) cos nxdx = i[f (x)sinnx[~"_ 1 '[ f'(x)sin nxdx,
T m m =,
1% . 1 xr 1 e,

b, == J' f (x)sinnxdx = ——[f (x)cosnx[\~"_ +— I f'(x) cos nxdx,
T m m =,

[lepBrie WwieHHI cripaBa B 00enX GopMyliax oOpaImaoTcs B HYIb.
CrnemoBaTenbHO, et 0003HAYUTh Uepes a'n u b’y Koaddu-
ueHTbl Oypbe ynkiuu f'(X), To Haiinem
b’ a’
a,=—",b,=—" (n=12,..) (2.29)
n n

n n

Tax kak f'(X) orpammuena wu, CII€IOBaTCIIbHO, SBIISCTCS
GyHKIIMEH C MHTETPUPYEMBIM KBaJpPaToM, TO Pl

S (a2 +b7) (2.30)
n=1

CXOOUTCAL. PaCCMOTpI/IM OYCBHUJIHBIC COOTHOIICHUA

!

2
2la
[ i
n n n
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!

? 2l
(b’ —ij e | I
n n n

n

OTKYyJa

a/| |[o

—”+M£1(a,’12 er;2)+i2
n n 2 n

CnpaBa 31ech CTOUT 4ieH cxomsmerocs psina. [lostomy u

pian

= (laj] b}
> | ==+ |, Ho Tora u3 (2.29) cnenyer.
= N n

Jist mo6oi HenpepbIBHOW KyCOYHO-TJIaAKOW (DYHKIIUU P

3 (a,|+[o,) (2.31)

n=1

CXOJIUTCSL.

3ameuanue. J[ns mokazaTenbcTBa cXoauMocTH psga (2.31)
MBI HCTOJIB30BAIH JIMIIL cXomuMocTh psaa (2.30). [locnennee Oy-
JIeT UMETh MeCTO ISl HenpepbiBHOU (QyHkuuu f(X) meproaa 2w Bce-
raa, xorna f'(x) ects ¢ynkums ¢ mHTerpupyeMsiM kBaaparom (f'(x)
MOJKET M HE CYIIECTBOBATh B OTIENIBHBIX Toukax*)). [loaTomy cxo-
TUMOCTB psiga (2.31) uMeeT MECTo U B 3TOM ClTydae.

Teneps oOpaTumM BHUMaHUE HA OYEHb MPOCTOM, HO U OYEHB
BaXHBIN (pakT. [lycTh 1aH HEKOTOPBIN TPUTOHOMETPUUIECKUI PSIT

(jl—z(’jti(an cos nx + b, sinnx) (2.32)

n=1

(3apaHee He TPEIITOJIAraeTCs, YTO ITOT PSI SABIIIETCS psigoM Dypre
TSt Kakoii-mn6o dyrkium). Torma numeer Mmecto

Teopema 1. Ecau pso ann|+|bn|) cxooumces, mo pso (2.32) cxo-
n=1
oumcs abconomHo U pAGHOMEPHO U, Cle008AMENbHO, UmMeem He-
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NPepulBHYI0 CyMMY, Ol KOmopou seisemcs psioom Dypve (cm.
Teopemy 1 1.6).

JlefcTBUTEIBHO,

|a, cosnx+b, sinnx| < a, cosnx + b, sinnx| <|a,| +|b,

Takum o06pa3om, uwieHbl (QyHKIMOHAIBHOTO psiga (2.32) mo
aOCOJIOTHOW BENTMYMHE HE IMPEBOCXOAAT WICHOB CXOJSIIECTOCS Psi-
na. OTcroga W BBITEKACT CHPaBEAJIMBOCTh HAILECTO YTBEPKIACHUS
(em. 1.4).

W3 noxazaHHOro BBITEKAET

Teopema 2. Pao @ypve HenpepvigHOU KyCOUHO-2NAOKOU
@ynrxyuu f(X) nepuooa 2m cxooumces k et abconomHo u pasHo-
MEpHO. MbI noyduim BTOPYIO 4acTh npu3Haka B 1.10 . 13
ATOW TEOpPEMBI CIEAYeT, YTO HEMPEepPhIBHAS W KyCOUHO-TJIAIKAS
byakmus f(X) neproaa 21 A GOMBIIMX N TOKHA XOPOIIO arpOK-
CHMHPOBAThCS YaCTHBIMU CyMMaMu Sp(X) ee psima @ypbe (MMEHHO
K 9TOMY U CBOJUTCS CYIIIHOCTbH MOHSATUS PAaBHOMEPHOW CXOIMMO-
cru) —cm. 1.4). JInst HILTIOCTpaIuM 3TOTO PACCMOTPUM TTEPH-
OJTMYECKYI0, HEMPEPBIBHYI0 U KyCOYHO-IIajaKyto ¢yakauio f(X),
copnaaamomyo ¢ |X mii—z <X<sx. B npumepe 2 Hamu ObLIO
YCTaHOBJIEHO, YTO

T 4 COS3X  COS5X
f(X)=-——|CcOSX+——+——+...
2 3 5
Ha puc.26 wu3o0paxken rpaduk f(X) m dacTHOW CymMMBI ee
pana
Dypbe
Cos3X  CoS5x
32 + 52
yXe npu N=5 rpadguku BecbMa OJNM3KO MPUIIETAIOT APYT K APYTY.

T 4
S: (X) =—=——| cos X + . MBI BHIUM, YTO
° 2
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—i g

Puc. 26.

Oboowenue meopemut 2: Psin @ypre HenpepbIBHON (DyHK-
uu f(X) mepuona 2w, mpou3BoaHAS KOTOPOH €CTh (QyHKIIHS C MHTE-
TPUPYEMBIM KBaJpaTOM (IOCIEIHSI MOXKET M HE CYyIIeCTBOBATh B
OTJCIBHBIX TOUKA), cXoauTcs K f(X) aOCOIFOTHO U paBHOMEPHO.

2.11. PaBHOMepHas cxoquMOCTh psiga Dypbe
HenpepbIBHON (pyHKUMHN nepuoaa 2w, odaaaaronie i
a0COJIIOTHO MHTETPUPyeMOH MPON3BOIHOM

Jlemma 1. Tlyctes f(X) — HenpepbiBHas (yHKIHS Tepuoaa
21, oOnamaromiasi abCOJMIOTHO WHTETPUPYEMOM TPOM3BOJIHON (T10-
CIICHSII MOXKET M HE CYIICCTBOBaTh B OTICIBHBIX TOYKaX, a
o) (@ <u< B)- byHKIUSA ¢ HEMPEPHIBHON Mpou3BoaHOM. To-
rJa, KakoBO ObI HU OBLI0 uncio €>0, st BceX 3HAUCHUH X
CIIpaBEIUIMBO HEPABEHCTBO

ff(x+u)w(u)sin mudu| < & (2.33)

a

JUIIb TOJIBKO M JOCTAaTOYHO BEIHKO (m HC NIpCArojgaracTrcsa 1me-

JIBIM).
JloxazatenbcTBO. IHTErpMpOBaHUE MO YaCTAM JAET:
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s
j f (x+Uu)w(u)sinmudu = %[— f (x+u)w(u)cosmul'™” +

+lf|z[f (x+u)e(u)]’ cos mudu (2.34)
m a

Cxo0Oka B mpaBOM 4acTH, OYEBUIHO, OTpaHHYeHA. Tak KaK

'
[f (x+W)e(u)] = f'(x+u)o)+ f(x+u)o'(u)  (2.35)
TO OTCIOJIa JIETKO BBITEKACT U OTPAHUYCHHOCTh WHTErpaja
cripaga.
JleicTBUTENbHO, BeMYMHBI w(U) u f(X+U)w'(U) orpannye-
HBI U, CJICZIOBATEIILHO, 110 a0COFOTHON BEJIIMYMHE HE IMPEBOCXOSAT
HekoTopo# nocrossHHOM M. Ho Toraa B cuiy (2.35)
B , B
I[f (X+Uu)o(u)] cos mudul < M_[|f’(x+u)|du +M(B-a)<
a

a

x

<M “ f '(u)|du +M(f —a)=const (Mbl BOCIOJB30BAINCH

“x

nepuonuuHocTeio Qyrkuuu f(X), a 3Hauurt, u [f'(X)| u npeamnonoxu-
m, 4T10 [ —a <27 ; nocienHee, BIPOYEM HE CYLIECTBEHHO, HO
JOCTaTOYHO HaM JIJIsl JaJIbHEHILEero).

Pa3 ckoOka u unTerpan B (2.34) orpaHUuYEHBI, TO CIIPaBe -
JTUBOCTH (2.33) CTAaHOBHUTCS OYEBHIHOM.

Jlemma 2. MuTerpan

(2.36)

:'“[ sin mt
025|n—
2

orpaHuyeH npu 1oboMm Mu —7 <U<7x. JlelicTBUTENLHO,
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o'—.c

j'a)(t)sin mtdt, (2.37)

1

1
o(t) = -=.
rae mojoxeHo w(t) [Tpumenenue npasuia Jlonurans

2sin—
2
MO3BOJISIET yoenuThess B ToM, 4To ®(t) 1 o'(t) HempepsIBHBI (ecu

npuHate ®(0)=0).  Bropoit unrerpan B (2.37), oueBUAHO, OIpa-
HuyeH. C Ipyroil CTOpoHbl, MOJTOXKUB ME=X, MOJIydUM:

J“ sin mt dt-jﬂ sin x )
0 t - 0 X X, a OTOT IOCICAHHWHU HHTErpajl, KakK

JIETKO CO00pa3uTh, HE TPEBOCXOIMT IIIIOMIAIN TIEPBOM apKU KPUBOK
_ sinx
- X (pI/IC. 27)

£

=

9]

Puc. 27.

Tem cambIM OrpaHuueH Kaxablii HHTerpai cripasa B (2.37).
CnenoBatenbHO, orpaHnyeH U nHTerpain |. MoxHo nokas3ath
TEOPEMBI:

Teopema 1. Pso @ypve nenpepwienoii ¢pynxyuu f(X) nepuooa
2m, obnaoaroweli aOCONIOMHO UHMeESPUPYeMOU NPOU3B0OHOU (No-
CNIeOHss MOJHCEM U He CYUecmeo8ams 8 OMOeIbHbIX MOUKAX), X 0-
oumcs k T(X) pasnomepro ons ecex x .

73



Teopema 2. Ilycmo f(X) — abcomommno unmeepupyemas
@yuryus nepuooa 2w, HenpepvigHas u 001a0arwaAs A6COIIOMHO
unmez2pupyemotl npou3eo0Hol Ha Hekomopom ompeske [a,b] (npo-
U3600HASL MOJICEM U HE CYUWECmB08aMb 8 OMOENIbHbIX MOYKAX).

Torna psim @ypbe cxomutcst K f(X) paBHOMEpHO Ha BCIKOM
otpeske [a+d,b-8] (6>0). B mpumepe 5 1.13 6bu10 10Ka3aHO, YTO

sin3x sin5x N sSin 7x
5 7

f(x)=sinx+

(s x£km (k=0,+1,%2)),

a B 7tux Toukax f(x)=0. Ha puc. 28 u3o0pakeHsl rpaduk
f(X) u rpaduku yacTHBIX cyMM ee psaa Dypee:

S, (X) =sin x,s,(x) =sin X+ sm33x ,

sin3x sin5x . sin3x sin5x sin7x
—,8;(X)=sinx+ c + -

Sg (X) =sin x+

YepTex SICHO TOKAa3bIBACT PABHOMEPHBIA Xapakrep IpH-
OyKeHHsI 9acTHBIX cyMM K f(X) Ha oTpeskax [-+d,- 8] u [ 8,m- 8] (
6>0), na koropsIx f(X) — rmaakas GyHKIHSA. 3aMETHM, YTO YUCIIO
O MOXXET OBITh B3ATO CKOJIb YTOJTHO MaJIbIM (HO OTJIMYHBIM OT HY-
JI51).

[Ipu >TOM HETPYAHO COOOPA3UTH, YTO C YMEHBIIICHHEM O JUIS
xoporiei anmpokcumanuu f(X) Ha yIIOMSIHYTBIX OTpe3Kax (TOYHee
TOBOPSI, IS allMPOKCUMAIINY C 33JJaHHOM CTEMEeHbIO TOYHOCTH ) HaM
MPHUIETCS OpaTh YaCTHBIE CYMMBI C OOJIBIIMMU HOMEPaMHU.
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2.12. Ilpumepsl pasnoxeHus B pag Pypbe
HEOrPaHMYEHHBIX (yHKUMIA

[Mpumep 1. f(x) = -In|2 sin x/2|. Dta pyrkuus —

YyeTHas U oOpamaeTcss B 0ECKOHEYHOCTh sl X=2k7
(0,£1,£2,...). [Nokaxxem, uro f(X) umeer nepuon 2.
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JleficTBUTEIBHO,

. X+2 . (X . X . X
2sin ML 2sin| —+ 7 | =|—2sin—|=|2SIn—
2 2 2
Y
| :
i -n % i :1 F
- \_/al D SR S, e
Puc. 29
[TosTomy u
. X+27 . X
In|2sin =In ZSInE, YTO ¥ JOKa3bIBaeT MMEPUOINY-

HocTh f(X). UroObl mokasate mHTerpupyemocts f(X), mocrarouno
YCTaHOBHTB 3TO Jyisi oTpe3ka [0,m/3].
OueBHIHO,

7l3

—_[In

23in5
2

713 X
dx =— _[ In(Zsin Ejdx =

&

X x=rl3 /3 XCOSK . 13 XCOSE
=—| xIn(Zsin—J + I 2 dx=g|n(25in—j+ I 2 dx
2 2

. X . X
X=¢ ¢ 2sin — ¢ 2sin —

(3H8.K a6COHIOTHOﬁ BCIIMYHUHBI MOXHO OT6pOCI/ITL, TaK KakK IJId
O<x<n/3, 2 sin X/2>0).
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ITpu €—0 Benumunna € IN(2 SN €/2) cTpeMUTCs K HYIIO (B Y4eM
JIETKO YOEMUTBhCS ¢ MOMOIIBI0 M3BECTHOTO mMpaBuia Jlomurans), a

X
713 XCOS —
OoCIeTHUN HHTETpaJI CTPEMHUTCS K HUHTErpally j — 4 dx

. X
0 2sin—
2

OYCBUIHO I/IMCIOH_[eMy CMBICJI, TaK KakK l'IOI[I)IHTeI‘paJ'IBHa}[ (byHKI_II/ISI

=1).

orpanuueHa (Beaplim
x—0 .
2sin—
2
73

Takum oOpaszom, Iirrg j In dx cymectByer, a 310 H
&>
&

Zsin5
2

o3Hauyaer mHTerpupyemocts f(X) Ha orpeske [0, m/3]. TTockombKy
Ha 3ToM otpeske f(X) coxpanser 3Hak (cMm. puc. 29), TO HHTErPH-
pyeMoCTh — abCOITIOTHASL.

B cuiy yernoctu f(X)

b,=0 (n=12..),

a, = —E.[In(ZSin ljcos nxdx (n=022,..)
Ty 2
Hpe>1<)1e BCCTO BBIYUCIIMM MHTETPAJI

I=j|n Zsinz dx=_[ In2+|nsin5 dx=7zln2+jlnsin§dx
0 2 0 2 0 2

[Tocnemuuit maTErpan o6o3HauuM yepes Y.
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TloncranoBka x=2t JAeT:

w12 wl2 t t
Y :ZI Insintdtzz.[ In| 2sin—cos— |dt =
3 3 2 2

72 7l2

:ﬂln2+2I Insinldt+2j Incosldt
0 2 0 2

IloncranoBka t= m-U maer:

7l2 V.4 V.4
ZI Incosidt:ZJ. Insinﬂdu:zj. Insinldt
3 2 2 2

7l2 7l2

[Mostomy Y=n In 2+2Y, orkyma Y=-m In 2.

Orcroma B cBow ouepend cueayer, uto |=0, a 3Hauut, u
ap=0.

Jlanee, MHTErpUpPOBaHUE 10 YACTSIM JIAET:

X=r
X)) .
In| 2sin = |sin nx 2 sin nxcosi
2 1
a, =2 e
7 n a 23in§

x=0

. X
7z SINNXCOS —
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(mepBBIN WieH B (UTYPHOW CKOOKE paBeH HYIIO, TaK KaKk HEOIpe-
JeNIEHHOCTb, Moydatomascs mpu Xx—0, JErko «pacKpbIBaeTCs» MO
npasuity Jlonurans).

Ho

. X 1y . 1 . 1
sinnNXcos— = —|sin| N+ — |[X+SIN| N—— (X |, ¥ TO3TOMY
2 2 2 2

. 1 . 1

1 ”sm(n+2jx 1 ”sm(n—zjx

a, :—j—dx+—j—dx
X nrz

N7Z%  2sin2
2

0 Zsin5
2

yT0 BBUAY opmyn (2.12) :
1

a =— (n=12,..))

n
Tax kak pynkuus f(X), oueBuaHo, MUdepeHnEpyeMa st
x#2K & (k=0,£1,£2,...)., TO

zcosx+c052x+cos3x+m (2.38)

2 3
s x#£2K © (k=0,+1,£2,...).

—In

Zsinz
2

Crenyer 3aMeTHTh, 4TO MpHU x= 2K 7 1 JieBas mpaBas 4a-
cTH paBeHcTBa (2.38) oOpamaroTcss B 0ECKOHEYHOCTb.

TakuM 00pa3oM, B M3BECTHOM CMBICIIE paBeHCTBO (2.38)

MOXHO CUMTATh CHPaBEUIMBBIM JJsi BceX X.  [lonoxkuB B (2.38)
X= 7, MOJIy4MM U3BECTHOE paBeHcTBO In2=1-1/2+1/3-1/4+...
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Ipumep 2. f(x)=In|2 cos x/2|. Dta byHKIHSI — YeTHAs
1 o0paIaercsi B OTPUILIATEIBbHYIO0 OECKOHEYHOCTD /ist x =(2K+1) &
(k=0,£1,£2,...). [Tooxus x=t- 7, BUIUM, YTO

2COS(£ - Zj =In
2 2

T.e. rpaduk ¢ynkuuu Inj2 cos x/2| momydaercs u3 rpaduka
¢yaxuuu In |2 sin X/2| caurom Ha 7w UTOOBI MONYYUTH pasioxe-
Hue B psan Dypwe dyHkuun f(X), 1ocTaTOUHO B pa3ioKeHUH

In =In

25inl
2

2cosZ
2

cos2t cos3t

In Zsin1 =—COSt——M— ——— ...
2 2

cAeNaTh NOACTaHOBKY t=X+ . IIpu 3TOM nonyanm

COS2X €0S3X

: (2.39)

In =COS X —

2C055
2

st x£(2k+1) 7 (k=0,+£1,£2,...).

Bropouem, mockosbky mist =(2k+1) m 00e wacTu paBeH-
ctBa (2.39) oOpam@ioTcss B OTPUIATETLHYIO OECKOHEUYHOCTh, TO
3TO PaBEHCTBO MOXKHO CUMTATh CIIPABEUTMBBIM JIJISl BCEX X.

B sToli rmaBe n najiee — B BOIIPOCAX TEOPUU — MBI HE
TOBOPHUM O PA3JIOKECHHUH B TPUTOHOMETPUYECKHAE PANbl PyH K-
nuii mepuoaa T=2l, Tak Kak MOXKHO JIETKO MEPEUTH OT CIIy-
qasi «CTAaHJapTHOTO» IepruoJa 2 K ciaydaro JII0060ro nepuonaa.
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3. CJIOOKEHUE U BBIYUTAHUE PA1OB ®YPHE.
YMHOKXEHUE HA YUCJIO

Yrobsl monyunts psan Dypse A1 CyMMbl MM Pa3HOCTH
nByX (yHkuui, psasl  Dypbe KOTOPBIX M3BECTHBI, JOCTATOYHO
IIPOU3BECTHU CIIO)KEHHUE WJIU, COOTBETCTBEHHO, BBIYUTAHHUE DTUX U 3-
BECTHBIX PSAIOB.

JIelCTBUTENBHO, ITYCTh

f(x) ~ a_20 + > (a, cosnx +b, sinnx),
n=1

f(x) ~ % +i(An cos nx + B, sin nx).

n=1

Mt koo dpurnento @ypee ¢, 1 ﬂn ynxun f(X)£F(x)

TOTJA MOJYyIUM

a, = 1 J‘(F(x) + F(x)) cos nxdx = 1 j f (X) cos nxdx +
72-—7[ 7[—7[

17% .
J_r—IF(x)sm nxdx =a, £ A, u ananornuno S, =b, £B_,
72-*7[

4TO W JIOKa3bIBaeT ckazaHHOe HaMu. COBEPILICHHO TaK XKe MMOKa3bl-
Baercs, uto psan Oypee wis gynkiuu  Kf(x) (k = const) mony4aercs
u3 psaa Oypwe mas f(X) yMHOKEHHEM Beex ero wieHoB Ha K.

3.1. YMHo:xkenue psinioB @ypbe

Kak coctaButs psin @ypwe st mpousseaenus f(x)- F(x), korna
W3BECTHBI psaabl Dypre st coOMHOXHUTENEH? UToObI OTBETHTH HA
3TOT BOMpOC, Oymem paccyxnaath Tak. [Ipexae BCero Mpemnono-
xuM, uro f(x) m F(X) sBistoTcs QyHKUMSIMH ¢ MHTErpUPYEMbIM
kBagparoMm. Torma mpoumsBenenue f(X)F(X) mpeacrasisier coGoit
(GYHKIHIO, 3aBEIOMO HHTETPUPYEMYIO. 3aMETHUM, YTO MPH OTKa3e
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oT TpeboBanus, npeabsaBieHHoro Hamu Kk f(X) u F(X), mpoussene-

Hue f(X)F(X) MoxeT oka3aThCsi HEMHTETPUPYEMBIM, U TOTJIa BOTIPOC

o0 psne Dypwe IS 3TOTO MPOU3BEACHUS CTAHET OECCMBICTICHHBIM.
IMycts, manee, as f(x) u F(X) umeer mecto

a s )

f()F(x) ~ ?O + > (a, cosnx + A, sin nx).
n=1

Hama 3agaua — BeIpa3suts ko3ppuuuenTsl o, u [, yepes a,,

b,, A, 1 B,.
Haxoaum
1% ab, &
8, == [ f()F (x)dx =T+Z(anAn +b,B,). (31
T S n=1
)41
l T
a, =— _[ f (X)F (x) cos nxdx, (3.2)
4 -

Beruncnum 3ty k03 ppuiineHTs:

1 j F (Xx) cos nx - cos mxdx = 1{1 J. F(x) cos(m + n)xdx + |.
T 2| 7

+1 1 _[F(x) cos(m— n)xdx}.
2|\ 7,
DTO Jaer:

1 1
E(Am+n +A,.,), ecim mzxn, E(A“”“ +A, ), ecamu m<n,

Ecnu MBI pa3 HaBcera mojoxum
A, = A, TO MOXXEM NHCaTh:

1 j F (x) cos nx cos mxdx = E(Arn+n +A, )
7 2

AHAIOTUYHO

82



1 _[ F (x) cos nxsin mxdx = l{l j F(x)sin(m + n)xdx +
T et AN/4 g )

WL [ Fosin(m— n)xdx} -1, +B,.)
7T 2
rae nojaoxeno B, =B,.

Urak, mbl 3HaeM kod(hdunmenTsr Oypbe
¢yukuu F(X)cosnx. Torma MOXKHO MOTYIHTh:

a o0
2, = 2 23 [ (A + A )+, (B + B, )]
n=1
CoBepILeHHO aHAJIOTUYHO HalAeM:

a, = % +%i[am (Bm+n - Bm—n) - bm (Bm+n + Bm*n)1
n=1

(3.3)

(3.4)

®opmynel (3.1), (3.3) u (3.4) naroT pelieHre HallleH 3a1a4H.
3ameTuM, 4TO 3TH (POPMYIIBI MOKHO MOJYYUTh TTyTEM (opManbHO-
20 mepeMHOXeHHs psaaoB (3.1) (T.e. paccykaas Tak, Kak OyATo 3TH
PAIBI  CXOIATCS U TIEPEMHOMXKEHHE 3aKOHHO) C TIOCTEIYIOIe 3aMe-

HOH

4. AHTET'PUPOBAHUE PA10B ®YPLHE.

JNOPEPEHIIMPOBAHUE PAOB ®YPBHE

4.1. UurerpupoBanue psaaos dypne

B npuinokeHHsX MOIyT BCTPETUTBHCS Cllydau, KOIZa H3Be-
cTeH nuib psg Dypwe, HO He cama (QyHKIUA. B CcBsI3u ¢ 3TUM BO3-

HHUKAIOT 3aJa4u:

1) 3muas psan @ypwe Qynkiuu f(X) mepuona 27 , BEIYUCIATD

b

j f (x)dx,

a
rae /a, b] — npou3BoBHBIN OTPE30K.
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2) 3uas psa Oypee dyuxiun f{X), cocraButs psg Oypre mis
yHKIH

F(x) =.X[ f (x)dx.

OTBeT Ha NepBYyIO 3aa4y JaeT

Teopema 1. Eciu abconiomno unmezpupyemas ¢pynxyus f(x)
3a0ana ceoum psaoom Pypve

f(x) ~a—2°+Z(an cos nx + b, sin nx), (4.1)

n=1

b
TO I f (x)dx moxeT ObITh HaliJIeH MOWICHHBIM HHTETPHPOBAHHEM
a

psama (1.1) He3aBUCHMO OT TOTO, CXOAUTCS IMOCIEAHHMI HIIH HET, T.€.
" i a, (sinnb —sinna) — b, (cosnb —cos na)

jf(x)dx:a—;(b—a)+

a n=1 n

4.2)

TTonoxum:
F(x) = j{ £ (x) —a—;}dx. (4.3)

Ota (yHKIUS HENpepblBHA, UMEET aOCOIIOTHO MHTETPUPY-

eMyI0 TMPOM3BOJHYIO (HE CYLIECTBYIOIIYIO, OBITh MOXET, B KOHEY-
HOM YHCJIE TOYEK), IPUYEM

X+27

F(x+2n)zi[f(x)—%}dx+ | [f(x)—a—z"}dx:

a

=F(X)+ I[f(x)—a?o}dx= F(x)+ _Tf(x)dx—;zao =F(x).

T. €. F(X) umeer nepuon 27 . IToaromy F(X) MOXeT ObITH
pasnoxeHa B psan Oypse :

F(x)= %+ i(An cos nx + B, sin nx).

WuTterpupoBanue mo yactsm s N =1 naer:
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sin nXx,

== jF(x)cosnxdx _—F( )

X=—

17 a, | . b
——_[ f(x)—=2 [sinnxdx = ——,
m 2 n

-~
an
U aHajgoru4Ho B, = —.
n
CiieroBaTeIbHO
=z, a, sinnx—b, cosnx
Fi="0, 5% ” n
n-1 n

A, & a,sinnx—Db, cosnx
= +>° - .
n=1

f a,X
j f(x)dx =222 + (4.4)
5 2

Teopema 2. Ilycmov abcontomno unmezpupyemas yHKkyus
f(X) zaoana ceoum psioom @ypwe (cxoosuyumes unu nem)

f(x)~ +Z(a cos nx + b, sin nx),
n=1
Tozcoa ()ﬂﬂ ee ummezpana umeem mecmo ciedyrwee pas-
nodcerue 8 psio Dypoe:

n

(—7[ <X< 7[) (4.5)

Jlyis mokaszarenbcTBa BOCHONB3yeMcsl paBeHCTBOM (4.4). Tlomoxus
Tam x =0, Haﬁ)leM'

Z— (4.6)

nln

b, —b, cosnx+ (a_ + (—=1)"*"a,)sin nx
If(X)dX Z : Z n ( n ( ) 0)
n=1 n=1

C npyroii croponsl, B cuiy (1.43) s (— T<X< 7r)
X < sin nx
=) (-t T—=, 4.7
5= 2D @)
[loncranoska (4.6) u (4.7) B (4.4) u gaer (4.5).
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3ameuanne. IlomyrHO Hamu ObLTa J0Ka3aHa CXOJUMOCTH

o0
JUTSt BCAKOM aBCOMIOTHO MHTCTPUPYeMOit yHKimy psima » ==,
n=1

Teopema 3. B ciyuae ag = 0 (npouue yciosus — no meopeme
2) onst scex x

-X[ £ (X)dx = - b_nJri—bn cosnx+a, sinnxl

0 n=1 n n=1 n (48)
T. €. psin Oyphe U1 HHTErpaia MOXKET OBITh MOTYYEH MOYICHHBIM
uHTerpupoBanueM psaa s f{x).Dopmyna (4.8) monydaercs us
(4.5) mpocroit mojacTaHOBKOW Tyaa 3HaudeHus ag = 0. CripaBensiu-

BOCTh XK€ €€ 011 6cex X (@ HE TOJBKO IS (—7r< X<7Z), Kak B
(4.5)) BBITEKaeT W3 MEPUOJUYHOCTH HMHTEIrpayia CieBa, a YTO ITO

,Z[CﬁCTBPITGJILHO TaK, BUJHO U3 CHGHYIOH_ICFOI
X+27 X X+27 X

X
[ f0gdx=[f0dx+ [ FE)dx=[ f(x)dx+7m, = [ f(x)dx
0 0 X 0 0
®opmyna (4.8) MO3BOISAET MOJYIUTh MHOTO HOBBIX TPUTOHOMETPH-
YECKUX Pa3loXKEHUMN, OTIPABIISIACH OT KAKOTO-HUOYIb H3BECTHOTO.
Hanpumep, Mbl 3HaeM, 4To IS (— T<X< 7[)
sin2x  sin3x
+ J—
3
Wurerpupys, noaydum:
x? 1 1 cos3x  €os3X
- = ]___2+_2_... —| COsS X — >+ >— — | =
4 2 3 2 3
S ns1 COS NX —
=C-> ()" =, C =const.
n=1 n
UroObr HaiiTn C, MHTErpUpyeM IMOCIEIHEE PaBEHCTBO IO
OTPE3KY [— T, 71]. Tak kak psii clpaBa CXOJUTCS paBHOMEPHO, TO
MOWIEHHOE HWHTErpUpOBAaHUE 3aKOHHO, U MbI IIOJy4aeM:

X .
—=sinX—
2

T 2 0 i
| Xde =27C - (-)"™ niz [ cos nxdx = 22C
r n=1 -
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CrenoBaTebHO,
2

C= 1 Ixzdx =T [ToaTomy
87 12

2 2 o
m° X 1 COS NX
Z 2 - M=
12 4 Z_l: ) n’
HNurterpupyem eie pas:

f(x? x? n+1smnx
J (5—— =2

0

4.2. n¢p P epenuupoanue psiaos Oypebe.
Cny4aii HenmpepbIBHO# () yHKIMM Nepuoaa 27

Teopema 1. Iycts f (x) — HenpepbiBHAsT QyHKIUS IEpHOIA
2 7, obnagarommas abCOMIOTHO MHTETPUPYEMOM MPOU3BOIHON (KO-
TOpasi MOKET U HE CYILIECTBOBATh B OTJENbHBIX TOUKax). Torma psn
®ypoe s f'(X) Moxker ObITh moydeH u3 psina Oypwe dyrkimu f(X)
NOWICHHBIM U (pdepeHIpoBaHuEM.

JloxkaszarenbscTBo. 1lycTh

f(x) = ‘3‘—20+2(an c0s X + b, sin nx). (4.9)
n=1

O6o3naunm yepes a'’, u b', kospdunuenter Oypbe mis f'(x).
[Ipexnae Bcero,

a'0=£jff'(x)dx= f(z)—f(~7)=0
7[77[

Jlanee, MHTETPUPOBAHKE 10 YACTSM JIACT:
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X=—1

a' =iIf'(x)cosnxdx=i[f(x)cosnx]xz” +
T T

b4

n .
+— I f (x)sin nxdx = nb,,, (4.10)

-

X=—7

o'y =L 1 0osin e = 211 oo sin i, -
T 7T

n-

_n _f f (x)cos nxdx = —na
7 -
[ToaTomy

f'(x) ~ > n(b, cosnx+a, sin nx),
n=1
a 9TO U €CTh psl, nonydaronmiics u3 (4.4) NouwIeHHBIM
mdpepeHInPOBAHHEM.

Teopema 2. Ilycte f(X)—HempepbiBHas (QYHKIHS IMIEPHO-
na 2z, obnagarom@s M MPOU3BOJAHBIMHU, mpuyeM M — 1 mpous-
BOJIHBIX HEMIPEPBIBHBI, a M-sI TPOU3BOIHAS A0COIIOTHO HHTETPUPY-
ema (3Ta M-s MPOM3BOJHAS MOXET U HE CYIIECTBOBATh B OT/CIb-
HbIX Toukax). Torma: 1) psigel dypre a1 BceX M MPOU3BOIHBIX
MOTYT OBITH IMOJYYCHBI MOWICHHBIM AUQPEPEHIIMPOBAHUEM Psiaa
®dypre s f(x), mpudem Bce 3TU pssibl, KpOME, ObITH MOXKET, IO-
CIICIHET0, CXOAATCS K COOTBETCTBYIOIIMM IPOM3BOAHBIM; I KO-
sdpunrentoB Pypoe Pynkuuu f(x) UMEIOT MecTo

COOTHOLICHU S
limn™a, =limn™b, =0 (4.11)
n—o n—oo

YroObl MOSYyYUTH AOKA3aTEIBCTBO MEPBOTO YTBEPKICHUS,
JOCTaTOYHO M pa3 NpUMEHUTH Teopemy 1. CXoauMocTh Bcex
MOJTYYaIOIIMXCS TTOWICHHBIM Ju(pepeHIIUPOBAHUEM PSIIOB, KPOME,
OBITH MOXET, MTOCJIETHET0, K COOTBETCTBYIOIIMM MPOU3BOIHBIM
BBITEKAaeT U3 MU(PPepeHInPyeMOCTH ITUX MTPOU3BOIHBIX (10
(Mm— 1)-i1 BRIIOYUTEIBHO).

Teopema 3. Ilycmwv dan mpuconomempuuecxkuti psio
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&, > (a, cosnx+b, sinnx).
2 W (4.12)
Ecnu mist ko3hUIIMeHTOB @, U D, crpaBemIMBbl COOTHO-
HCHUA

n"a,

<M, \nmbn <M (m > 2, Mconct), (4.13)

To cymMa psina (4.12) ectb HenpepbIBHAS QYHKIUS TIepruoaa2r ,
oOJiafarom@s M — 2 HEMPEPHIBHBIME MPOU3BOJIUMBIMHU , KOTOPBIC
MOTYT OBITh MOJY4EHBI MOWICHHBIM TUdPepeHIIupOBAHUEM psioa
(4.12).

4.3. Ind ¢pepennupoBanue psiioB Dypbe.
Cny4yai ¢ yHKumMH, 3aJaHHOI HA oTpe3ke [—r, 7]

Teopema 1. Ilycte HempepbiBHas ¢yHkius f(X) 3amana Ha
orpe3ke [—z,7] u obmamaer aOCOTIOTHO MHTETPUPYEMOH MPOH3-

BOJTHOM (KOTOpAast MOKET U HE CYIIIECTBOBATh B OT/ACIBHBIX TOUKAX).
Torna

f'(x)~ C, Z[(nbn +(-=1)"c)cos nx —na, sin nx],
n=1 (4.14)
rae an ¥ bp-koadpdunmentsr dypre dynkiuu f(X), a mocrosHHas
C ONPEICIACTCS PABEHCTBOM

c= L1t (r) - fen). (4.15)
T

JokazarenscTBo. [lycTh

f'(x)~ Qo > (a', cosnx + b’ sinnx).

n=1
CrenoBaTeibHO,
1%, 1
a,=— j fr(x)dx = =[f (z) - f (-7)].
T T
OueBHIHO,
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f'(x) _& D (@', cosnx+b', sinnx).
2 (4.16)

Psin @ypre mist dyHKIIMM

j(f (x)——j x_f(x)———f(O) (4.17)

0

MOJET OBbITh MONydeH U3 psiaa (4.16) moWwIeHHBIM HHTETPUPOBA-
uueMm. [lostomy, Haobopot, psia (4.16) MOKHO MOIYUUTH MOUICH-
HbIM JuddepeHnpoBanuem psja it yakuuu (4.17) . Ho

f(x) = a?o + Y (a, cos nx + b, sin nx).
n=1

nu

f(x)———f(O)— f(0)+2[a cosnx+(b LA, Dﬂ"" Jsmnx}
=1

CrnenoBaTelbHO,

f'(x) —a—2° ~ Z[— na, sinnx+ (nb, +(-1)"a’, ) cos nx],
n=1

OTKyZa ¥ BbITeKaer (4.3.1) , ecam moJoxkuTh C=a',
CnenctBue. Eciu ¢=0, m. e. f(x)= f(-x), mo

gopmyna (4.1) oaem: f'(X) ~ Zn(bn cosnx —a, sinnx).
n=1

Wubivu cioBamu, psig @ypbe st f(X) MOXKHO MOWICHHO
muddepeHIpoBaTh. ITO, BIIPOYEM, U HEMOCPEACTBEHHO SCHO, TaK
kak npu f(7) = f(—x), nepuonuyeckoe NpoaoIKEHUE HA BCIO OCh

Ox TpUBOAUT K HEMPEPHIBHOU (PyHKIINH.
Teopema 2. Ilycte naH psn

S, Y (a, cosnx+b, sinnx).
2 n=1 (418)
Ecnu psin
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o+ > [(nbn +(=1)"c)cos nx — na, sin nx],
¢ ™ (4.19)

rae
¢ = lim[(-1)""nb, ] (4.20)

Asmsierca psimom Dypbe OT HEKOTOPBIX aOCOIIOTHO HHTE-
rpupyeMoit QyHKUMH @(X), TO pAn sABJseTcs psnoMm Dypve om

X a o0
Gynryuu f(x)= .[ w(X)dx + ?0 + Z a,, HenpepuleHol OISl
0 n=1

—T<X<ZT  cxo0umcs K Smou QYHKyuu, npuuem, 04esuo-
Ho, T'(X) = w(X) 60 6cex moukax nenpepvienocmu @(X)

HoxkazarenbctBo. K psagy
C n )
o(X) ~ §+Z [(nbn +(-1) c)csnxnan sin nx]
n=1
[pu 3TOM I — 77 < X < 77 TIOJTYIHM:

Ia)(x)dx + ian = i(an cosnx +b, sinnx) u

n=1 n=1

X

a < a & :
'fa)(x)dx+7°+2an :?0+Z(an cos nx + b, sin nx)
a n=1 n=1

[Ipumep 1. Psag

< nsin nx
Z(_l)n 2
n=2 n°-1
ectb psan Dypee OT HempepblBHON U auddepeHIupyeMon aiis
— 7 <X < 7z dyakuun. JelicreutensHo, no gopmyne (4.20) Haxo-

IHUM:
2
. n
c:llm(— 5 ]:—1
N—o0 n _1

CocrasisieM psf :
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2

+( 1)”*1}05 nx

—%+cosx+2{( )"

WU
COS nx
-1

—%+cosx+2( 1)

DTOT psl CXOAWTCS aOCOJMIOTHO M PaBHOMEPHO (TaKk Kak
CXOAUTCS, OYEBUAHO, PO U3 aOCOMIOTHBIX BEJIUYUH KO-
(UIUEHTOB) U TOTOMY MMEET HENPEPBIBHYIO CyMMY @(X) , Ui
KOTOpOU siBJIteTCsl psaaoM Dypbe .

[To Teopeme 2
nsm nx

f(x) = ona)(x)dx Z( e (4.21)
nu
Fr'(x) = —sinx— Z( " COS X (4.22)

3amMeTuM, KCTaTH, 4YTO ILH(I)(I)epeHquOBaHI/Ie psanoB ®dypwe
MHOIJa IPUBOJUT K BO3MOKHOCTH HAaXOJUTh UX CyMMBI. Tak, B
pPaccMOTPEHHOM MpUMEpe MpPUMEHEHHE TeopeMbl 2 K pamy (4.22)
JaeT:
nsin nx

f(x) = j w(X)dx = Z( n"—=—= T
f"(x) =—sinx— f(x)
WITH
f(x)+ f(x)=-sinx
Ecnu penmts 310 nmuddepeHnnaibHOe ypaBHEHUE OTHOCH-
tenbHO f(X), TO momyunm:

. X COS X
f(X) =c,cosx+c,sinx+ .

(4.23)
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Haiinem ¢1 u ¢;. Ionoxkus x = 0, moayaum f (0) = ¢1. B cuty (4.21)
f(0) = 0, m moatomy ¢1 = 0. UroOwl HaliTH Cp, TU(PepeHIIIPYEM
(4.23) u cpaBauBaeM c (4.22). Ilpu aToM nomydum:

i 1
czcosx+&;x—XS|2nX =—E+cosx+2( 1)" cosn>1<

Js x = 0510 paBeHCTBo JIaeT:

1
=Sy s e ()
963 ERiCE: -
=2 1-Z |- == |+| == |- =2 |+ |==.
2 3 2 4 3 5 4 5 4
Urax,
smx XCOS X
f(xX)=—— ,

OTMCTI/IM eIle OJMH TOJIC3HBIM Tpu3HaK auddepeHiupye-
MOCTU (PYHKIIMH, 3aJaHHON TPUTOHOMETPUUECKUM PSIOM.

Teopema 3. Ilyctb naH psig

a = .

7"+Z(—1)”(an cos nx + b, sin nx), (4.24)

n=1
rae  ap u b, momokurtenbHbl. Eciin BenmuuHb Nap, Nb, He Bo3pac-
TaloT {HAUYMHAs C HEKOTOPOro N) M CTPEMATCS K HYII0 TpHU
N — 00, TO psix CXOmUTCS ISl — 77 < X <7z ¥ uMeeT auddepeHIn-
pyemyo cymmy f(x), mpuuem
f'(x) = > (=1)"n(b, cos nx +a, sin nx), (4.25)
n=1

T. €. psia (4.24) moxHO AU depeHInPOBATh MTOWICHHO.

JlokazatenscTBO. M3 yclaoBUU TeOpeMsl CIENyeT, 4TO KO-
SpPUIHCHTB @, u Dy He BO3pacTaroT U CTPEMSTCS K HY/IIO MPH
N —oco. Psn (4.24) u psan cupasa B (4.24) cxoasaTcsi paBHOMEPHO Ha
BCSAKOM oTpeske [a, D], BHyTpeHHEM K [— T, 7[]. OTcroia BeITEKaeT
BO3MOYKHOCTh TOWICHHOTO nuddepeHtinpoBanus psna (4.24) mis
— 7T < X< 7T, 4TO U JIOKa3bIBaeT paBeHCTBO (4.25).
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Tpuwmep 2. P ' (-1)" cosnx
~ ninn

umMmeeT i — 77 < X < 77 quddeperuupyemyro cymmy f(x), mpudyem

4TO Cpa3y BBITCKACT U3 TCOPEMEL 3.

4.4. In¢ ¢pepenumupoBanue psaaos ®ypoe. Cinyuaii
¢ yHkuun, 3a1anHoii Ha otpe3ke [0, 7]

Teopema 1. Ecnu f(X) HenpepsiBHaA Ha [O,;r], uMeeT abCONIIOTHO
MHTETPUPYEMYIO TIPOM3BOAHYIO (KOTOpasi MOYKET U HE CYIIECTBO-
BaTh B OT/EJNBHBIX TOYKAX) U pa3iiokeHa B psg Oypbe M0 KOCHHY-
caM WM 10 CHUHYCaM, TO psAJ MO KOCHMHYcaM BCEerja MOXHO
HNOWIEHHO IU(depeHnpoBaTh, a Ul psiia CUHYCOB 3TO CIIPaBE-
miBonpu f(0)=F(x)=0

JlelCTBUTENBHO, MPOJOKEHUE HA OTpe30K[— 77,0]— st
psi/la KOCHHYCOB Y€THOE, JUIs psijla CHHYCOB HEYeTHOE— B 000HMX
cllydastx MPUBOJIUT K (PyHKIIMHU, HEIPEPHIBHON Ha [— T, 71] u
IIPUHUMAIOIIEH paBHbIE 3HAUEHHUsI B KOHIAX 3Toro orpeska. Ilo-
3TOMY HOCIEIYIOIIEe MEPUOAUYECKOe TPOJODKEHNE Ha BCIO

Ox IPUBOAUT K HETIPEPHIBHOM (YHKIIMH Tepruoia 277 ¢ abCONIOTHO
WHTETPUPYEMOU ITPOU3BOJHOM.

Teopema 2. Ilycms f(X) Henpepvisna na [0,72'] umeem abco-

JIIOMHO UHMESPUPYEMYIO NPOU3BOOHYIO (KOMOPAsi MOJNCem U He
cywecmeosams 68 OmoebHblX MOYKAX) U pasziodcena 6 pso DPypve
no CUHycam

f()=Yb,sinnx  (0<x<x)
n=1

Tozoa
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£1(x) ~ %+ S'[nb, —d + (¢ +d)(-1)"Jcosnx,  (4.26)
IpI(S]

_2[f@m)-tO) d=2+0). (4.27)
VA T

JokazarenbcTBo. [lycTh

f'(x) ~ "51—20+Za'n COS NX.

n=1

Torna
f'(x) —a—2° +a', cosnx. (4.28)
© sinnx X
Pannee Mbl uMenu ) R
nZ:l‘,( ) - >
TO
°°sin(2k+1)x T _ 1 sin nx
—_ 1 1 0< X<7). 4.29
e 5 2D 7). (429)
H03T0My

o0 -

—aoZ( 1)“*15'””X——f(0)2(1 D"

sin nx

0

2 , 2 n | Sinnx
=Z[nbn—;f(0)+[ao+;f(O)j(—l)} —

n=1

Mel nonyunnu psg @ypee s QyHKIUN

X f'(x)—a—l0 X.
f[re-5p
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Ho Bemp 3TOT psim MOKHO MOJTYYUTh MOWICHHBIM HHTETPH-
poBanueM psna (4.28) wu, cregoBarenbHO, HA000POT, psxd (4.28)
MOXKET OBITh TOJNIydeH MOWICHHBIM audpepeHIupoBaHUEM psiaa
(4.4.5). [Toatomy

L Z{nb 210 +(a'o+§ f(@j(—l)”}cos X

Otkyna u cnenyet (4.26) u (4.27), eciu MOJTOKHUTS:

c=a, =2 [ d=2[t(m)-1O) d=210)
Ty T V4

CnencrtrBue Ecomu—d+ (c+d)(—1)"=0m=1,2,..), 10
nonyuaem:

f'(x) <> D nb, cosnx,
n=1

T. e. pao0 Dypve onsa T'(X) nonyuaemes usz psoa ons 1(X) npocmoim
nouneHnviM Ooughgepenyuposanuem. DTOT Cllydail COOTBETCTBYET
yenosuto f(0) = f (7) =0,koTopoe HaMM paccMaTpuBalIOCh YXKE B

teopeme 1. JleliCTBUTENBHO, Ul YETHOTO 7 cpasy noiydaeMm ¢ = 0.
Ho Torma ms sHedernoro 7 HaxomuM — 2d =0 i d = 0. Ocraer-
Csl BCIIOMHUTB (4.27).

Teopema 3. ITycmo oan psio

a_20 + > a, cosnx. (4.30)

n=1

Ecmu psan _Znan sin NX psivom Dypve om Hekomopou ao-
n=1
contomuo unmezpupyemoti pynkyuu (X), mo pso (4.30) sersemcs

X a 0
paoom Dypve om pynxyuu T (X) = Ico(x)dx +?° + Zan , Henpe-
0 n=1

Pbl8HOU  Ha [0, 7[], cxooumest K 9mou QYHKyuu U, 04e8UOHO,
f'(X) = o(X) 60 6cex mouxax nenpepwvignocmu (X) ..
Teopema 4. Ilycmwv dan pso
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> b, sinnx. (4.31)

n=1

Ecnu cywecmeyrom npuoenvt (4.4.6) u pso

%+ > [nb, —d + (¢ +d)(=1)" Jeos nx (4.32)
n=1

sensgemcst pdom Dypve om HEKOmMopol a6COMOMHO UHMeSpUpye-
motl hynxyuu w(X) , mo pso (4.31) sersiemcs psidom

Dypve om gynrkyuu T (X) = _[a)(x)dx + % (0< x< ),
0

cxooumest Kk omou ynkyuu, npudem, ouvesuoHo f'(x)=w(x) 6o
6cex mouxax HenpepuvlgHocmu Gynxyuu w(X)

Teopema 5. Ilycms oan pso (4.31). Ecau cywecmeyem npe-
oen

limnb, =h (4.33)

Nn—o0

u pso
—2+Z(nbn —h) cos nx (4.34)

n=1
npedcmasisem cobou psod Dypve om HeKOMOpou adCOIOMHO UH-
mezpupyemoti hynkyuu @(X), mo pso (4.31) ecmo psio

Dypve om Pynxyuu , f(X)= J.a)(x)dx +? (O<x<n),
0

cxooumes k- omou ynkyuu, npuuem, ovesuono, f'(x)=w(x) 6o
6cex moukax HenpepvisHocmu gyukyuu (X) .

JleiCTBUTENBHO, B Ciy4ae, KOIJa CYIIECTBYET Mpenesn
(4.33), dopmyabr (4.6) nator: ¢ = — h, d = h, u psan (4.32) nonyua-
et BuJ (4.34), 4To U JTOKa3bIBACT TEOpeMy 5.

[Ipumep 1. Psn

= n®sin nx
z—

4
= N +1
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ectb psag Dypee oT QyHKIIMH, gonmyckKarommi s 0 < X < 7,
CKOJIBKO YTOJIHO TIPOM3BOJIHBIX.

JetictBuTenbHo, hopmyia (4.33) maer:
4

h=Ilim =1.

n*+1
n—o0

Cocrasisiem psin (4.34):

1 &( nt
——+ " —1 |cos nx
2 =in"+1

NN

1 & cosnx
__+Z 4

2 =n"+1

OTOT psix cxoauTCsi aOCOMOTHO M PAaBHOMEPHO H, CIIEA0Ba-
TEIbHO, MMEET HenpepbiBHYIO cyMMy (X). [lo Teopeme 5 mis
O<x<m

F(x) = i% - jw(x)dx+%, £1(X) = o(X).

3amerum, yto st kodduimentoB Oypre QyHKIIN @(X)
UMeeM:

<1

Tt
Oyakuns @(X) obnamgaeT IByMs HENPEPbIBHBIMH PO 3-
BOJIHBIMH, IPUYEM

nsin nx
(4]
(0= 2_1: n*+1
. n® cos nx
w
(0 = 2; n*+1

K mocnemneMy psiy MOXKHO NPUMEHHTH Teopemy 3. [lpwu
3TOM MOJIYYUM:
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0" (X) = Z“’:n smnx__f(x)_

~ n*+1

OueBHIHO,

@""(X) = f*(x).

[ostomy mms f(X) monyuaem nuddepeHranbHOE ypaBHE-
une f(x)=—f(X) (0<X<7),OTKyaa U CIEIYeT CyIIECTBOBA-
Hue aas f(X) mpousBoAHBIX T000TO MOpsiaka. Pe3ynbraTbl MOTYT
OBITh MPHUJIOKECHBI K BBIYMCICHUIO CYMM HEKOTOPBIX TPUTOHOMET-
PHYECKHX PSIOB.

[Ipumep 2. Haittu cymmy psiga

3 o (4.35)
= N +1

DTOT psiji CXOMUTCS PABHOMEPHO U, CJIEIOBATEIBHO, UMEET
HenpepbiBHYIO cymmy F(X). JIuddepeHiupys mouieHHo, MOTydrm:

n Szln nx ( 4.3 6)
o nN°+1
K »stomy psmy npuioxnma teopema S. JIeHCTBHUTENBHO,

dopmyna (4.33) naet:
n2
h= Iim(— 5 j:—l,
ool Nt +1

U MBI B KauecTBe psiaa (4.34) nomydaem:

1 & n2
§+Z -= 1+1 COS NX WIn

n=1 n-+

1 &ceosnx 1
—+ =—+F(x).
2 ; n+1 2 )

Takum oOpazom, o teopeme 5 mis cymmnl f(X) psaa (4.36)
UMeeM:

f(x)=§+fF(x)dx—%,(0<x<7z).
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Ho torma x psmy (4.35) npumenuma teopema 3. CrenoBa-
TENBHO,

F'(x):§+fF(x)dx—§ 0 <x<7) (4.37)

Hnu
F'(x)-F(x)=1/2.

N3 sroro mudpepeHIIMATBEHOTO YpaBHEHUS HAXOIUM:
~x 1
F(x)=ce"+c,e”” — (4.38)

u nostomy F'(x)=c,e* —c,e™. IlonoxuB B 3THX paBeH-
cTBax x = () ¥ BOCIIONB30BaBIMCH (4.35) u (4.37), monyuum:

OTCcrona HaxoIuM:

1(& 1 1 7z 1< 1 1 =
C.=7 +——— | C=¢ +=+ =
. Z(nz_l:n2+1 2 2} ? 2(;n2+1 2 2j

[Tpn Takux 3HaYEHUSIX TMOCTOSIHHBIX C1 U ¢ (yHKIUS (4.38)
naet cymmy psiaa (4.35).

5. YIVHIIEHHUE CXOANMMOCTHU PAJOB ®YPLE

B nmpunoxenusx Hanbosiee yIoOHBI TPUTOHOMETPUYECKUE
psabl ¢ ObicTpo yObIBaroummu Kodduiimentamu. JlelcTBUTENDb-
HO, B 3TOM CJIy4ae JHIIb HECKOJIBKO MEPBBIX WICHOB Psijla BEChMa
TOYHO OMPENEISAIOT €r0 CyMMY, TaK KakK MPHU JOCTaTOYHON OBICTpO-
Te TMpUOIMKEHUS K HYII0 KOI(POUIHEHTOB CyMMa BCEX MOCIEIy-
IONMX YWICHOB psja oKasbiBaeTcs Mayoi. [Ipu 3Tom, uem ObIcTpee
yObIBat0 KOA(DPUIIMEHTHI, TEM MEHBIIE HaM MOHAAOOUTCS WICHOB
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psana Uit TpHOIMKEHHOTO TPEICTABJICHUS €r0 CYMMBI C HYKHOM
CTeneHbio TouHOCTH. Hanbonee mpocto oOcTout aeno u ¢ audde-
PEHIIMPOBAHUEM TPUTOHOMETPUYECKUX PSIOB C OBICTPO YOBIBaIO-
nmmu kKod(hdunrentamu. CkazaHHOE €CTECTBEHHBIM 00pa30M IpH-
BOJIMT K CJIIEAYIOLICH 3aJaye.

JlaH TpUTOHOMETPUUYECKUU Psil (CyMMy €ro 0003HAYUM Ye-

pes f(x))
f(x) = +Z(a cos nx + b, sin nx). (5.1)

n=1
Tpe6yeTc;1 BBIJICTIUTH U3 3TOTO psijia APYroi psi, cymMMa Ko-
Toporo  w(X) useecmua (B KOHEUHOM BHJE), C TEM, YTOOBI OCTaB-

HIMACS psif, T. €. psi, cBs3anublil ¢ f(X) 1 @(X) cooTHOmECHUEM

o
f(x) = w(x)+D_a, cosnx+ f3, sinnx,
n=1
MMeJ IOCTaTOYHO OBICTPO YObIBaronme Kod(hhUIIMEHTHI.

Korma mocraBieHHasi 3aiada pelieHa, Mbl TOBOPHUM, YTO
VAYYIIMJIA  CXOAUMOCTh psima (5.1). Ykakem 1Ba mpuema TaKoro
VAYUYIIEHUsI CXOOUMOCTU psiioB. [lepBhIil mpueM OCHOBaH Ha clie-
IYIOIIEM OOCTOSTEBCTBE: PA3HOCTh JIBYX JKBUBAJICHTHBIX OECKO-
HEYHO MaJIbIX BEJTMYUH*) €CTh OECKOHEUHO MaJlasg BeTHu4rHa Oojiee
BBICOKOTO MOPSIKA, YeM Kaxkasi U3 HUX.

[Ipumep 1. YnquMTL CXOAUMOCTH psiia

F(x) = Z( D"

sm nx.

n
= —1 npm

1
B nannoMm ciyyae BenmuuuHa $——I—=—
n"-1n n"-1
n

. npu N —> ).

1
N — 00 cO PKBMBAJICHTHA BeIMYUHE — (10O
n

[Ipu sTOM MoaCUeT naer:

n® 1 1
-1 n n°-n
ITosTOoMy
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< asinnx & n sinnx
FO)=2 (D" ——+> ()" —.
n=2 n n=2 n-—n
Ho
Sy X ax<n),
n 2
[TosTomy

f(x)_——+smx+2( 1)

B nocnennem psine, o4eBUAHO,
= const),

i Sinnx

(-7 < x< 7).

1
T, €. Ko3(ppuuuenTsr Pypbe UMEIOT NOPSAIOK PR

[Tpumep 2. yﬂy‘-IH_lI/ITb CXOIUMOCTH psizia

f(x)= Z_; " (nn chosnx.

B JaHHOM CJIydac KOB(I)(i)I/IHI/ICHT psada SKBUBAJICHTCH BCJIN-

1
unHe —-. [lpu stom
n

n*—n®+1 1 1
n“(n*+1) n®> n*+1
CrenoBaTebHO,
2. COSNX < COS NX
f(x)= - .
nzzl: n? ~n* 41
Ho
o 2 _ 2
Z cosznx _ 3X° —6aX+ 27 (0<x<27),
= N 12
U I03TOMY
F(x) = 3x% — 62X + 272 <& cos Nnx (0< x<27),

12 “~n* 41
J11st oCeqHero psaa
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1 .

Jok  —-.Bropoii mpuem yiydileHHs CXOAMMOCTH OCHOBaH Ha
n

npeacraBieHuu koddppunreHToB Oypbe B BUJIE CYMM

—+— +--- (A=const, B=const).
n n

[Ipumep 3. ViaydumTh CX0IUMOCTbH psja

f)=>] sin nx (a=const, a>0).
1 N+a

OueBuHO,

[Iporpeccuro, crosiiyro B CKOOKax, 0OOpBEM Ha YJeHE a
octaTok mpocymupyeM. [lomyunm:

1 1 a, a’ a’ 1 a a? a’
S I ey Sl R M S S DU
n+a n n n° n°(n+a)) n n° n° n’(n+a)
IToaTOoMy
2. sin nx smnx smnx i smnx
f(x):z - Z ZZ a .
n=1 n n=1 n=1 n (n+a)

CyMMBI TIEpBBIX TpEX PSAAOB, KAk U Boo61ue CYMMBI psiIOB
BHJIa

2, sin nx €OoS NX
Z i Z i (p- uenoe),

1 N n-1
MOTYT OBITH JIETKO TOJYYEHBI W3 M3BECTHBIX pasfokeHui. Jlei-
CTBUTEJBHO ,
i sinnx 7 —X

= N 2
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cosnx _ 3x* —6ax +2x°
n? 12
COS NX
N
HNuterpupys BTOpOM H TPETUM pSAAbl, MHOJIYYUM JUIS
O<x<2r:

[M: 2

——In 2sin§ (0< x < 27).

5iﬂnnx__i3x2—6ﬂx+2nldx__x2—3nx+2n2x
= n 12 12 ’
z.sinnx ¢ . X
=—| In(2sin=)dx
Z ~ j (2sin-)
[ToaToMy
T—X X a’
f(x)= +al In(2sin2)dx +— (x? =32 + 27%x) —.
() j (2sin - )dx+-( )
_ _ax sinnx
=n’(n+a)

KospduuuenTsl nocneanero psjga MMEKT MOPAIOK —- .
n

6. TABJIMIIA HEKOTOPBIX _
TPUTTOHOMETPUYECKUX PA3JIOKEHUU

[Ipu omepanusix ¢ psaamMu Oypbe BHITOJAHO UMETh TaOIUILY
YacTO BCTPEUAIONMXCS TPUTOHOMETPUYECKUX PaA3IOKEHHUH. ITO
0COOCHHO TMOJIE3HO, KOTZa Peyb HAET 00 YMydIlleHUH CXOAUMOCTH
psanoB. B nmpuBoguMoit HUxke TabIUIle MBI COOpaau BOSAMHO pas-
JIO’KEHUSI, TOTydeHHbIE HAMU B MPEABLAYIIMX [MIaBax, U 100aBUIN
HEKOTOpbIE HOBBIE.

DY COZ”X — _In(2sin g) (0<x < 27),

n=1
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o0

sinnx 7 —X
2) Zl: = (0< x<27),

o0

cosnx 3x? —6mx + 27°
3 -
) HZ:; n? 12

(0<x<27),

" ZSI:an=__[ |n(23in§)dX (0< x<27),
0

n=1

n=1 n

0 1 3
(Z— —_1,20205...],

~n® 2579436

. Con 1
5) ZCOSS”X:jde |n(23|n§)dx+zl:F,(0£X£2ﬂ)
0 "

(HOJIy‘IB,GTCiI IIOYJICHHBIM I/IHTerI/IPOBaHI/IGM nu3 HpeIIIHeCTByIOHICFO
pana),

= sinnx X3 —32x? + 272X
6) >, 5= 5 (0<x<27),
n=1

7) i( Hmt == COSTX In(Zcos g} (7 <x<7),

=1 n

o0

8) Z( e smnnx _

X
2 (~m<x<n),
> (-7 )
hs1 COS NX 7z —3x?
9) Z( "™ o
n=1

10)S° Sl:ﬁ - |n(2cos§)dx (7 < X< 7),
n—1 °

(-7 <x<7),

(mosrygaeTcsi MOWICHHBIM HHTETPUPOBAHUEM Psizia 7))
© 0 1 X X X
11 _ymr O Sh pynn 2 k[ In(2c0s X)dx
) 2D ;‘)nall(z)
(-7 < x<7),

(moy4yaeTcsl MOWIEHHBIM HHTETpUpoBaHueM psaa 10)),
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2 3
sin nx 7Z' X=X
12 1 n+l
) 36 =
(nonyqaeTc;I MMOWICHHBIM UHTETPUPOBAHUEM psijia 9)),

cos(2n +1)x 1 X
13 =-—=Intg= (O<x<n),
); on+1 Ny ( )

(momyuaetcst crnoxkenuem 1) u 7)),
14) Z:sm(2n +1)x _z
=  2n+1 4
cos(2n+1)x  z* —2ax
) Z ( ) —
(2n+1)? 8
sin(2n +1)x
16) Z -
(2n+1)?
(nonyqaeTc;I MTOWICHHBIM UHTETPpUPOBaHUEM psiaa 13)),

17) ~ cos(2n+l)x__
)nzz(;‘ (2n+1)° J. ng3 dX_'_z:(ZnJrlf’

(momydaeTcsi MOWIEHHBIM HHTETpUpOBaHUEM psiza 16)
18) sin(2n+1)x _ z°x—mx?
Z (2n+1)® 8
(HOJIy‘-IaCTCSI MOYWIEHHBIM UHTErpUpOBaHUEM psna 15)).
Ecmu B dopmynax 13)— 18) 3amenutsb x uepes t, a 3arem

(-7 <x<7),

(O<x<7),

(0<x<n),

——J Intg X dx (0<x <),

(0<x<n),

V4
MOJIOKUTh t = > X, TO MOJYYUM PA3IIOKEHUSL:

o N 2 1 T T
9 S St (G

20) <, o SIN@n+DHx 1 T X —Z<X<£,
)nZ:(;( 1) i1 " 2Intg(4 2) ( 5 2)

T
“—x

hcos(2n+)x 1 2 t oz T
21)2( 1)" i’ 2! Intgzdt (-5 =x<2)
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g S@ DX _m oo o
gz)nZ:(;( 1) @2n+1)° 4 ( ZSXSZ),
23) i(_l)n cosn+)x  xz°—4nx’ -Z<x<h,

~ (2n+1)° 32 2 2

T

S nsin(2n+1)x 177
24)§( ) @2n+1)? 2 J dxj " dx+z(2 n+1)°

T
(-Z<xs2),

7. IPUBJIN)KEHHOE BBIYUCJ/IEHUE
KO39PUIIMEHTOB ®YPBE

B mpakrnyeckux BOmpocax O4YeHb YacTO (DyHKIHS, KOTO-
PYIO HY)KHO pasloXuTh B psin Dypbe, 3aaeTcs He aHATUTUYECKH, a
Tabnuiuei uim rpaduyecku, T. €. IpuoIMKeHHo. B aTom ciydae
ko3(p¢dunreHTsl Pypbe ¢ MOMOIIBIO HENOCPEICTBEHHOIO MpUMe-
HEHUS OOBIYHBIX (POPMYIT

2z
a, :i J'f(x)cos nxdx (n=012...),
T
N (7.1)
b, _1 [ fe9sinnxdx (n=012..)
T 0

MOJIy4eHbI ObITh HE MOTYT, U CTaBUTCS 3aJada 00 WX MPUOIUIKEH-
HOM BbluMcieHuu. [lpu s3ToM s mpakTuueckux meneid 1 Oonb-
IIMHCTBE CIY4aeB JOCTATOYHO 3HATh JIMIIb HECKOJIBKO MEPBBIX KO-
spdunrentoB. s permeHust MOCTaBIEHHOW 3aJaud OT TOYHBIX
dopmyn (7.1) mepexomar K mMpuOIMKEHHBIM (OpMyITaM, UCIIOIb3Ys
METO/bI MPUOIUKEHHOTO HHTErpupoBaHUs. OOBIYHO HCIIOIB3YETCS
METOJ MPSMOYTOJBHUKOB HIJIM MeTO[| Tparnenuii. [IpumeHenmne me-
TO/Ia IPSIMOYTOJILHUKOB B HallleM ClTydae CBOJHUTCS K CIIEAYyIOIIee
My.
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[lyctb oTpe3ok [0,27z] TOYKAMU
0,—,2-—,--((m-1)—,2x (7.2)
m m m

pa3neiieH Ha M paBHBIX yacTed M HaM H3BECTHBI 3HAYCHUS f(x) B

OTUX TOYKAX: Yo, Y1, Y2+ Ym-1, Ym.
Torma

- 2k
—Z Y, -€C0S——n,

(7.3)
. 2k
z—Zyk-sm—n,
mi> m
[Tycte, Hanipumep, m =12. Torna yucna (7.2) umMeroT
BU]I
7 7w 27 St Tn 4r 37 Sz 1llrx
O!_’_1_l_1_’7z.’_l_1_l_’ 27[
6 32 3 6 6 3 2 3 6

unmu B rpaxaycax 0°, 30°, 60°, 90°, 120°, 150°, 180°, 210°, 240°,

270°, 300°, 330° 360°. Ho Torma, Kak JIeTKO cOOOpa3uTh, BCE

MHOXHTEIH, Ha KOTOPbIe YMHOXAIOTCS opaAuHaThI B (7.3), cBenyTcs

k cinenyrommm: 0, + 1, + sin 30° =%0,5, + sin 60° =+ 0,866.
HetpynHno nmpoBepuTsh, 4TO

B8y~ Yo+ Y1+ Y, Vst Yt Vst e+ Vs Vs + Yot Yio+ Vi

8 % (Yo = Ye) + (Y1 +Yar = Y5 = ¥7)- 0866+ (¥, + 1o = ¥, = ¥5) - 05,
8~ (Yot Vs =Ya= Vo)t (Vi tYs+ Y7+ Y= Yo = Ye—Ys— Yio) 05,
8~ (Yot Vs —Ya= Vo)t (Vi tYs+ Y7+ YYo= Ve Ys— Yio) 05,
GEYot Yyt Ys =Y.~ Ys Voo

60, = (Y + Y5 = Y7 = Y1) 05+ (Y + ¥y Y5 + Yi0) 0,866+ (¥ - ¥s),
60, ~ (Y1 + ¥, + Y7 + Yo = Ya = Vs = Yio ~ Y1) - 0866,

60 ~ Yy + Y5 + Yo = Y3 = Y7 —Vuu

6
6
6
6

108



nT. O

(7.4)

Jnst ynponieHust BBIKIAA0K UX BBITOJIHO MPOBOIUTH 110
cnenyromeid cxeMe. CHavana B yKa3aHHOM HUIKE MOPS/IKE BHIMUCHI-
BarOT OpAUHATHI Yo, Y1, Y2... U IO KOXKIOW apOl OpAUHAT, ITOIIH-
CaHHBIX OJIHA TTOJ APYIOM, MPOU3BOMST CIIOKEHUE U BEIYUTAHHE:

Yo Y1 Y2 Y3 Ya Ys
Y11 Y10 Yo Y8 Y7

CYMMBI

pa3HOCTh

Up Up Up U3 Ug Us
Us
V1 V2 V3 V4 V5

3aTeM BBIIHUCHIBAIOTCS OTH CYMMBI U pa3HOCTH W aHAJIOTH4-
HBIM O6p8.30M MMOABCPIraroTCsA CIOKCHUIO U BBIYUTAHUIO!

Up U1 U2
U3 Ug Us Ug
CYMMBI So S1 S
pas- S3
HOCTb Lhtb
Vo V1 V2
V3 V5 Vg
CYMMEI 0,0,0,
pas-
T, T
HOCTb 272

[Tonb3ysch MoydeHHBIMHU BeIUYUHaMU, BMecTo (7.4)
MO>KEM U CaTh:
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6a, =S, +S; +S, +S;,

6a, =t, + 0,866t, +0,5t,,

6a, =s, —S; +0,5(s, —s,),

6a, =t, —t,,

6b, = 0,50, +0,8660, + o,

6b, = 0,866(z, + 7,),

6b, = o, — ;.
MpI ipoBeny cXeMy BBIYHMCIICHUH JUIsl IBEHAALATH 33JaHHBIX
opauHar. [IpumMeHnenune 3Toi cXembl K TIaAKUM (QyHKIIHSAM, IS
KOTOPBIX MBI 3HAaEM mouHble 3HadeHus KodhduineHToB Oypee,
1aeT npubaudicenHvle 3HaUCHUs KO3pduIneHTos ai, by, az, by, as,
b3, BecbMa Onu3kue K TOUHBIM. J[J1s1 GOJIee TOYHBIX PE3YJIBTATOB, &
TakKe B CIy4asx, KOTJa HaJ0 3HATh OOJbIee YUCIo KodPpuiiueH-
ToB Dyppe, ynorpeOiastoT cXembl C OOJNBIIMM YHUCIOM OpJUHAT.
YnorpeburtenbHa cxema ¢ 24 opJMHAaTaMH.

Ynpaoscnenus

1. BBIUHUCIUTH CyMMBI YHCIIOBBIX psmon

0y 9ot w3y
n:1n (2n+1) , n=1 n4 ,
© 1 0 © (_1)n+l
d nzﬂlne’ A ;(2n+1)6’ ¢) nz;‘ n®
72'4 72'4
0) : —, 0) —,
TBETHI: @) %0 ) 9%
6)
(1n+1 =1 = 1 _4(1_ 1 j_24l-7r4
Z nz(2n+1) “~@2n)* = 30 2*.96) 23040’

7° 7t 1 1
_’ o _’ 6 T s I
D o5 ¥ 9500 Y7 (960 2“945)
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2. OyHKIMS 337aHa PSIIOM

f(x) = i(co;znx Y sin nx}

n+1
Hanucarts psn Pypbe Ui ee npOI/ISBoL[HofI.

Ortser.
f (x)———+z[( P2 3'2 “X} (x# (2k +1)7).

3. Joxkazare nuddepeHunpyeMoctb (yHKIHH, 3aJaHHON
Wi — 7 < X < 77 pAAoOM

sin nx
f(x)=) (-1"
Zl n(/n+1)’
Y HaIUCaTh PA3I0KCHHUE VIS IIPOU3BOIHOM.
COS NX
OtBer. f'(x -1
(x) = Z( )" Tt

4. JlokazaTb nndxbepeHquyeMOCTb dyuxiun f(X), 3aman-
HOM g O < X < 7 ¥ HamucaThb pa3ioKEeHUE [l IPOU3BOTHOM.
0 0 2

n+1 . n
2) f(x):zz—lsmnx 6) f(x)_§5n3+1

~n°+n+

sin nx

OTtBerT.
1 & cosnx
a) f'xX)=—=-) ———,
ARY 2 “=n’+n+1
6) f(X)__i_l COos NX
10 5%5n° +1
7. Haiitu cymmy psina
iCOSHX
n?-1

n=1

Otger. F(X)=c, cosx+czsinx+% (0<x<n),

TIe
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c1=Z 21 1+%=2(ma1<7<a7< 21 =1( 1 D

m°-1 2\m-1 m+1

8. UHTEI'PAJI ®YPbBE

8.1. Uurerpan ®@ypbe Kak npeaeibHbIM
cay4aii paaa @ypee

Iycts f(X) —dyukius, 3aganHas ist BCEX ACHCTBUTEIb-
HBIX X U KyCOYHO-TJIaJIKasi (HempephIBHAs HJIH Pa3pbiBHAS) HA KaK-

oM koHeuHoMm oTpeske [—I, 1]. Torma Ha KaxaoM TakoM OTpE3Ke
f(X) MmoskeT OBITH pasioxena B psa Dypoe
a = 7MX . 7NX
f (x) :70+Z(an cos|—+bnsmT) (8.1)
n=1

(B Toukax  paspeiBa  BMecro  f(X) HyXHO  mHucarb
f(x+0)+ f(x-0)
2

), TIpuYeM

I

jf(u)cos—du (n=0,1,2, ...)
-l

b, :TI f(u)sin@du (=12, ...)
-

Ecnu B (8.1) moacTaBuTh BEIpasKEHUS TS dy, U D,
TO TOJIYYUM:

f(x) = %JL f (u)du + i%j f (u)cos?(u - x)du.

[pennonoxum Ternepb aOCOTIOTHYIO MHTETpUpyeMOcTh f(X)
Ha Bceill OX, T. €. MPEIoIOKHUM CYyIIECTBOBaHUE HHTETpalia
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[1 10010 (8.2)
Torma npu | — oo (x — PUKCHPOBAHO) MOTYIHM:
o Al
f () =lim Z% [t (u)cos?(u — x)du. 8.3)
—o = °

[lonpiTaemMcsi ycTaHOBUTH, BO YTO MEPEHAET B Mpenene
cymma crpaBa. C 3ToH LEeNbIO MOT0KUM:

A =|£, A, =2|—”, o A :”T”, s AL = A — A :IE.
T()r,[[a I/IHTepeCYIOH_[aH HacC CyMMa HOHyLH/IT BU
0 |
L3 a2, [ f(w)cos 2, (u—xdu (8.4)
T n=1 —

DTO HAIIOMUHAET HHTETPATBHYIO CyMMY JUIsl (DyHKIIHH
MEPEMEHHOTO A

1 T f (u)cos A(u — x)du,
T —o0

COCTaBIIEHHYIO JUTs TpoMexyTKa [0, +00). [ToaTOMy ecTeCTBEHHO
oXxuaarh, uto npu | — 0o (1.4) nepeitnér B qBOWHOM HECOOCTBEH-
HBI MHTErpai, U, ClIeJ0oBaTelbHO, ECTECTBEHHO OKUJaTh (hopMy-
TIBI

1 o0 o0
f(x)== j da jf(u)cosﬁ(u—x)du. (8.5)
T 0 —o0
Wurerpan cripaa B (8.5) HaszbiBaeTcs unmezpanom Pypuve,
a ¢Qopmymna B 1menoMm — uumezpanvhou gopmynou Pypve. Ecnu

BOCITOJIB30BaThCsL (POPMYIION ISl KOCHHYCAa Pa3HOCTH, TO BMECTO
(8.5) MmoxeM HamucaTh:

f(x)= T(a(ﬁ) cos AX + b(4)sin Ax)dA, (8.6)
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rac
()=t ]o f (u)cos Audu, b(A) == T f(u)sin Audu. (8.7)
T % T S

CxonctBo ¢ psgoMm Dypbe COCTOUT B CICAYIOLICM: 3HAK
CYMMBI 3aMCHMJICSI 3HAKOM MHTETpayia, i BMECTO I[EJIOYH CIICHHOTO
napaMeTpa N QUIypHpyeT HEMPEPHIBHO M3MCHSIIONMICS MapamMmerp
A. Koaddurmentsr a(A) u b(1) Becbma HamoMuHaOT KodhuirneH-
1ol Dypse.

8.2. Jloka3aTe/ibCTBO HHTETrPAJIbLHON (popmy.ibl Pypbe

[Mpennonoxum, uro f(X) abCoNMOTHO HHTETPUpPYeMa Ha Beeit
Ox. Tlo onpeneneHuIo MOHSTUS Heco6CTBeHHoro UHTEerpajia

jdlj f(u)cos A(u—x)du = I|m Jdﬂj (u)cos A(u—x)du. (8.8)
n 0 -0 -0
Takum oOpazom, CyIIeCTBOBaHME MHTErpaia ClieBa SKBHUBa-
JICHTHO CYHICCTBOBAHUIO IIPCACIia CIIpaBa.
Ho unTerpan

T f (u)cos A(u—x)du

PaBHOMEPHO CXOIUTCS TSt —00 < A < 00, TaK Kak
| f(u)cosA(u—x)|< f(u)l,

a f(u) abcoroTHO UHTETpUpYeMa Ha BCEH OCH.
HOBTOMy

jd/ljf(u)cosl(u x)du__[dujf(u)cosl(u X)dA =

_J-f( smluu

(MBI c/IeNany 3aMeHy ¢— X = V, a 3aTeM BMECTO U OIATh CTAJU -
catb u). Imeem:
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sinlu
u

du.

ljdzjf(u)cosﬂ(u-x)du:ﬁmljf(x+u)
ﬂ'o e I—>c>o7z-7DO

Ecnu teneps B Touke x (ynkius f(X) umeer mpasyro u Jje-
BYIO IPOHU3BOJHBIC, TO MPEIENT B IPaBOH 4acTh
f(x+0)+ f(x-0)
5 :
CremoBarenbHO, CYIIECTBYET MHTETPAI CI€Ba U

f(x+0)+ f(x=0)
5 :

B Toukax HEMpPepHIBHOCTH TOJyCyMMa MpPEICTbHBIX 3HAYe-
Huii copnanaet ¢ f{x). Takum oOpazom:

Ecnu f(X) abconrommno unmeepupyema na eceii ocu Ox, mo
unmezpanvhas opmyna Pypve umeem mecmo 8 Kaxrcoou moyke X,
6 komopoti T(X) umeem npasyio u 1e6yio npouszsoonuvle.

Orcrona:

Ecnu xycouno-enaokas na Kax)#coom KOHEYHOM Ompe3Ke
@yuxyus T(X) abconromno unmeepupyema na eceii ocu Ox, mo un-
meepanvras popmyna Pypve umeem mecmo 0is 6Cex X.

CYHICCTBYCT W PAaBCH YHUCITY

de/lT f (u)cos A(u — x)du = (8.9)
Ty

8.3. Paziimunble BUABI MHTErpajibHOI GopmyJibl Dypbe

[Mpennonaras f(x) abcoMOTHO MHTErpUPYEMON HA BCEW OCH
Ox, pacCMOTPUM HUHTETpAI
j f (u)sin A(u — x)du.
DTOT MHTErpa PABHOMEPHO CXOIUTCS I —00< A < 00, TaK KaK
| fu)sinA(u—x) < f(u)]
[ToaToMy oH mpencraBiisieT coOOl HEMPEPBHIBHYIO H, OYe-
BUJHO, HEUeTHYIO (yHKIMIO OT A. Ho Torma

mlo Jl.le f(u)sin A(u—x)du = Td/IT f (u)sin A(u—x)du =0.
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C npyroii CTOpOHBI, HHTETPAII

'T f (u)cos A(u—x)du

—0

MpeICTaBIsAeT cO00H uemnyro PyHKIUO OT A.. [loaTOMy

f(x)= % TdﬂT f (u)[cos A(u—x)+isin A(u—Xx)du =

_1 jd/z j f (u)e*“du.
Tl (8.10)
Mpbl nonyuunu xomniexcHyio gopmy unterpaisa Oypwe. [lepenu-

meM tenepb Gopmyny (8.10) B Buze:

f(x)= 1Tcos ix(j f (u) cos Audu)dA +1Tsin ix(f f(u)sin Audu)dA.  (8.11)

) o

-0

B ciyuae uemmnori f(u)

I f (u)cos Audu = Z'f f (u) cos Audu,
0

j f (u)sin Audu =0
1 paBeHCTBO (8.11) maer:
f(x)= 2 j cos Ax( j f (u) cos Audu)d 4. (8.12)
4 0 0
B ciyuae neuemmnou f{u) anamornano monxydum:
f(x)= 2 j sin AX( j f (u)sin Audu)dA. (8.13)
7 0 0
Ecnu f{x) 3amana maumn s [0, ), To dopmyna (8.12) uem-
Huim obpaszom pacripoctpanser f(X) na Bcio Ox, a dopmyna (3.4) —
HeuemuwbimM 00pa3oM. JIJisi MOJOXKUTEIBHBIX X, TaKAM 00pasoMm,

NPUIOKUMBI 00€ (GOopMynbl, a IJii OTPULATENbHBIX— OHU JaayT
pasHble 3HAUEHUs. 3aMEeTUM, YTO MpH HenpepbiBHOCTH f(X) mst
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x = 0 dopmyma (8.12) Bcerna crpaBeasivBa B 3TOM TOYKE, a GOpMY-
na (8.13) cnpaBemyuBa mumb toraa, koraa f(0) = 0 (tak kak mpwu
HEYETHOM MPOJIODKEHUU (YHKIIMU BCeraa
f (+0) + f(-0)
2
(8.13) mpu x = 0).

=0, a 5T0 3Ha4eHUE M INPUHUMAECT HHTEIpal B

8.4. IlpeodpazoBanune ®ypne

I[Tycts f{u) 3anana.
O yHKIMIO

F(A) = f (u)e™du (8.14)

o
2w °,

Ha3bIBAIOT npeobpaszosanuem Pypwve dynkuuu f(U). Ecmu mis f(X)

crpaBeMBa nHTerpaigbHas Gopmymna Oypee, To B cuiy (8.10)

1
f(X)=—
(%) N
Ota QyHkums Oyner oopamuwvim npeobpazosanuem Dypobe
byakuuu F(4). Oynakunuio (8.14) MOKHO paccMaTpUBaTh Kak
peuieHue unmeepanvioco ypasuenusi (8.15): f(X) zamana, F(1)
uiercs. OTMETHM HECKOJIBKO CBOMCTB MpeoOpa3oBanuii @ypbe

F(x) = —— T f (u)e™du.

T F(A)e ™ dA. (8.15)

J2z

Ecnu f(X) abcontomno unmezpupyema 6 npomedxcym-
Ke(—.0), mo @yuxyus F(X) nenpepviéna ons écex x u cmpe-
mumest K wyno npu |X|—oo. HempepbIBHOCTD ClieIyeT U3 paB-
HOMEpPHOW CXOJMMOCTH MHTeTpana (Io X), TOCKOJIbKY

|le™ =1, | f(u)e™ |4 f(u)| awunrerpan

[ (u) ] du cymecrayer.

—00

Hanee,

117



. 1 . LT .
llllﬂl F(x)= E{&fﬂl[f (u)cos xudu + i llm[@f (u)sin xudu} =0

Ecnu ¢ynkyua x"f(x) (n-yenoe, nonoscumenvroe) abdco-

JIOMHO unmezpupyema 6 npomedxcymre (-0,0), mo onst F(X) cywe-
cmeyem n npou3eoOHbIX, Npuiem

F®(x) = % T f(uue™du (k=1,2,...,n) (8.16)

U 8ce Mu NPOU3BOOHbLE CIMPEMAMCA K HYI0 npu |X|— 0.
JlevictBuTenbHO, hopmysbl (8.16) MOryT OBITH MOJTYYCHBI
middepeHIiupoBaHHEM IO/ 3HAKOM HMHTErpaia, MOCKOIBbKY Kak-
A pa3 MbI MOJIy4aeM WHTETPAIbl, PABHOMEPHO CXOJISIIECS
0 X, YTO BBITCKACT M3 PABEHCTB
| f(u e™ |4 fu*| (k=1,2,...,n),
rae QyHKIUH crpaBa abCOMOTHO HHTETPUPYEMBI.
3. Ecnu f(X) nenpepvisna u cmpemumces k wymo npu |X|—oo,
f'(X) abconomno unmeepupyema 6 npomedsxicymre (-00,00), mo

1 T i ixu _5
Ej@f (u)e™ du == F (x).

4. Ecnu T(X) abconromno unmezpupyema 6 npomedxcymke

(-o0.0), a [ f(u)du — 0 mpu [x—c0, mo
0

1 R ixu _l
Ej;uf(t)dt} du=—F(x).

O6e nocneanme GopMyIbl JOKA3BIBAIOTCS HHTETPUPOBAHUEM
10 YacTsM. DTH (GOPMYJIbI TO3BOJISIIOT CIENaTh CIEAYIONIil BBIBOI:
JuddepenuupoBanuto ucxonnoi ¢ynkumu f(X) orBewaer ymHO-
eHune Ha X/i ee mpeoOpa3oBaHHON (QYHKIHH (X) , @ HHTETPUPOBA-
HUIO — JIeJICHUE Ha Ty XKe BeJIWunHy. Vnes takoro pona cBeze-
HUS CIOXHBIX ONEpaIfii MaTeMaTH4eCKOTo aHalin3a K MPOCThIM
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anreOpanyecKuM OIepalusM ¢ MpeoOdpa3oBaHHBIMKH (PYHKIIHAMH (C
MOCJIEYIOIIMM O0paTHBIM MPeoOpa3oBaHUEM OKOHYATEIBHOTO pe-
3ylbTaTa) JIGKUT B OCHOBE ONEPAYUOHHO20 UCHUCTEHUs, BEChMa
BAKHOTO 110 CBOMM MPHIIOKEHUSIM pasfienia MmaTeMatuku. O0paTtum-
csl TeTrephb K MpeoOpa3oBaHUSIM HECKOJIBKO MHOTO BU/IA.

O YHKIHIO
F(1) = \FT f (u) cos Audu (8.17)

YCIIOBUMCS Ha3bIBATh KOCUHYC- npeobpasosanuem Dypre U1
¢yaxuun f(u). Ecnm ans f(X) cnipaBeayinBa uaTerpainbHas Gopmyna
Dypse, TO

f(x)= \/% T F (1) cos xAdA4, (8.18)

T. e. f(X) B cBOrO ouepenp SIBISIETCS KOCHHYC- IPeoOpa3oBaHUEM
st F(4). Mabimu cioBamu, Gyrkuuu f u F sBIsSOTCS B3aMMHBIMU
KOCHHYC- IPEe00pa30BaHUSIMH.

Ananornuno, QyHKIus

D) = ET f (u) sin Audu (8.19)

Ha3bIBaeTCs cuHyc- npeoopasosanuem dypwe mis f(u).Moxno mo-
JY4UTh:

f(x)= \/%Td)(/”t)sin XAdA, (8.20)

T.€., MOJ00HO CITydar0 KOCHHYC- mpeoOpa3oBanumii, f u @ okasbiBa-
I0TCSI B3aMMHBIMH CHHYC- TmpeoOpazoBanusiMu. Dynkruio (8.17)
MOKHO paccMaTpuBaTh KaK PEIICHUE UHMEeSPAIbHO20 YPAGHEHUs
(8.18) (f(x) 3amana, F(1) umercs), a ynkuio (8.19) —kak pere-
HHE WHTerpajgpHOoro ypaBHeHus (8.20).B kadectBe ympakHEHUS
MPUMEHUM KOCHHYC- U CHHYC- IpeoOpa3oBanus Oypbe K BhIUUCIIE-
HUIO HEKOTOPBIX HHTETPAJIOB.
IMpumep 1. ITycts f(X) =™ (a > 0, x>0). Dta QpyHKIUA

unterpupyema ams 0 < x<oo v BCIOy 00J1aaeT TPOU3BOAHOM.
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C noMoup0 UHTETPUPOBAHUSA 10 YACTAM HaANIEM:

F(A e cos Audu =
)= \ = '([ V ‘a +/12
2% ] 2 A
DA :‘/— e’a“3|n/1udu=‘/—~ )
Q ﬂ'([ 7 at+ i

Torma dopmynsr (4.5) u (4.7) nmanyr:

) cos xAdA

X>0),
ryal+ A (=0)
2 ¢ Asin xAdA
- 72'[ a’+ A (x>0).
0
[Ipumep 2.

%0]1}1 0<x<a,
f(x)= EOJZ}Z X =a,
0011 X>a.

OueBuHO,
a -
F(A) = ‘/E_[cosiudu = ‘/3 Skl a/I,
Ty T A

5% ’ lomm0<x<a,
f(x)z_J'SlnalCOSX/l /1= 1@}1}1 X=a,
Ty A 2

gom X>a.

B wactHocTH, IpH X = a
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lzlj‘staAdi,
2 Ty

A

r _¢sind
Y €CITU TIOJIOKUTH & = 1/2, To momyqaeM: — = ITdA.

0
8.5. CnekrpajbHas (pyHKuuA

®opmyny (8.10), kak JIerKO COOOpa3uTh, MOKHO TIEPEIIH-
caTh TaK:

_ 1 T T iA(x-u)
f9=—" [O da L f (u)e”*“du (8.21)

e = cos A(x —u) +isin A(x—u) = cos 1(u — X) —isin 1(u —X),

a MHTETpaJl, coJepkaumii cuayc, paseH 0 ). Termepb
HOJIOKHUM:

A(L) = % T f(u)e "™ du. (8.22)

Orta ¢Qynkuus (B oOleM ciydyae —KOMIUIEKCHAs) HIpaeT
BOKHYIO POJIb B DJIGKTPOTEXHUKE M HOCUT HAMMEHOBAHUE CHeK-
mpanvrou Gpynxyuu 1 f(x). B cuny (8.21) u (8.22)

f(x)= TA(;t)eikXd;t. (8.23)

dopmymna (8.22) sasiercst ananorom dopmyist (1.55) ,

JAroIeH 3HAYCHUSI KOMNIAEKCHbIX Koagguyuenmos Pypve,; hopmy-
na (8.23)—ananor gopmymnsr (1.54) .
[pumep. HaiiTu ciekrpanbHy0 (QYHKIHIO IS

1 X|< a,
f(x) = npu | x| (cM. puc. 30).
O npu | x|>a.
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N

Puc. 30.

—
T dm—n o n F

Puc. 31.
®opmyna (8.22) naer:

a —ju ]u=2 ila _ -iza :
A(/I):i.[e”“du:i{e } le e _ismaﬂ.
2r 2,

27| -iA|, . 2r iA  m A
Takum oOpazom, A (L) oka3zaiaoch 37eCh JICUCTBUTEIb-

HoU yHKIIMEH; ee Tpaduk (pu a = 1) n300paxeH Ha puc. 31.

9. YPABHEHUE KOJIEBAHUS CTPYHbI
N CTEP/KHSA

9.1. BoiBO ypaBHeHUSI KOJIeOAHHUS CTPYHbI

PaccMOTpUM HATAHYTYI0O OJHOPOJHYIO CTPYHY, 3aKpell-
NEHHYI0 B KOHIAx. B mokoe crpyHa mmeer (opmy mpsiMoil. DTy
HnpsiMyro npumeM 3a ocb OX 1 OyJeM cuuTaTh, YTO KOHIIBI CTPYHBI
Haxoress B Toukax x=0 u x=l (I-mnuua crpynsl). Ecu OTKIOHHUTH
CTPYHY OT INOJIOKEHUs paBHOBECHS ( WJIM MPUIATh €€ TOUKaM HEKO-
TOpBIE CKOPOCTH), a 3aT€M MPEAOCTaBUTh caMoOi cebe , TO CTpyHa
HayHET kosiebarbesa. OrpaHMYMMCs PACCMOTPEHUEM Cllydasi MaJlbIX
KoJIe0aHUM CTPyHBI. DTO MO3BOJIAET CUUTATh UIMHY CTPYHBI HEU3-
MeHHOW. Konebanust Oynem cuumTaThb HMPOUCXOMSAIIMMH B OJHOMN
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MJIOCKOCTH TakuM 00pa3oM, YTO KaxJas TOYKa CTPYHBI JBHXKETCS
B HAMPAaBJICHUH, MEPHEHIUKYIIPHOM K ocu OX.

[Tycte u=u(x,t) oOo3Ha4YaeT BEIWYMHY OTKIOHEHUS B MO-
MEHT t TOYKU CTPYHBI ¢ abcuuccoil x. [Ipu kaxmom duxkcupoBan-
HOM 3HA4yeHUHU t rpaduk GyHKIMHU U=Uu(X,t), O4EeBUAHO, AaeT op-
My cTpyHbl. Ha sneMeHT AB CTpyHBI A€HCTBYIOT CUJIbI HATSDKEHU S
T1 u T2, HanpaBIeHHBIE MO KaCATEIbHON K CTpyHE (MBI IIpeanona-
raeM MokKa, YTO Ha CTPYHY HUKAKUE JAPYrue CUJIbl HE JACUCTBYIOT).
B nonoxxenuu nokos HaTspkeHUsI T BO BCeX TOUKAX CTPYHBI OJTUH a-
k0BO. IlocKkoIIbKy, Kak Mbl YK€ TOBOPUIJIU, JUIMHY CTPYHBI MOXHO
CUMTATh HEU3MEHHOMU, MOCTOJIbKY MOKHO CUYUTATh HEU3MEHHBIM U
HatsbkeHue. [loatomy T1 u T2 nmo BenuuuHe coBnaaawT ¢ T, XOTA
U pazIM4Hbl MEXKIY COOOW MO HampaBleHUIO (MX HAMpPaBIICHUS
BCJICZICTBHE KPUBHU3HBI 3JieMeHTa AB HECKOJIbKO OTIUYHBI OT IPO-
TUBOMOJNOXKHBIX). CrefoBarenbHO, B HanpaBieHun ocu Ou Ha 37e-
MeHT AB nelictByer cuia

T[sin(p+Ap)-sing]~Tltg(p+ Ap)-tgep]=

2
T ou(x+Axt) au(x.t) _10 u(x+¢9Ax,t)AX

OX OX ox?

Cuuras 3€EMEHT X BECbMa MaJIbIM, COIVIACHO 3akoHY Hbro-
TOHA MO’KEM HAIUCATh:
ou _ o
rJe p-JIMHEWHas TUIOTHOCTH cTpyHHI. llonoxkus T/p=a u cokpaTus
Ha X, MOJIy4UM:

oy ,0d%

a5

ot OX
MpbI OJTydUIIN ypaBHEHUE C80000HbIX KOJICOAHUH CTPYHBI.
Ecnu Obl Ha cTpyHY, TOMUMO HAaTsDKEHM S, IEHCTBOBAJIA €IIE HEKO-
Topas cuna F(x,t), koTopyro OyzieM cuuTaTh OTHECEHHOM K €IMHUIIe
JUTMHBI, TO BMECTO ypaBHEHHUS (9.1) MbI momydunu Obl:

9.2)
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2 2
pra—l: =T a—l:Ax+ F(x,t)Ax
ot OX
OTKyZJa
o _ o2 o’u Axs F(xt)
ot? ox? p
DTO ecTb ypaBHEHUE B8bIHYHCOEHHbIX KOIEOaHUI CTPYHBI.
Mgl 3aiimemcst celiuac 3agadeii: 3Has opMy CTPYHBI B CKOPOCTH €e
TOYEK B HadaJbHBIM MOMeHT (t=0), HaiiTu ee dopmy B 10001 MO-
MeHT t. MareMaTudecku 3Ta 3aj1a4a CBOAMTCS K PEIICHUIO YpaBHe-
Hus (9.2)- ciayuait cBOOOAHBIX Kojebanuit umu (9.3) -cnydail BEI-

HYXJCHHBIX KOJeOaHUM MpU rPaHUYHBIX YCIOBUIX

(9.3)

u(0,t)=u(l,t)=0 (9.4)
nu HpI/I HadYaJIbHBIX yCJ'IOBI/I}IX
u(x0)= 1, 220 _ (1 ©5)

rae f(X) u g(X)-3amanHble HeMpepbIBHBIC QyHKIIMH, 00pa3yroImecs
B HYJIb IIpH X =0 1 nipu x =/.

9. 2. CBobGoaHbIe KOIeOaHUS CTPYHBI

Msbl He OymeM TOJB30BaThCS TOTOBBIMH  (JOpPMYJaMu
IpeIpIAyIeil TIIaBbl U BOCIIPOM3BEAEM PACCY)KACHHUS, CIEys Me-
TOJly, U3JI0)KEHHOMY TaM B 1. Miem yacTHble pemeHus (OTIIMYHbIE
oT u=0),y0BIETBOPSIONIE TPAHUUYHBIM YCIOBUSM, B BUJIE

u(x,t)=@(x)-T(t) (9.6)

Ioacranoska B (9.2) qaer: @T =a’dT

Otkyna
o T
— =——=-A=const
@ aT
Hu CJIICA0BATCIBbHO,
D =-D 9.7)
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T =-a’AT (9.8)
UYrobwr Qyakumst (9.2.1) , OTIMYHAs OT TOXIECTBEHHOTO
HYJIS, yIoBieTBopsuia yciaoBusMm (9.1.4), oueBHAHO, HY)KHO MOTpe-
O0BaTh BBHINIOJHEHUS YCIOBHS
@(0)=2(1)=0 (9.9)
Mpl npunmu K KpaeBoil 3amaye Juisl ypaBHeHus (9.7) npu
ycioBuu (9.9). Bece coOcTBeHHBIE 3HAUEHUs HAIlleW 3a/a4dl MOJIO-
KUTENbHBL. [109ToMy BMecTo n1siM6aa Mbl Brpase nucath A° . To-
raa ypasHeHus (9.7) u (9.8) npuMyT BUI

D + D=0 (9.10)
T +a’AT =0 (9.11)
W3 ypaBuenus (9.10) Haxogum:
@ =C, c0s Ax +C, sin Ax (C, =const,C, = const)
[Mpu x=0 u npu x=| OJKHBI MOTYINUTB:
@(0)=C,=0

@(1)=C,sinAl =0
[Tpunass C2 # 0 (B npoTuBHOM citydae O0b110 Ob1 D=0),Haiiem
Al =7m (n-uenoe). Tlomaraem C2=1,

y) :? (h=1,2..)

n

N nonyuaem cobcTBeHHBIE DYHKIINU
@n(x)=sin@ (n=1,2..)

(oTpuIaTenbHBIE N HE paCCMAaTPUBAECM, TaK KAK OHU C TOYHOCTBHIO
710 TIOCTOSIHHOTO MHOKHUTEIS TAJIA OBl T€ e COOCTBEHHBIC
(GYHKITMH, 9TO U JIJISI COOTBETCTBYIOIIMX MOJOKUTENBHBIX N; K TOMY
e KaKJIOMy COOCTBEHHOMY 3HAYCHHUIO JIAMO/Ia B KBajpare OTBeya-
€T B YKQ3aHHOM CMBICJIC JIMIIb OJIHA COOCTBEHHAs (DYHKIIHS).

[lpu A = A, ypaBHenue (9.11) naer:

. amt _ . amt
T =A cosait+B sinait=A cosTﬂn+ B. sin Tﬂn
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n=1,2..)
Hu, CJIICAOBATCIBHO,

u,(x,t)= (An cos@+ B smathsm@ (n=1,2..) (9.12)
UYUroObI NOIYyIUTH pemeHHe 3anaq1/1 rojaraeM

X t):iun(x,t) Z(An cos— +B smaTﬂntjsmg (9.13)
n=1 =1
U tpebyem, 4T0OBI

u(x,O):Z; A, sin @ = f(x)

ou(x,t) S(-a am . amt o amt o amt). mx| _
I t=0

ot | I "o |

n=1

o0

—ZBn—sml—_ g9(x)
CJICI[OBaTeJILHO, MBI JOJI?KHBI f(X) nu g(X) paBJIO)KI/ITL B pHHBI I10

. 7NX
cucreme{sin T }.@opmynel it kKodhduruenToB Oypee naroT:

|
A]:%If(x)sin@dx h=1,2..) (9.14)

B @z%jg(x)sin@dx

B i:Ig(x)sinﬂnl—dx (h=1,2..) 9.15)

Takum oOpa3zom, pelieHHEe HameW 3a7add  JaeTcs psi-
nomM(9.13), tne A u B, onpenensitorcs popmymnamu (9.14) u (9.15).
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Mu1 BUAUM, 4YTO KoJieOaTeIbHOE JABUKECHUE CTPYHBI ClIara€Tcsa u3
OTACIIBHBIX TAPMOHHUYCCKUX KoJIcOaHU BHU A

. (annt . 7nX
u,=H,-sin T+an -smT

e H, =.A’+B ,sing, :%,COSan :%.

n n
AmnnTyna KoineOaHUN KaxXI0i TOYKU X 3aBHCHUT 3/1€Ch JIUIIb
OT TMOJIOKEHU S TOW TOYKU Y HEM3MEHHO paBHA YHCITY
X

Hn-sinT

I 21 (n-2)l
Toukn , I8 KOTOPBIX Xx=0,—,—,..—>
n n n
| ,ocTaroTcst Ha Mecrte: 3TO «y3Jbl». TeM caMbIM CTpPyHA, KOJIEOIIO-
masicst o 3akoHy (9.12),pazomBaercss Ha N y4acTKOB, B KOHIAX KO-
TOpBIX KojeOaHuii HeT. Ha cocemHuX ydacTkax OTKIOHEHUS CTPY-
HBl PpasTUYHbl MO 3akoHY. CepemuHBl y4aCTKOB-«ITyIHOCTH-
KOJIEOMFOTCST ¢ HanOOJIBINeH aMILTUTYIOH. Takoro poja siBJICHHE
HOCUT Ha3BaHHe cmosaueli goaHbl. Ha puc.48 n3obpaskeHsl mocie-
JIOBATEIbHBIC TIOJIOKEHUSI CTPYHBI, KOJCOIOMCHCS 10 3aKOHY
(9.12), nnsa n=1,2,3,4. B o0meM ciydae, KOTJa CTpyHa KOJIeOIeTcs
no 3akoHy (9.13), OCHOBHOW TOH ONPEACNAETCS COCTaBJISIOICH

o am s [T
U, ¢ 4acToTon w=—=—_[—. W nepuomsom
I I \Vp
2 p .
7, =—=2l.|— . OcranbHble TOHBI, U3[aBAEMbIC CTPYHOH, HIIH
T
[0)
1

O0epTOHBl € 4acTOTaMH ,, — &7 _ 7N T uw nepuomamn
| I p

2r 21 |p
=—-=""\7 Xaparepusyor TEMOpP 3BYKA, €ro «OKpPacky».
n

Ecnu 3axaTh cTpyHy B cepelliHe, TO YeTHble OOEpTOHBI /Ul KOTO-
PBIX CEperiHA CTPYHBI SIBJISETCS Y3JI0OM , ECTECTBEHHO COXPaHSTCH.

Tn
@,
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Yro ke KacaeTcsi OCHOBHOIO TOHA U HEYETHBIX OOEPTOHOB, TO OHU
Cpa3y 3aIJIOXHYT, TaK Kak, 3a)KaB CTPYHY B CEPEIUHE, MBI 110 CYIIE-
CTBY JieJia OT CTpYyHBbI JuinHBI | mepeiiném k crpyHe amuHb 12, a 3a-
meHa | Ha 12 B (9.13) npuBener K psay JMIIb C YETHBIMH COCTaB-
nsronmMu. Poib OCHOBHOTO TOHA OyeT Urpath OOEPTOH C MEePHO-
aoMm 7, =2xlw, =7,12.

9.3. BoIHYXK/1eHHbIE KOJIeOAHHUS CTPYHbI

PaccmoTpuM ciyyalt mepruon4ecKol BO3MYIAIOIIEH CHUJIBI,
T. €. MIOJIOKUM

L(X’t) = Asin wt
p
Torna
F(;’t): Asin a)t:iFn(t)sinﬂnTt (9.16)
n=1
I'ne
|
F.(t)= %J Asin et sin @dx = %[1 -1y ]sin at
0
n=1,2,...)
[Tonoxum
ZT sm— (9.17)

[loncraBus (9.17) " (9.16) B (9.3) 1 BBINIOJIHUB NMOWIEHHOE
muddepeHInpOBaHHE, TOTYIUM:

i(T'# 7n” T ——[1 ”]-sinwt}singzo

n=1

Ortkyna

2_2.2
(T"+a AL | ——[1 ”]sina)t)=0 (9.18)
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JI71s1 KpaTKOCTH MOJIOKUM:

azn
a)n=T (I‘l=1,2,...)
( B 9THX YU CJIaX MBI Y3HAEM YaCTOTHI CBOOOTHBIX MIJTH COOCTBEHHBIX
kosiebanuii cTpyHsl). Torma ypaBHeHue (9.18) MokHO mepenucaTh

TakK:
T+ lT, :in—A[l—(—l)” Jsin ol 9.19)

Peums €ro, MmoJIiydmnm:
T,=Acosot+B sma)t+2Aj< Ulsin et (9.20)

(ecin @, # @ ). YtoOs! ynoByieTBOpuUTh ycinoBusiM (9.4) u (9.5),
Tpedyem:

u(x,0)= iT (0)sm@ f(x)

auxo ZT sm—g)

Ioacuer KOB(M)I/IHI/I@HTOB d)ypbe st f(X) u g(X) maer

=A = j sm— dx (9.21)

: 2A1-(-1 2 . 7nX
Tn<o>=wnsn+mf(_wl -2 [ glsin "

Nmn

| n

B, :ij‘g(x)sin X 4x = ZA[l_(_l) ]
lo, 5 I

Ecmn (9.21) u (9.22) noxncraBus B (9.20), a 3aTeM HalJeH-

Hoe BbIpaxkeHue it T moacTaBuTh B (9.17),T0 mOITydnM :

9.22
mao, (a),f -’ ©.22)

u(x,t)= Zw:(An cosm,t + B, sin a)nt)sin @ +

n=1
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(2K + 1)

. sin (2k +1)mx

+ ﬂsin oty I
T k=0 (2k +1)(w22k - wz) 7T k=0 w22k+1 (a)zzm - wz)

sin@,, ,t-sin

(9.23)

re MOJIOKEHO

Breipaxxenne B mepBoi cymme cripaBa B (9.23) -3To dyHKIUA, 1a-
IOIat0 CBOOO/IHBIE KoJeOaHus CTpyHBI IpH ycnoBusix (9.4) u (9.5) .
CrnenoBaTenbHO, BTOPasi U TPEThS CYMMBI - 3TO TOT KOPPEKTUB, KO-
TOPBIA BHOCUTCS HaJWYHUEM BO3MYIIAIOUIEH CHIIbl. CPEeHIOI CyM-
My OOBIYHO HAa3BIBAIOT «UHCTBIMUY BBIHYKJICHHBIMHU KoeOaHusI-
MH, IOCKOJIBKY OHHM OCYIIECTBIIIOTCSI C 4aCTOTOM BO3MYILAIOIIECH

cunsl. PaBencra (9.20) cnpaBeuiuBsl , ecnu @, # @ . IlocMor-
puMm , uro Oyner, koraa @, =@ . T.e. 4acTOTa BO3MYLRAIOLIECH CU-

JBl COBIIAJAET C OJHON M3 COOCTBEHHBIX 4acTOT. B aTom ciydae
ypaBHenue (9.19) maer:

i At
T, = Acos at + B, sin ot ———— [1—(—1)n ]cos at
mao
OTKyI[a MbI BUJIUM, 4YTO IIpHU N  HEYETHOM B cCllara€Mom

T, (t)sin @ cymmsbl (9.17) ammnutyna kosnebaHus paBHA

2
H= (An_ﬂ} +B?-

. 7NX
SIN——
Mo |

Heorpannyenno pacrer Bmecte ¢ t, T. E. HaOmomaercs sBieHue
pe3oHanca.

9.4. CBOOOAHBIE KOJICOAHUS CTEPAKHS

Kak B ciyuae CTpyHBI, WIIEM YacCTHBIE pPEIICHUS BHIA
U(x,t)=@(x)T(t). I npuxoanm K ypaBHEHHSIM
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D + 2D =0
T +a’2#T=0
[IPH YCIIOBHSIX (D(O) = CDI(I ) =0 (9.26)
VYpaBuenue (9.24) naer:
@ =C, cos Ax+C,sinx (C, =const,C, = const)
IMpu x =0 u x = | B cuity (9.26) TOIKHBI OTYYHTh:
®(0)=C, =0
@'(1)=C,Acos Al =
Cuntas C, #0 (B mpoTHBHOM citydae umenu O6s1 @ =0),

(9.24), (9.25)

OTCIOZa HaxoauMm: Al = @ (n — memoe).ITonaraem:
s (2n +1)7z
" 2
9.27
(2n +1)7x 8.27)

@ (x)=sin A x =si
- (x)=sin 4,x =sin ]

(oTpuIaTenbHBIC N HOBBIX COOCTBEHHBIX QYHKIIUN HE TaJIyT).
Ilpu A=A, u3 ypaBHenus (9.25), Haxoaum:

T,=A cosalt+B,sinaAt n=0,1,2,..))
CrenoBaTeibHO,
u,(x,t)=(A cosalt+B, sinait)sinAx...n=0,1,2,...)

21)151 pelieHus 3a71a4i COCTaBJIISIEM PsiJT

ZU X,t) ZA“cos/lt+B sinalt)sin A x (9.28)

U tpebyem, qTo6H
u(x,0)= i A sin A x= f(x)

u(x0) _ i( Aal sinalt+B alt)sin A x =iBna/1nsin/1nx=g(x)

ot n=0 t=0 n=0
[Moacuer xkoadduinentoB Pypbe s f(X) u g(X) mo cucreme
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{sin4,x} naer:
|

j f (x)sin A, xdx
A =7 |
J.sin2 A, XdX
0
| :
J.g(x)sin A, xdx
B,at, =%
_[sinz A, Xdx
0
Ho

| |
_fsinz A, xdx = 1J'(l—cos 24 X)dx !
) 2 2

0

U nostomy
Anzlgj'f(x)sin/inxdx (n=0,1,2,...)
20' : 4 :
B, = aTnI;[ g(x)sin A, xdx = m}[ g(x)sin A, xdx
(n=0,1,2,...) (9.29)

Urak, pemenune 3amaum nmaercs Qopmynoi (9.28), tne An, u By
onpenenstorcs paBeHcTBaMU (9.29). Takum oOpazoM, KojebaTelb-
HOE JIBV)KCHHE CTEPIKHSI CJIaraeTcsl i3 TApMOHUYECKUX KoJIeOaHU

. =(A, cosait+B, sinat)sin A x (9.30)
Ymn u, = H, sin(ait+a,)sin A x,
e H,=A’+B! sing, :I;i’ sina, :Hi'

n n
Amnutyna KosnebarensHoro ABukeHus (9.30) 3aBUCUT JIHIIHL
OT TIOJIOKECHUS CEUCHUSI X © HEM3MEHHO paBHA YU CITy
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H,lsin4,x|=H, sinM

Yro xacaercs YHaCTOTHI, TO JJIsI HEC NMCEM:
(2a+ljazr _(2n+1)z [E

w, =ai, =
2l 2l p
W, cnenoBaTenbHO, Tepuo AaeTcs GopMyIon
. 2z A 41 p

", (2n+la 2n+1VE

n

OCHOBHOI TOH B KONEOAHWM CTEPHKHS IIOIY4aeTCs IPH
X T
AOSInE , 4aCTOTY @y = —

=0. On uMeeT aMIIUTyRy 21 p
P

[P
nepuon 7, =4l E . CnemoBaTebHO, JyIs1 OCHOBHOIO TOHA B 3a-

kperuieHHOM Kowile crepxHst ,T .. npu x=0, uMeeM y3el, a B CBO-
00/IHOM KOHIIE, T. €. pu X=lnyanocts (puc.50).

9.5. BhiHyXk/1eHHbI€ KOJIeOAHUS CTePAKHS

PaccmoTpuM ciydait, Korma cTepKEeHb MOJBENIEH 32 KOHEII
x=0 ¥ BO3MyII@AOIIAS] CUJIA €CTh CHJIA TSKECTH, T. €. F(X,t)z p-g

(cuma F(x,t) oTHeceHa Kk enuHMIIE 00BEMa). YpaBHEHHE KOJICOAHU I
JUISL TAHHOTO CIydast HMEeT BT

——=a’~—+g (9.31)
X

(cM. (9.26)) mpu rpaHUYHBIX ycIoBUsX (9.27) U HaYaNBHBIX YCIIO-
BUsX (4.5). Tlonoxum:
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n=0
) 9.32)
Flt) —n=S"F,sin4x
p n=0
|
[ gsin 2,xdx
. 29 —
D Rt =B (=012.0)

Jsinzinxdx "

IToncraBuB psager (9.32) B (9.31) u mepeHecs Bce WICHBI
BIIEBO, TIOJTyYHM:
S| +a22T, ~ 29 |sin 4x=0

n=0 I/ln

OTtkyna

Tn"+aziﬁTn—|279:O n=0,1,2,...)

n

Pemenus 3tix ypaBHEHUN UMEIOT BU

T =A cosalt+B, S|na/1t+|22i3 n=0,1,2,..)
a n

Uro0On! yoBIAETBOPUTH YcioBHsM (9.28), Tpedyem:

X o)ziTn(o)smnx: (),

auxo iT (0)sin2,x = g(x).

Honcqu KOB(I)(I)I/IHI/ICHTOB ®dypre as f(x) u g(x) mo
cucreme {SinA X} maer:
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2 |
T.(0)=A, Ia2/13 =1 _([f x)sin A, xdx,

|
T.(0)=B,at, = IEI g(x)sin A, xdx,
0

OTKyZa
2| . 2 — 2g
A :T-([ f(x)sin A, xdx — ar A - o
|
:al—in!g(x)sininxdx, (n=0,1,2,...)
IToaTOoMy
u(x,t)= i(xcos aA | +B_ sin a/lnl)sin A X —
n=0
cosad,tsin A, x sin 4, X
Ia Z A nz;'

B nepBoii cymme cnipaBa 4uTaTenb 6e3 TpyZa y3HaeT QyHK-
LIMI0, JAIOILYI0 pelieHUe 3a/1a4d O CBOOOJHBIX KOJIEOAHUSIX CTEPK-
HA OpU Tex ke ycnoBusx (9.28). CienoBaTenbHo, BTOpas U TPEThs
CYMMBI JIal0T TONPABKY Ha AEWCTBUE CUJIbI TSHKECTH.

10. YPABHEHHUE PACITIPOCTPAHEHMUA
TEIIVIA B CTEP)KHE
10. 1. YpaBHeHHe TeMJIONPOBOIHOCTH
PaccmoTpuM 0THOPOAHBINA HMIMHAPUYECKUM CTEPKEHb, 00-
KOBasi IOBEPXHOCTb KOTOPOIO H30JMPOBAaHA OT BHEIIHETO IPO-

crpanctBa. HampaBum OX B0 OCH CTEpXkHS U 0003HAYMM Yepe3
U(x,t) TeMriepatypy B CEUEHHUH CTEP)KHSI C aOCITUCCON X B MOMEHT 1.
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[Iyctb AB-37€eMEHT CTEpXKHS MEXAY CEYEHUSIMU X H
X+ AX. bynem cuuTarh IpPOMEXYTOK BPEMEHH CTOJIb MajbIM,
YTOOBI TEMIEPATYPY B CEUEHUH X U X+ AX MOXKHO OBLIIO MPUHSTH
HEU3MEeHHOW (BO BpeMeHH). ONBITOM YCTAHOBJIEHO, YTO KOJIHUYeE-
CTBO TeIlJa (,lIpoTeKarolee yepe3 Kakoi-HuOyIb CTep>KeHb, KOHIIBI
KOTOpPOTO  TOJIEPKUBAIOTCA TPU MOCTOSHHBIX TeMIlepaTypax,
IIPONIOPLIMOHANIBHO PAa3HOCTU ATHX TEMIIEPATYp , IJIOI@AIU cede-
HUS CTEPXKHS , TPOMEXKYTKY BPEMEHH O 00paTHO MPOMOPLIHOHAIb-
HO anuHe ctepxHs. [Toatomy g anementa AB MokeM Hamucarh:

q= K~[u(x+Ax,tA)X—u(x,t)]~s-At K. au(x + QAX,t) .S At (O <0 <1)

oX
I'ne K — koapuuineHT nponopruoHanbHOCTH, Ha3bIBaeMbIN KO3 (-
(uLIMEeHTOM BHYTPEHHEH TEIIONPOBOAHOCTH , S- IJIOLIA/Ib
norepevHoro ceueHus.. B mpenene npu AX — 0 MbI momyanm
KoiuyecTBO Termia Q, mpoTekaromiee dyepe3 CedeHHE X 3a BpeMms

At:

Qx)=K Z—usAt (10.1)
X
Paccmotrpum onste anemeHT AB. Herpyano cooOpa3uTs,

YTO KOJHMYCCTBO TCIlJIa AQ, KOTOPOC IMOJYYUT ITOT 3JICMCHT 34

Bpems At, BbIpa3uTCs Tak:

AQ = Q(x+Ax)—Q(x) = KsAt[

ou(x+Ax,t) ou(x,t)]
X X }_
d%u(x + 6,Ax,t)
ox?
(cnemyer uMeTh B BHJLY, UTO TEIUIO TEUET B HAIPaBJIEHUHU, 0Opat-
HOM TOMY, B KOTOpPOM BO3pacTaeT temmneparypa). Benmunny AQ

= KSAtAX (0<6 <1 (10.2)

MOJKHO TMOJCYUTATh U JPYIUM CcriocoboMm. byaem cunTarh 371eMEHT
AB cTonp ManbiM, YTO B KaXIbli JaHHBII MOMEHT TEMIIepaTypy
BCEX €r0 CCUEHUN MOYKHO CUUTATH OMHON U TOH Xe. Torma
ou(x,t+6,At)

ot
(0<0,<) (10.3)

AQ = cpsAx[u(x,t + At)—u(x,t)] = cpsAxAt
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IJie c- TEIJIOEMKOCTh BELIECTBA CTEPXKHS, p- IUIOTHOCTh (Ha elu-
HULY JUIMHBI) ¥ , CJIEA0BATENbHO, PSAX - Macca anemeHTa AB.
Comnocrasnenne (10.2) u (10.3) naet:

) au(x,t+6,At)  &%u(x+6,Axt)

=K 5
ot OX
W ecnu nepeiitu k npeneny unu At -0 u AX— 0, To
ou , 0
gt 10.4
ot OX? 104)

» K
I'ne monoxeno a” =— . Msl noy4uny ypaBHEeHUE
cp
TEIIONPOBOAHOCTH B JIMHEHHOM citydae). B 3aBucumoctu ot ycio-
BUH , B KOTOPBIX HAaXOIATCS KOHIIBI CTEP>KHSI, MOXKHO IOCTaBHUTb
HECKOJIBKO 3a/1ad.

10.2. PacnipocTpaHeHUe TeIuia B CTeP:KHE, KOHIbI
KOTOPOro NMOo//ie P:KUBAIOTCH NMPU HYJIeBOI TeMIiepaType.

3ajaya COCTOMT B OTBHICKaHMU perieHust ypaBHeHus (10.4)
IIpU TPAHUYHBIX YCIOBHUSIX

u(0,t)=u(l,t)=0 (10.5)
(x =0 u x = | - KOHIIBI CTEPKHS) ¥ MPU HAYATHHOM YCIOBHH
u(x,0)= f(x), (10.6)

rae f (x ) -3amannas pyHkus
Haitnem uactHbie pemienust ypaBHeHue (10.4) (ornuunble
or U=0 u ymoBrierBopsromye rpanuuHbIM yeiaoBusaMm (10.5)) B Bu-

ne
u(x,t)=@(x)T(t).
[ToncranoBka B (1.4) maert: OT =a’dT,
OTtkyna
@ _ 1; =—1% = const
@ a T
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CrnenoBaTenbHO
D +1P=0 (10.7)
T +a’A#T =0 (10.8)
N3 ypaBuenwus (10.7) Haxomum:
@(x)=C, cos Ax +C, sin Ax
B cuny yenoBust (10.5) nomkabl moTpe®oBaTh, 4TOOBI
@(0)=C, =0, @(1)=C,sin Al =0
Orcrona, cuntas C, # 0, momyqaem Al =zn
(n — menoe uunco).
7mn

[Nonaraem C, =1, Ay =—,

@n(x)zsininx=sin@ (n=1,2,...)

Ilpu A = A, ypaBHeHnue (1.4) naer:

a%z?n?

T(t)=Ae " =Ae " ,  A=const (n=1,2,..)
Taxkum oOpazom, QyHKIHH

a%z%n?

arhy
un(x,t)=Ansin@e 12 (n=1,2,...)

[IpencraBnsitoT co0oii yacTHbIE pemeHus ypapHenus (10.4),
VIOBJICTBOPSIIOIIME YCIOBUSM Ha TpaHuIle. UYTOOBI YIOBIECTBOPUTH

Ha4yaJIbHOMY YCJIIOBHIO, COCTaBJIsIeM Psijl
2_2.2

u(x,t):iﬁhsin @e'z (10.9)
n=1
U tpebyem, 4TOOBI
u(x0)=3 A sin @ _ t(x) (10.10)
n=1

. 7NX
CremoBarenbHO, HYKHO pa3iaoxuTh f(X) mo cucreme {sin I—}.

[Toacuer xoadurmentoB Oypbe naer:
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2| . 7nX
A]ZI—If(X)SlnI—dX (I’l=1,2,...)
0
Urak, pemenue 3amaun naercs psaom (10.9), rme kodpdunire HTHI
An ompenenstorest o dopmyinam (10.10). BenenctBue Hamuuust

_a’z’n?

|2

MHOXUTENEH € psan (10.9), kak Jierko NpoOBEPUTh, CXOUTCS
paBHOMepHO Jisg  t>t, >0 kakoBo Obl HM Ob1O 1, >0 .To xe

CIIPaBEUTMBO ISl PSJIOB, MONTYYArOIIMXCSl TTOWICHHBIM auddepeH-
nupoBaHueM mo X u 1o 1 (moboe uncno pa3). CiemoBaTeNbHO,
CyMMa psiia HempepblBHA U MowieHHoe auddepeHmpoBanue 3a-
KOHHO.

10.3. PacnipocTpaHeHue TeIuia B CTepP:KHe,
KOHIbI KOTOPOr0 TMO/le PKUBAIOTCS
NP4 NOCTOSIHHBIX TeMIlepaTypax

3amaya COCTOMT B OTBICKaHUU perieHust ypaBHeHus (10.4)
P TPAHUYHBIX YCIOBHUSIX

u(0,x)= A= const,u(l,t)B = const * (10.11)

W 1py HavalbHOM YCIIOBUHU
u(x,0)= f(x) (10.12)

Pemenue HIICM B BUJAC psada
ZT sin "X (10.13)

IT'ne

ZT sm—

I/IHTerpHpOBaHHe 110 YacTsAM JIaeT:

139



x=t 2 x=I
1 T = [_ Iu(x,t)cosﬂ} L] au(x,t)Sin x|
2 I x=0 T 8X I Xx=0

2n2

22 ox? I
0
Tak xak U(X,t) ynoBaerBopsier ypaBaenuto (10.4) u ycioBu-
sm (10.5), To

1 1 n | ou . znx
=T =—|A-(-1) Bl-——— sin —dx 10.15
2 " ﬂﬂ[ ( ] aznznz-([ I (10.15)
I[I/I(M)epeﬁunpyﬂ (10.14) mo t, nomyuum:
:—J.—sm—dx

W , cnegoBaTenpHO,

i :%[A—(—l)”B]—LT'

2 2a’z°n* "
Ortkyna
. atxn® 2a7zn
A A ) (10.5)
DTO ypaBHEHUE JACT:
azﬁznzt (1)
T,=Ae " +2.27CUB 1B (10.16)

YroObl yIOBIETBOPUTH HauanbHOMY ycnoBuio (10.12), tpe-
OyeM BBITIOJTHEHUS paBEHCTBA

ZT sm—— f(x)

Ioacuér Koa@q)HuHeHTOB d)ypbe s f(X) mo cucreme
. 7inX
{sin I—}I[aeT:

A-(-1)'B

T,0)=A +2 -2t (x)sin ™
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U nostomy
2 | . 7nX A-(-1)B
=—| f(x)sin—dx-2.——————
A= J (x)sin = —
Takum ob6pazom, pemenue 3amaun gaercs psgom (10.13), roe T,
omnpenensiercst opmynamu (10.16) u (10.17).

(10.17)

10.4. PacnipocTpaHeHue Teluia B
0eCKOHEeYHOM CTepIKHe

B 5TOM ciiyqae rpaHUYHBIX YCIOBHUS OTCYTCTBYIOT , U 3a]a-
Ya CBOJUTCS K OThICKaHWIO pereHus ypaBHeHnus (10.4) , onpene-
JICHHOTO Uit BceX X U t > 0 ¥ yIOBIICTBOPSIONICTO HAYaIbHOMY
YCIIOBHUIO
u(x,0)= f(x) (o0 < x<o0) (10.18)
Kak 00bI4HO, HIlleM YaCTHBIE PEIIeHUs BUA
u=o(xJT(t)

Ioncranosxka B (10.4) maer: @T =a’®dT

Otkyna
@ TT =2 = const (10.19)
@ aT
W , cnegoBaTenpHO,
@ +XD=0

(10.20), (10.21)
T +a’4T =0
OTH ypaBHEHUS JAIOT:
@ =C, cos Ax+C, sin Ax,

_a252
T=Ce*"
[losTOMy HY)KHBIE HAM YaCTHBIE pEIEHUs MOTYT OBbITH 3a-
IINCaHBI B BUIC

u(x,t; 1) = (Acos Ax + Bsin Ax)e > **
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[TocTostHHBIE A 1 B IpOoM3BOIBHBI U MBI MOKEM CUUTATh UX 3HAYE-
HUAMHU (QYHKUIHHA A= A(ﬂ,), B= B(/I) IIpu guckpeTHBIX 3Haue-
HUSIX JAMO1a ( KaKk B CiIydyae KOHEYHOTO CTEPIKHS) Mbl COCTaBJISIIN
psn, 4TOOBI CyMMa psila JaBaja pelieHue, YIOBJICTBOPSIOIICE
HavaJbHOMY YCIIOBHIO. B Hamem ciydae JissMO7ia MEHSIETCS HeTlpe-
PBIBHO, U MBI T10JIaraem:

u(x,t)=[u(x.t; 2)dA = [ (A(2)cos Ax+B(4)sin x)e**'dA (10.22)
0 0
Ecmu 31eck Bo3MOXHO udepeHInpOBaHUE MO 3HAKOM M H-
terpaia ( oauH pa3 mo t u aBaxkapl 1Mo X) , To QyHkus U ( X ,t)
ecThb pemeHue ypaBHeHus (10.4). JlelicTBUTENBHO,

u__, 0 =Tau(x,t;i)

di—a’[Zldy =
0

a ok

0 . 2 .
=J-(6u(x,t,l)_a2 0 u(x,zt,/i)j&;t 0

AT ox

UroObl yIOBIETBOPUTH HAYAIBLHOMY YCIOBHIO, TOTpedOyeM
BBITTOJTHEHHUS PABEHCTBA

u(x,0)= [ (A(4)cos Ax+B(2)sin Ax)dA = f (x)
0
DTOMY paBEHCTBY MOXKHO YIOBJIETBOPUTD, €CIIA MOTPEOOBATH
npeacraBuMoctb f(X) uaTerpasom ®dypbe. [ 3TOro 10CTaTOUHO
PEanookuTh, 4To f(X) ecTh KycouHO-TIaaKast U aOCOJIFOTHO MH-
TerpupyeMas Ha Bceil Ox dyHkius. B cnemaHHBIX TPEANoNoKeH i-
X

1jf cos Avdy,
T 0

B(4)== [ f(v)sin Avav. (10.23)
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[Tpu Takux A(/”t) u B(/1) unrerpain (10.22) moxxno auddepen-
IIAPOBATH IO X U 1O t CKOJIbKO YyroJHo pa3. e CTBUTENBHO, BBUIY

252
HaJIW4us 104 UHTErpaioM MHOXKUTEIIA e aat U HECPABCHCTB

AR) < it wpv=c

B(2) <% [ [f(jav—c (C=const).

Cam unTerpan (10.22) u, monydatonmecs u3 Hero auddepeHuupo-
BaHUEM M0 X U 10 t J1000e YMCIIO pa3 OKa3bIBACTCS PABHOMEPHO

cxomsaummucs gt t>t, >0 ( mpu sobom t, >0 ), mockoIbKy

|(A(Z)COS AX+ B(ﬂ)sin ﬁ,x)e‘azlzt < 2Ce—a2/12t < 2Ce_az/12t0 ,

% [(A(/i)cos Ax+B(A)sin Ax)e* " | < 2Ce™ " < 2Ce ™,

a Ma)xopupyromnme (QyHKIHH WHTETPUPYEMBI 110 A B TIpezenax
ot 0 1o GeckoneunoctH. Pemenne U(Xt) ecTh peleHne ypaBHEHUS
(10.4) , HO OHO HE AOKa3bIBAET, UTO

lim U(XLE): f(x)

Tem He MeHee mocieHee BCE K€ CIPABEUIMBO, M 3TO MOXK-
HO ObUTO OBl nMoka3aTh. Beuay (10.23) HaiiieHHOE HaMH pEIICHUE
MOXKHO TEpenucarh TakK:

j dA j v)cos A(x—v e #tdy (10.24)

IIpeoGpazyem sty q)opMyny, JUIs 4ero Mpekae BCero ycra-
HOBMM BO3MOXKHOCTh H3MEHCHHs Topsiaka WHTerpupoBanus. C
ITOM IENbI0 3aMETUM, 4TO I Kakaoro & >0 u Bcex 10CTaToYHO
0opImx t

< J.e’a%dl <& (t> 0 ¢uxcuposano )

J‘ cos A(x—ve **da
|

CrnenoBaTelbHO,
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jdv_[ v)cos A(x—ve 24 tdAl < T|f(v]dv,

OTKyna Clexyer, 4ro HMHTErpaj cjieBa CTPEMHUTCS K HYIIO IPH
| > o0 , HO TOrIA

1 J' dvj f(v)cos A(x—ve**tda =
T

lim = .fdvj (vV)cos A(x —v)e=#tdA =

I 7T °

lim = J'dvj' v)cos A(x — v *dv = u(x,t)

l>w 7T —o
(cm. (10.24)). I/ISMeHeHI/Ie MOPsI/IKa UHTETPUPOBAHUS 3]1€Ch
3aKOHHO , TaK KaK MHTerpaj

I f(v)cos A(x—v e **tdv

cxoautest paBHoMepHO o A miust 0< A <|, mockonbKy mopIHTe-
rpasibHas (yHKUUSI HE MPEBOCXOIUT |f(v)|. Takum o6pazom, mMo-

KEM IHCaTh:
u(x,t)== j dvjcosﬂ x—ve A (10.25)
BHyTpeHHUI HHTETpas, OKa3bIBACTCS, MOYKHO BBIYUCIIUTS.
JleficTBUTEIBHO, TTOJI0XKUM att =z , ﬁ(x—v): y7/4
dz X—V
Otkyma dAl=—+, u=—-+.
avt at

[TosTomy
© - 1 © 1
cos A(x—up**'d =——|e*cos tizdz=—— | 10.26
_([ ( )3 a\/{_([ y2/4 a\/{ (lu) ( )

JuddeperiupoBanue 1Mo 4 IOJ 3HAKOM HHTETpajia JacT:
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' ° _,2 .
| (u):—J-e *"zsin uzdz, npuuem  sto auddepeHMpoBaHUEe  3a-
0

KOHHO B CHUJIy PaBHOMEPHOM CXOAUMOCTH ITOJIYy4EHHOTO MHTErpana
no u. Hurterpupyem Ttemeps 10 4acTsM :

o0

' 1 -2% o3 = -z
I(y):z[e zsmyzt_o—g_[e ZCOS,uZdZ:§I(,u).

0

2
H

Otcroma I(,u):Ce77. Yrobrl Haith C, mojaraeM 37ecCh
< _,2
1=0.09t0 mact: C = I(O)Ie “dz
0
Msb1 nostyuunu M3BECTHBIM uHTerpain Juiepa-Ilyaccona,

1 -
3HaYeHUEe KOTOPOTO PaBHO %\/; , IOATOMY I(,u): E\/;e 4

B cuy (10.26)
(x-v)?

2 2,2 1 -
l _ —a“A tdl — il 4a%t
!cos (x-vke _2a‘/te
[ToxcraBum 310 B (10.25),0k0HYATENIEHO HaIEM
© (x-v)?
l - 2
u(x,t)=———=— | f(vp
(1) [ 100k

tdv
Ota ¢opMyna, ¢ OJHON CTOPOHBI, MOKA3bIBAET, YTO C TEUe-
HUEM BpPEMEHU u(x,t)—> 0 , T. €. TEIJIO Kak Obl pacTeKaercs

B/10JIb cTepkHs. C Apyrodl CTOPOHBI , OHA MOKA3bIBAET, YTO TEIJIO
MepenaeTcsi BJI0Jb CTEPKHSA MTHOBEHHO. JIeHCTBUTENBHO, MYCTh
HayaJbHas TEMIIEpaTypa MOJIOKUTEIbHA I X, SV <X U paB-
Ha HYJIIO BHE 3TOr0 OTpe3ka. Torga Juis mOCeayroLero pacnpese-
JIEHUS TEMIIEPATYPhI ITOIy4aeM:

(x—v)*

432

u(x,t):ﬁ]2 f(ve % dv
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OTKyma BHIHO , YTO MPH CKOJIb YTOJHO Maybix t>0 U CKOJIb YTOAHO
oosbmx X U(X,t)>0.

10.5. PacnpocTpaHeHue Telia B KPyIJIOM LMJIHH/PE;
cJIy4ail yCTAaHOBUBIIEHiCSl TeMIlepaTypbl

Bynem mpenmnosnarats, 4To Ha MOBEPXHOCTH LIUIMHIPA
MOJUICPKUBACTCS HEM3MEHHAs TeMIIepaTypa, Ipu4YeM pacripeese-
HUE €€ He 3aBUCUT OT Z [lo mpomecTBUH JIUTETFHOTO TPOMEKYT-
Ka BPEMCHHM B KKJIOW TOYKE IMJIMHIpPA YCTAHOBUTCS OMPEICIICH-
Has Temmneparypa. MapiMu ciioBamu, (QyHKIMSI U IEpPECTaHET 3aBU-
cerb OT tu mostydum, uto U(X,t) yIOBJIETBOPSIET ypaBHECHHIO:

d’u o
—+—=0
ox* oy’
Win, B MONSPHBIX KOOPIUHATAX,
ou 1ou 1 du
+— +—
o’ ror  r® oo’

[TycTs TemmepaTypa Ha TpaHHUIle 3a7[aHa YCIIOBHEM

u(l,0)= () (10.28)

Wimem yacTHBIC pelieHus BUIa u(r, 9): R(r)-@(@)

[Toncranosxka B (10.27) mact:

=0 (10.27)

R+ R'cp+i2 Ro =0
r r
Ortkyna
R +IR &>
- = —_2?—const (10.29)
1 @D
oz R
ITosTOoMy
r’‘R +rR —A’R=0 (10.30)
@ + D=0 (10.31)
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U3 (10.31) maxomamum: (D(H): Acos A6 + Bsin A6

o 3ambicny 3amaun ¢yHkuus O (F) nomkHa UMETh Nepuos 2 7 U
, CIIEAOBATENLHO, A MTOKHO OBITH I[E€JIBIM YHCIIOM .
[Tonaraem:

@ (0)=A, cosnd+B sinnd (n=0,1,2,...) (10.32)
IIpu A =n ypaBHenue (5.4) moiayyaet BUJ
r’R'+rR —n’R=0 (10.33)
OT0 ecTh IMHEWHON AuQxpepeHIInaNbHOE YpaBHEHHE BTOPO-
ro nopsaka. HemocpeacTBeHHas mpoBepka MOKa3bIBAET, YTO (PyHK-

mu " u r" ymIoBIETBOPSIOT 3TOMY ypaBHEHHU0. [loaTomy s
n>0 obmmm uHTerpasiom ypasaenus (10.33) Oyxer:

R =Cr"+Dr™"
[Mockonbky " — oo mpu  —>0 , BeIHYXIeHBI M0JI0KHTE D, =0.
[Tpu n = 0 nerko HaxXOAUM
R, =C,+DylInr (10.34)
W, crenoBaTenbHO, ONSTh JODKHBI TpuHATh D, =0.
B cuny (10.32) u (10.34) m ycnosuti D, =0 ( n=0,1,2,...)
mosxeM mucath: U, (r,0)=(a, cosn@+ gsinnd)r" (n=1,2,...)

a
Uy = 70 . CocraisieM psj

u(r,0)= % +> (e, cosnd+ Bsinng)r"
n=1

U , 94TOOBI yA0BIETBOPUTH ycinoBHIO (10.28), TpedyeM BBINOJHEHUS

paBeHCTBA

u(I,H):%+§:(ozn cosn@+ Bsinnd)" = £(9)
=1
[Moacuer koaddurnentos Oypoe s f(6) naer:

al" :ijf(e)cosnéd<9=an( n=0,1,2,...)
T
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I =2 [1(0)sinnado=b,(n=0,1,2, ...
T

-

Otkyma «a, :% B, =T—”.
CrnenoBarenpHO
u(r,6’)=%+2(an cosné+b, sin n¢9)|£ (10.35)

n=1

Orot psaa s I<| MOXXHO CKOJTBKO YyroJHo pa3 aupepeHInpoBaTh
MOWICHHO M0 I ¥ O 6 , TaK KaK Kbl pa3 MOIydaroTCs PSIIbI,
paBHOMepHO cxoxsumecs it 0 <r <r, npu mobom r, <|. Orcro-
na cruenyet, uyto dopmyna (10.35) nelCTBUTENBHO JAET pelieHue
ypaBHeHus (10.27). DToMy pemieHu0 MOKHO TIPHAATh 0oJiee KOM-
MaKTHBIA BUJ, €CIIM BOCIIOJIL30BaThCsl MHTErpajioM [lyaccona , 4yTo
TaeT:

501040

—r
f 5 dt
27 J; ~2Ir cos(t 0)+r

Bumecre ctem  |jm u(r,0)= f(0) Bcrony, e (6)

r—l

HEeMpepbIBHA. DTO O3HAYaeT, YTO HaWJEHHOE pEIleHHE YIOBJIe-
TBOpsET rpaHuuHOMY yciioBuio( 10.28).

148



11. UHTETI'PAJIBHBIE IIPEOBPA3OBAHUSA ®YPLE
N UX IPUMEHEHUE B 3AJAYAX
OBPABOTKHN MHO®OPMAIIMHN

B 3amavax ynpasieHuss u 00paboTKH MHQPOPMALUKA BO3HUKA-
€T HEOOXOIUMOCTh TpeAcTaBiacHus GyHkuuii Bpemenu f(t) B Bume
HEMPEPHIBHOTO 4acTOTHOTO crektpa F(jo) = F(w)e!*®, spsro-
IIIETOCSI CyMMOM HEOTPAaHUYEHHO OOJIBIIOTO YHCIia TAPMOHHYECKUX
COCTABJISIIONIMX C YaCTOTAMH (0, OTIMYAIOIIMMHUCS Ha OECKOHEYHO
Manyro BenuunHy do, ammutygamu F(o)-do u dasamu ¢(m). Ta-
KOW Tepexo/l B TEXHHUKE MOTYJUI Ha3BaHWE YACTOTHOTO MPEJCTaB-
JICHWS BPEMEHHOTO CHTHaJla, KOTOPOE OKa3aJoch YIOOHBIM WH-
CTPYMEHTOM aHajH3a M CHHTe3a WHOOPMALMOHHO-YIIPABJISIOIMX
CHCTEM W HAIUIO, KaK Oy/leT MOKa3aHO HHIKE, IMPOKOE MPAKTHYe-
CKO€ MPUMEHEHHE.

B miaBe M3N0KEHBI TEOPETHUECKUE OCHOBBI YaCTOTHBIX Mpe-
00pazoBaHUi B HENIPEPHIBHOW W JUCKPETHOU (hopMax, CriocOObI UX
AITOPUTMUYECKON pealn3aluu, B TOM 4YHCJIEC TaK Ha3bIBacMOe
ObIcTpOe TIpeoOpa3oBaHue, a TAKKe MPUBEACHBI YHCIOBBIE TIPUMeE-

PBIL.

11.1. Henpe ppiBHOE nipeoOpa3oBanne @ypbe
11.1.1. UuTerpan ®dypbe u cnocodbl ero BbIYUCIe HUSA

[Tycts Henmepuoauueckas ¢ynkius f(t) abcomoTHo MHTETPHU-
pyeMa Ha Bcel YHCIIOBOH OCH (-00,00), T.€. CYIICCTBYET MHTEIPall:

[If®ldt <o, (11.1)
u mycts f(t) Ha 1F0OOM KOHEYHOM MHTEpBaje [-A,A] ya0OBIIe-
TBOPSET ycnoBusm Jupuxie, T.e. paznaraercsa B psg Oypse:
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f(t)__0+2(a cos X +b sin nnt} (11.2)
2 I A
A

rae a, :lj‘ f(x)cosmdx; n=012,...;
A7 A

A
b, =1j F)sin ™ dx: n=123.,
Y A

(BBe/ICHNE TIEPEMEHHOW MHTETPUPOBAHHUS X, OTIIMYHOM OT {,
HE M3MCHSET 3HaueHuW ap u Dg W cmenaHo yis OOIMHOCTH JAJib-
HEUIIMX BBIKIAAOK). [Ipy BBIOJHEHUW ITHX YCIOBHH (yHKIUIO
f(t) MOKHO MpeACTaBUTh HHTETPAIOM:

f(t)= T(A(w) cos wt + B(w)sinwt)do , (11.3)
0
e A(w) = 1 T f (x) cos wx dx;
n —o0

B(w) :% T f(x)sinwx dx,

KOTOpPBIN Ha3bIBaeTcs HHTErpaiom dypoe.

Wuterpan @ypre (11.3) sBusiercs obobmeHueM psina Oypbe
(11.2) nns HeorpaHMYEHHOTO MHTEepBaa A—»00. B otnuyne ot psaga
®ypbe, koTOphIi Haét paznoxenune ¢yHkumu f(t) Ha rapmoHmue-
CKHE€ COCTAaBJISIIONME C TUCKPETHO HW3MEHSIONMMHCS YacTOTaMH
n—;, n=123..., uaterpan Oypre na€r paznoxxeHue QyHKIUA Ha
TapMOHUKH C HEPEPBIBHO U3MeHsttoIercst oT 0 10 00 4acTOTOH .

B rtoukax, rme dynxums f(t) HempepbiBHa, wHTErpan dypbe
(11.3) paBeH 3HayeHHMIO caMOW (YHKIHMH, a B TOYKAX pa3pbiBa —
cxomutcs K f(t) B cmbicie Jupuxie, T.e. paBeH MOIyCyMMe 3Haue-
uuii f(t) cmeBa u cripaBa OT TOUKHM pa3pbiBa t*:
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ir .. i
L1, T+ 1m0
[TockonbKy peallbHble CHTHAJIbl — BEIIECTBCHHBIC (YyHKIIHH
f(t) ¢ HeoTpunarensHOU 00gacThi0 ompenenenus t=[0,00), TO mIs
BbIUMCIICHUsT nHTerpana Dypbe cienyer noonpeneauth f(t) B uH-
TepBaie (-0,0) Y4ETHBIM UM HEYETHBIM 00pa30M.
Ecmn  cpenate  f(-t)=f(t) (u€rHOe moompenmenenue), TO
f(x)sinox B (11.3) Oyzner Heu€tHO# dyHKumen, B(m)=0, n momyanm
KOoCHHYC-(hopMy MpeodpazoBanust Dypre:

f(t)= ET(T f (x) cos wx dx}cos ot do =
Tolo (11.4)

= gJ.cos ot dooj f (x) cos wx dx.
T 0
(TTocnemusst GopMa 3alUCH O3HAYAET, YTO CHavajga HHTE-
rpupyetcs  f(X)COS®X 1Mo x, a 3aTeM MOydeHHBIH pe3ylbTaT — 10
o).
Ecnmu cnmemate f(-t)=-f(t) (meu€rHoe moompenenenue), TO
f(x)coswx B (11.3) Oyner HeuétHoit dynkiuei, A(w)=0, 1 moydum
cunyc-hopmy npeodpazoBanusi Dypne:

f(t)= ET(T f (x)sin ox dx]sin ot do =

T
00 (11.5)
= E_[sin ot dmj f (X)sin ox dx.
T 0
Ecnu B gopmyne (11.4) 0603Ha4UTh:
F.(0) = \E [ f(x)cosmxdx, (11.6)

10 (11.4) MOXHO TEepenucaTh:

151



f(t)= \/%TFC(co)coscot dt, (11.7)

1 yoemuTbes B TOM, 4To mpeodpazoanus (11.6) u (11.7) B3aumMHo
cumMerprunbie. @yHkius F¢(o) Ha3zpiBaeTcs MpsMBIM KOCHHYC-
npeobpasoBanueM Dypwe mis ¢yaxuuu f(t), a (11.7) — oOpaTtHBIM
KOCUHYC-TIPe0Opa30BaHUEM.

Amnanornuno u3 Beipaxkenus (11.5) MogHo monyauts Gopmy-
JIBI 17151 TIPSIMOTO M 00paTHOTO CHHYC-TIpeoOpa3zoBannii dypre:

Fs(w)= \/% T f (x)sin ox dx, (11.8)

f(t)= \E T F.(®)sinot dt, (11.9)

Cunyc mnpeoOpa3oBaHHMe MCHOJB3YyeTCS Ui HEYETHO-
noomnpenenéHubix Gynkuuii f(t).

®opmynsr (11.7), (11.9) sxBuBanentHs! (11.4),(11.5), onnaxo
BBEJCHHE B PACCMOTPEHUE IMap CUMMETPUUYHBIX Mpeodpa3oBaHUit
(11.6), (11.7) u (11.8), (11.9) mo3BoAsieT MEPEUTH K YACTOTHOMY
npeacraBieHuio Fq(o) u Fs(®) pyakuun Bpemenu f(t). Cmbic aTux
IpeJICTaBIIEHU OyJeT paCCMOTPEH HUXKE.

PaccMoTpuM dmcoBBIE NMPUMEPHI BBIYUCIICHHS HHTETPAIOB
Dypee.

ITpumep 1.

Boeraucium unterpan @ypre st GyHKIAN:

f)=e™, t>0, a=2.

Hoompenensist 3Ty QyHKOHIO YETHBIM 00pa3oM W HCIOIB3YS

kocuHyc-ipeoopazopanue Oypoe (11.4), momyuaem:

cos ot dw.

F)=2]| [e coswt dt |cos ot do= 2 |
Tolo nya’+o’
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[MpencraButs unTerpan F(t) B koHeuyHOM BHIE HE yAaéTCs,
OJIHaKO TpH mozacTaHoBke B Hero t=[0,00) moaydaem HCXOIHYFO
dyukmuro f(t), T.e. B ykasanuoit odmactu F(t)=f(t). Pesyabrars! BoI-
YUCICHUN W uMX wunoctpauus B mnakere Mathcad mokasanbl Ha
puc.39.

Ha puc.39 nokazan Ttarwke npuéMm BBeAeHUs ycioBus t>0 B
obyiacTh ompeneneHus QyHKnui: odmiee Bbipaxkenue maas  f(t)
yMHOKaeTcs Ha GyHkiuo Xepucaiiaa O(t):

0, t<O0;
D(t) =
- 5

KOTOPYIO 4YaCTO Ha3bIBAIOT €IMHUYHOM CTyHCH‘-I&TOfI (I)YHKL[I/IGI\/'I

a=2 f(t)=d()e

R(w) ;=J f(t)-cos (o -t) dt — 2

0 4+ o
2 (0.0]
F(t) = —-J R(oa)~cos(co ~t) do
T Yo
t:=-2,-199..2
1.25
1 i 1
0.75
e 2t ° F(t
*We 4 5 \ 050 o
0.25 co° \
0 taee” 0
2 414 0 1 2

Puc. 32. Vicxomnas dyakums f(t)=e™, t>0
u e€ uHterpai Oypee F(t)
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Paccmotpennas B npumepe 1 dynxuus f(t) = e ® umeer ne
TOJIBKO CaMOCTOSTENIBHOE INPUMEHEHHUE IS ONMCAHUS PEaIbHOIO
CHTHAQJIa, HO U HCIOJIB3YeTCsl B KAUECTBE BCIIOMOTATENbHON (DyHK-
LUK [PH BblYKMCIEHUM UHTerpanoB dypbe i QyHKIUH, HE yHO-

BIIETBOPSIIOIMX YCIOBUIO aOCONMIOTHOW uHTerpupyemoctu (11.1).

[puémbl Takoro ucnonb3oBanus Gynkuun f(t)=e ® npuBeneHb!

B mpumepe 1.

ITpumep 2.

Beruncnum uHTerpan @ypbe Ui CTYIIEHYATOrO CUTHAIA,
onuceiBaemoro QyHkinuenn Xepucaiima f(t)=d(t).

i 5T0# QPyHKUMHM MMeeM:

T\(p(t)\ dt —co>

—o0
T.€. YCIIOBHUE a0COJIIOTHOM MHTETPUPYEMOCTH He BhinoiHsercs. O -
Hako uHTerpan dypbe MOKHO MOMYYUTHh MYTEM BBEACHHS B pac-

CMOTpeHHe abCoMOTHO MHTerpupyemoit ¢yuxuuu @(t)e ¢ mo-
CIICIIYFOIIMM YCTPEMIICHHEM d K HYJTIO:

F(t) = lim EJ. jcb(t)e“"1t cos ot dt |cos ot dw =
a—>07'co 0

. 2% a
=lim—= —— Cos ot do.
a0y a+o

ITpumeps! 1 u 2 nokasbiBaroT, uTo HHTErpaisl Oypoe (11.4) n
(11.5) He MO3BOJNIAIOT B SIBHOW (pOpME MOJTYYUTh YaCTOTHOE IMPEJ-
craByienne o curHaie f(t). bojee ynoOHBIM /U1t BEIYHCIICHUS CIICK-
tpa F(jo) sBisieTcs komruiekcHas gopma mHTerpaia dypwe, nepe-
XOJ1 K KOTOPOHM OCYIIECTBIISIETCSI ¢ TIOMOIIBIO hopMyn Disepa:

el e ¥ . el ek
Cosz==——>—; sinz=—j=———; (11.10)
cosz+ jsinz=e?;  cosz— jsinz=e ¥,

[Moncrassist (11.10) B (11.3) monmygyaem:
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jot — joot jot _ 4—jot
()= j[A( ) B dez

T((A(@) ~ ()6l + (A(w) + jB(w))e Mo =
0
_iT[T (COS@X Jsmmx)em]dXJd@—
2ny| 2, (cos wx + jsinox)e ™
i
0 00

1%( = pliot=x) | g=jo(t=x)
. { [j ( )[ > ®

= lw( T f (x)cos o(t —x) dxjdm.
T

0\~

a
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a=110"° f(t) = B (1)

00
R(w) = J f(t)-e_a't-cos(oa t) dt float,1 — LZZ
0 de5+ o

F(O) = E.j Rlo)-cos(0-1) do

T Y0
t:=-2,-1.99..2

1.25

1 s o 1
0.75

o (t F(1)
© 0.5 050 o o

0.25

0 0

2 4 0 1 2

Puc. 33. Ucxomnas ¢ynkius D(t)
u ¢€ unrerpan @ypoe F(t)
Ilepexoass K UHTETPUPOBAHUIO B HHTEpBaie (-00,00) BBEAEM
BO BHYTPEHHHUH HHTErpas HEU€THYIO (QyHKIHIO OT o jSinm(t-X),
yKa3aHHBIM MHTETPaj OT KOTOPOH 3aBEJJOMO pPaBEeH HYIIO:

f(t)= % Ojo ( T f (x)(cos(t — )+ jsin(t - X)) dx}dm =

—00 \ —00

_ Zi T [ T f (x)edot=) dedm.
T

—00 \ —00
OxoHuaTenbHOE BBIpaKeHHE Ui HHTerpaja dypbe B KOM-
MJIEKCHOM (popMe mpuMeT BUA:
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f(t)= 2—1n T [T f (x)e™ I dx]ej‘”tdw. (11.11)

—00 \ —00

Bsens o06o3HaueHue:
] 1 7 ;
F(jo)=—= | f(x)e™* dx, (11.12)
(jo) == jw (x)
HOHy‘-II/IM IIOYTH CI/IMMeTpI/I‘lHOG COOTHOIIICHHC:
f(t) 1 TF(jm)ej"’t do, (11.13)

OTJINYAOIIMECS 3HAKOM B MTOKA3aTeNe CTCICHHU.
[Tapa coornomenuit (11.12) u (11.13) ompenenstor coboro
COOTBETCTBEHHO TpsiMoe nipeodpasoBanue Pypwe mist ¢pynxuuu f(t)
u obpatHoe npeodpazoBanne Dypre s eé crekrpa F(jo).
B TexHWYeCKMX TPHIOKCHUSX IONy4Yna HPUMEHCHHE
HECMMMeETpHYHas Iapa npeodpazoBaHuii dypne:

F(jo)= Tf(t)e‘j‘”t dt, (11.14)

F(0)= o [F(io)e! do- (11.15)
2m =
Beipaskenue (11.14) MoxeT ObITH MEpEMCAaHO B BUJIC:

F(jo)= T f (x)(cos ot - jsinwt) dt =

= [ f(x)cosotdt—j [ f(x)sinot dt = (11.16)

=ReF(jo)+ jImF(jo).
ComocraBisist (11.1) ¢ KocuHYC W cHHYC-TIpeoOpa30BaHUSIMU
(11.6) m (11.8) MOXHO 3aMETHTh, YTO HECUMMETPUYHBIE (POPMBI
MOCIETHUX:
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Fo(0)= [ f(t)cosotdt n Fg(w)= [ f(t)sinot dt,
MPEICTABIIAIOT COOOM BEINECTBEHHYI0 M MHHMYIO YacTH
KOMITJICKCHOTO BbIpaskeHus F(jo):
F(jo)=Fc(w)-jFs(w),
€ro MOJYJIb:

F(0) =|F(jo)| = | F. (0)? + Fy(@)?

u (aza:
F (o)
F(0)
Jal0T HMCKOMOE YaCTOTHOE TIPEICTABJICHHE, T.C. CIEKTP
F(jo) pyakuuu Bpemenu f(t):
F(jo)=F(o)e!.

Monyne F(®) Xapakrepu3yeT MIOTHOCTh PACIIPEICICHHUS aM-

IUTMTY] TAPMOHUYECKUX COCTaBJMIONMX, a (aza @(m) — ux ¢aszo-

BBI€ C/IBUTH.
[IpuBenéM npumepsl BEIYMCIICHUS CIIEKTPOB CUTHAJIOB C I10-

MOIIBIO MpeoOpazoBaHus Dypre.

[Tpumep 3.

Omnpenenum  cnekrp F(jo) dyHkumm w3 npumepa
11.1.1:f(t)=e™, t>0, a=2.

o(w)=argF(jo)= arctg

ReF(jo)= [ ®(t)e ™ cosot dt=—5— .

a +w

w

Im I:(J'O))=—J O(t)e  sinwt dt -

—00

. ) . ) a .o 1
F(jo)=ReF(jo)+ jImF(jo)= 5= —.
a‘+o a“+o° a+jo
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F(0) =ReF(jo)’ +ImF(jo)? =

>

a +om
IMF(jo) ®
=arctg ———~>=—arctg— .
olo)=artg g e o) 93

[lporpamma peanu3anuu 3TUX BbluucieHudn B Mathcad’e
npecTaBaeHa Ha puc. 34.

a:=2 f(t) = o(t)e o
R(w) = J f(t)-cos(w -t) dt -
2
— 1+ o
w) = —J f(t) -sin(o -t) dt - ‘®
2
—® 4+
F(i,(o) = R(m) + i-I(co) factor — ;
(—co) + 2-

N -

F(o) = R(0)? + 1()? factor - [4 L 2)
o(0) = atan( (o) j - —atan(%.@)
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ti=-2,-199.2
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0.75
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U 0.5 \

0.25 N
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90 ]

20 40 0 10 20

()

Puc. 34. Boruncienue crexrpa byakiun f(t)=e 2, t>0
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ITpumep 4.
Omnpenenum criekrp Gynkiun Xepucaia f(t)=d(t).
Bocnonp3yemest pedynbraTaMu MpuMepoB 1, 2 1 0CyIeCTBUM

npenenbHbI nepexon: f (t) = Iirn0 D(t)e ™ .
a—>

Torga BeIpaskeHHS UIT MOIYIs W (pa3bl CIEKTPATBHBIX CO-
crapssronmx F(jo) mpumyt B

Flw)=lm-——— =1,
_aHO\/a2+(02 o

. - 90°mpu < 0;
¢(w) = lim arctg o P
a-0 a -90°mpuw > 0.
Boruuciienus B makere Mathcad u rpaduku mMomyias v ¢assl
IIpUBEZIEHBI Ha puc. 35.

3

a=110 f(t) = o(1)

("0

R(w) = f(t)-e~ 2" cos(w-t) dt —> i ,
70 1000-( +o j
1000000

a-t

00
o) ;=—J f(t)-e~ 2 Lsin(w-t) dt | - 0 .
0
1oooooo_+°J
F(i,0) = R(o) +i-1(o) factor — (—1000)-m

N -~

Flo) = \/R((D)Z +1()? simplify — 1000.( ! Zj
1 + 1000000-a

¢(co) = atan(;(—czj))j simplify — —atan(lOOO'm)
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t=-2,-199..2

1.25

_a0.75

f0e " o5

0.25

20 10 0 10 20

Puc.35. Beruncienue crekrpa ¢pynkiun Xesucaiina d(t)
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11.1.2. CBoiicTBa npeodpa3zoBanuii ®ypbe

[lpu monydeHun CHEKTPOB CAOXKHBIX ¢yHKiui f(t) momesno
M0JIb30BAThCS CBOWCTBAMH TpeoOpasoBanuii dypbe, MpUBEAEHHbI-

mu B Tabnuue 1.

CaoiicTBa mpeoOpazoBanuii Dypne

CBoiicTBO f(t) F(jo)
[psimoe mipeoOpazoBanme o _
[ f(0e ! dt = F(jo),
O6parHoe npeobpasosanue | f(t)= ZL J‘ F(jo)e’ dw.
T —o0
JluHeitHOCTh af(®)f1(t)xf2(t) | aF(jo)Fi(jo)t 2(jo)
t .
[Tomobue f (EJ afF(jma)
CMmerieHue jat Flio-a
B KOMILJIEKCHOM f(t)e _ Jo-a)
obnactu f(t)e ™ F(jo+a)
CwMmelnenue f(t-a) F(jo)e joa
B BEILIECTBEHHOU _ _
obyactu f(t+a) F(jw)e!*®
Teopema Temzar_ 17 2
P [ft)>de= . ! F(»)? do

0

OcTaHOBHMCS HAa MaTeMaTH4eCKOM U (DM3UUECKOM COAEpIKa-
Huu TeopeMmbl Penes (paBeHctBe IlapceBans), umeromeil BaxHOe
MPHUKIIAHOE 3HAYCHHE MTPU 00pabOTKe CUTHAJIOB.
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Bo3pMéM  BBIpakeHHE UII  0OpaTHOTO MpPeoOpa3oBaHUS
Oypse:

I N P
f(t)—g_'[oF(Jo))e do .

YMHOXUM 00e yacTu 3Toro paBeHcrsa Ha f(t) u mpounTerpu-
pyem 1o t B uHTepBae (-00,00):

Of f2(t) olt:z—lTc T f(t)[TF(jm)ei‘”t de dt.

B mpaBoil yacTh MOJy4EHHOIO BBIPAXKEHUSI U3MEHUM IIOpsi-
JOK UHTETPUPOBAHUS:

T f (t)( Ojo F(jo)e™ dwj dt = T F( jw)[ Of f(t)e'" dt} do

U B cooTBeTcTBUHU ¢ Gopmymnoit (11.14) ans npsmoro mpeoOpasoBa-
Hust Dypbe, TOTyInM:

—00

T f(t)e™ dt = F(—jow).

—00

Otcrona cnenyer:
[f2® dt= - [Fjo)F(-jo) do,
i 27[700
NJin
0 ) _ 1 o) )
Lf (t)dt—z—n_[oF (®) do.

Ecmu ygects, uro ans t<0 peansHbie curHains f(t)=0, a Tarke
0o0paTUTh BHUMaHUE, YTO Fz(co) sBIsieTcss 4€THOW (yHKIMEeH

[ee}
U TpeAenasl MHTETPUPOBAHUS J 1 4€THOM (yHKIIUU MOXHO

—00
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o0

3aMEHHUTh Ha 2 I , To mpuJéM K paBeHcTBY IlapceBans, sBustome-
0

Mycsl IIPEIMETOM TeopeMsl Pernest:

sz(t) dt:losz(w) do .
0 T

B ¢m3nueckom cMbiciie 3Ta TeopeMa MOKa3bIBAET, YTO UHTE-
rpai KBajapara Moayis crekrpa curHana f(t) paBen snepruu, pac-
CEeMBAEMOI 3TUM CHTHAJIOM B IICITH C AKTHBHBIM COMMPOTHBIICHUEM.

JlelicTBUTENBHO, €CIM MpHHSTh, 4To BenunumHa f(t) mmeer
pasMepHOCTh HampspkeHuss U Ha HEKOTOPOM yYacTKe JJICKTpUYe-
CKOM IieMH, TO KBaApaT 9Toi Bemmunnbl U? IPOMOpPIHOHAICH ak-
TUBHOM MOIIHOCTH P~ U2, BBIJICISIEMOM CUTHAJIOM Ha 3TOM y4acT-
K€, MHTErpaj KOTOPOH COOTBETCTBYET BBIACICHHOW YHEPIUM.

B Teopum ciydaiiHbIX TporieccoB BenumunHa F(jo) mmeer
CMBICIT CIIEKTPAIbHOM TUIOTHOCTH ciydaiinoro curHana f(t). Cpen-
HSSI MOLIHOCTh P.,, paccenBaeMasi 3TUM CHTHAJIOM Ha aKTHBHOM
conpotuBiaeHun 1 OM onpeaensercs: BhIpaKeHUEM:

1t 1%
Pcp—Tll_rpwELf (t) dt—g_([F(m) do .

OTtcroma ciemyer, 4To MOIMHOCTH curHama f(t) moxer ObITH
npejcTaBjieHa B BHIE CYMMbI OECKOHEYHO MaJbIX ClIaraeéMbIX

1 N
=~ F(®) dw , urparmommx posb 2JIEMECHTAPHBIX MOIIHOCTEH CIEKTpa.
T

PaccmoTpuM nmpumep NpUMEHEHHS HEKOTOPBIX M3 CBOWCTB
npeobpazoBaHuil Dypbe A7 BBIYMCIEHUS CIIEKTPOB CUTHAJIOB.

IIpumep 5.

HaiiTi cniekTp nmpsiMOYroJIbHOTO MMITYJIbCA AJIUTEIBHOCTBIO 2
CH aMILIUTy0u 5 B.

OnuiueM 3aaHHBIN cUTHAT (QYHKIIUEH:

(1) =5- (@(t)e ™ — d(t—1)e2¢),
rae a—0, t=2.
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HWcnone3ys HaiiienHOoe B ipuMepe 4 Boipaxkenune Fx(jo)=1/jo
mns criektpa (ynkiun Xesucaima f(t) = d(t)e ® u ykasanHbIE B
Tabi. 1 cBOMiCTBA ITMHENHOCTH M CMEIIEHHUS B BEIIECTBEHHOM 00J1a-
ctu, nonydauM crekrp F(jo) 3amanHoro curnana:

F(jo) =5(Fy (jo) - Fy (jo)e 1% )=5F, (jo)1—e ).

[Mopsinok Beruucienus crekrpa F(jo) u ero pesyabrarsl mo-
Ka3zaHbl Ha puc. 36. Crnemayer oOpaTuTh BHUMAHUE, YTO MEPUOHYE-
CKHii Xapakrep (pa3oBo# XxapakrepucTHKA ¢(®) Ha puc.36 CBs3aH C
NEePUOAMYECKUMHU pa3pbiBaMH (DYHKIIMH apKTaHTEHCA.

1:=2 a:= 1-10_3

f(t) = 5.[q>(t).e“3“t —oft- r)-e‘a‘(t“)]

R1(o) = J (I)(t)~e_a‘t'cos(oo 1) dt
0

11(0) = - J o(t)-e *sin(w-t) dt
0

F1(i,0) = Rl(o) + i-11(o) factor 1000 !
rolm Rl RO simpity” T 1000,

F(i,0) = 5-&- 1—e‘i“’”)
(~1000)-® + i

F((o) — ‘5& 1_e_i‘®‘1)
(~1000)-® + i

- 200040 () e
olo) = arg{S (~1000)-® + i 1-e )}
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t=-2,-199..5

.

O R, N WS~ OO

21012 3 45
t

o =-10,-9.9999..10

Puc. 36. Bolunciienue crnekrpa 0IMHOYHOTO
MPSMOYTOJIBHOTO UMITYJbCa
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[Tokaskem, Kak C TOMOIIBIO MpeoOpasoBanuss Dypee MmMoITy-
YHUTh CIIEKTP HEOrPAHUUEHHOTO BO BPEMEHU TApPMOHUUYECKOTO CHT-
Hana f(t)=sinmt, He yI0BICTBOPSIOIIETO YCIOBUIO aOCOTFOTHON HH-
TErpUpPYyeMOCTH.

IIpumep 6.

Haiiném ciexrp dyuxiun f(t)=sin3t mpu t>0.

Bocmonb3yemcst M3M0KEHHBIM BBIIE TPUEMOM TPEIEIBHOTO
nepexoja u OyzeM UCKaTh CIEKTp (YHKIIUU:

f(t)=sin3t-d(t)e * mpua — 0.
HeoOxomumbie peoOpa3oBaHus U UX PE3YJIbTaThl MOKa3aHbI

Ha puc. 37. Ha puc. 37 Xopo1o BUAHB CHMMETPUYHBIE CTIEKTPAIIb-
HBIE COCTABIISIOIIIE, COOTBETCTBYIOIIE YACTOTE CUTHAIA =3 C -

f(t) = sin(3t) a=1-10"°

R(o) = J f(t)-@ ()6~ Lcos(w-t) dt
0

w) = —J f(t)-@ (1) -~ 2 Lsin(o 1) dt
0

—3000000

F(i,m) = R(co) + i-I(CO) - (1000.(0 + 3000 — i)-(lOOO-(D — 3000 — i)

Fo) = ‘ —-3000000
(1000- — 3000 — i)-(1000-® + 3000 — i)
o) arg[ ~3000000 }
(1000-0 — 3000 —i)-(1000-® + 3000 — i)
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Puc. 37. Cnekrp rapmonudeckoro curnaia f(t)=sin3t, t>0
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VYcTaHOBUM B3aMMOCBSI3b Mexay psiom Pypee F(t) u crek-
tpoMm F(jo) mis oxnoit u toii xe dyuxiuu f(t). st aToro nmpenacra-
BUM psiz (11.2) B kommiekcHo# (opme:

1 & 0™ 1 & (¢ - jm
Ft)=— )Y ce * =— f(x)e *dx|e *.
0=7, 26 zxnzmu (%) J
(11.17)
CpaBuuBas (11.17) ¢ unrterpamom ®ypee (11.11) u npsambim
npeoOpazoBanuem (11.14):

f(t) :2—171[0 uo f (x)e™ 1 dx}ej‘”tdco;
F(jo)= j f(t)e it dt,
nojydaem: C, = J- f(t)e 1" dt

—00

, WU C,= F(joa)LD:nj,
)

nm
o=

n
T.€. KOMILJIEKCHBIE KOA(ULUEHTHI Cy psna Pypbe it mepuoande-

CKOM (DYHKIIUM C MEPUOJIOM 2A ONPEACISIOT 3HAUCHHE MPeoOpas3o-

nm
BaHust Oypne (11.14) B TUCKPETHBIX TOUKAX O = - JUISL HETIEPUO-

IUYeckoll (yHKIMU Takod ke (opMbl, 3aJaHHOW Ha WHTEpBaJe
[0,A] u moompenenénnoii g0 nepuoaa 2A Ha HHTEpBaie [-A,A].

DTO ke COOTHOIICHUE PACIPOCTPAHSICTCS W HAa MOIYJIH YyKa-
3aHHBIX BeTU4uH (cM. Tarke (11.2)):

ca| = v/ai +b2 =|F(jo)|, _n,
A

U |Cn| = F((D)annj.
A

[TokaxkxeM cripaBeIMBOCTh 3TOTO BBIBOJIA HA Tpumepe 7.
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[Tpumep 7.
Bocnonezyemcss marepuaioM mpumepa S5, B KOTOPOM pac-
CMaTPUBAJICS OJUHOYHBIN MPSIMOYTOIBHBIN UMITYITBC:
ft=5(D(1)-D(t-2)),
IUTENbHOCTRIO 2 ¢. [lepuonudeckun A0NOMHUM 3Ty (yHK-
U0 HEUETHBIM 00pazoM ¢ epuogaoM 2A=4 ¢ (cm. puc. 38):
—5mpu-2<t<0;
F ="
5 mpu 0<t<2
[pencraBum Qynkiuio F(t) psaom Dypee:

F(t) =@+Z(an cosn—m+bn sin n—ntj , TIe A=2.
2 & A A
1 2
a0=§jF(t)dt=o;
-2
13 Nt 5( ¢ Nt 2 nrt
an:_IF(t)cos—dt:— J.(—l)cos—dt+_|.1-cos—dt =
272 2 2 ’, 2 0 2
0
:§£ _sinn_nt =0;
2 nm 2\,
2 0 2
b, == [F@sin™ dt=2| [ (Dsin "™ dt+ [1-sin "™ gt | -
2_2 2 2 ’, 2 5 2

5 2[ mt'[0
==. | cos—
2

2
. Nt
+SIN——

0

2
nrt
—C0S—

2 nm ) nm

] = E(1—cos nm)=
0

0 mpu 4€THBIX N;

=120 "
—— NP U HEYETHBIX N.
nmw

Kak u cnegoBano oxumarb, KOIPPUIIMEHTH 8y IS HEYET-
HBIM 0Opaszom jgoomnpenenéHHon ¢ynkuuu F(t) paBHbI HyHO, T.C.
|Cn|=Dn.
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Uckompblii psg @ypbe mpruodpeTaeT BU:

F(t)zz—:

(sint sin3t sin5t
+ + +....
1 3 5

Pe3ynbraThl 4HCIIEHHOTO ComocTaBicHHS |Cp| 1 F(w) mpen-
CTaBJIEHBI Ha puc. 36.

t=2 a=1.10"°3

f(t) == 5.[q) M-e ¥ _o(t- r).e‘a‘(t‘f)]

fq(t) = 5 om-e - d(tsc)e a‘(t”)]

Fli.w) =5 20001 (1o
(—~1000) - + i
F((D) — |5. 1000-i -.(1_e_i.@.r)
(—-1000) - + i
t:=-5,-499.5
6
4
f) 2
fq(t) O 1N
.d. -2
_4 - o
_6

54321012345
t
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CT=(O 6.366 0 2.122 0 1.273 0 0.909)

FmT=(0 6.366 0 2.122 0 1.273 0 0.909)

Puc. 38. Conocrasnenue psina @ypbe 1 mpeoOpa3oBaHus
Oypre 11 QyHKIHH OJMHOYHOTO UMITYIIbca (IIPOJOIDKEHUE)

11.1.3. Ucnonb3oBanue npeodpazoBanus ®ypbe
AJIS CIEKTPAJIbHOI0 AHAJIN3Aa CHTHAJIOB U CHCTEM

[IpeobpazoBanue Dypbe B TEXHHUYECKHX MPHIOKEHUIX
HanboJllee 4YacTO HCHOJNB3yeTCs AJIs PEIICHHsS] PacipoCTpaHEHHON
3amaun  00paboTku WHGOPMAIUU: OMNPENEINTh, KaK H3MEHSCTCS
curdai f(t) u ero crekrp mpu IPOXOXKAECHUU Yepe3 HEKOTOPYIO CH-
CTEMY, OCYILICCTBIISIOUIYIO IMpPeoOpa3oBaHUE 3TOTO CHUTHada. DTy
3a71aqy Ha3bIBAIOT TAaKOKe 3a7adeil (pMIIbTpaIIH.
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—

Folio). Fa(jo)

Puc. 39. IlocranoBka 3agaun QuiIbTpauu
Jyis pelieHust 3To| 3a/1a4u B TEOpUH WHOOPMAIIUU BBOIUTCS
noHsTre 4actoTHoi ¢yHkuuu W(jo), paBHOH OTHOIICHHUIO CIIEKTpa
(mpeobpasoBanus Oypse) F2(jo) curnana fo(t) Ha BeIXOJE CHCTEMBI
K crekrpy (mpeodpasoBanuio Oypee) Fi(jo) curnana fi(t) Ha e
BXOJI€:

W(jo) = 2% (11.18)
F(jo)
[IpencraBisis yka3aHHbIE CIEKTPHI B BHJIE:
Fo(jo) = (@ 1 Fy(jo) = (o)™,
MOJYdNM:
W(jo) = 22 gile:@-m@) _yy(@yelo® . (11.19)
Fy ()
Beipaxxenue ans wacrotHoil ¢ynkuuu (11.19) comepxut B
cebe MOayinh (aMIUIMTYIHYIO YacTOTHYIO xapakrepucTuky) W(m)
CHCTEMBI:

W () = Re2W (jo) + IM*W ( jo) ,
1 a3y (ha3oByr0 YaCTOTHYIO XapaKTEPUCTHKY) @(M)CHUCTEMBI:
0(0) = 05 (@) ~ 3(0) = arctg TV UO).
ReW (jw)

W3 onpenenenus yactotHoit ¢yHkuuu (11.18) BeiTekaer ¢u-
3UYECKHI CMBICI BBEACHHBIX BenuuuH: Moayitb W(m) dvacToTHOMN
¢yrkiuu W(jm) mokassiBaeT, BO CKOJIBKO pa3 M3MEHUTCS aMILIATY-
Jla TApMOHUYECKOTO CHUTHAJa C YacTOTOW  MPHU MPOXOKACHUH
curHaa uepe3 cucremy, a $hasza ¢(m) paBHa ero ¢a3oBoOMy CIBUTY.

[Tpumep 8.

PaccMoTpuM cucTteMy ¢ 4aCTOTHOM XapaKTepUCTUKOU:
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1

W(jo)= :
(Jo) 1+ j20
Haiiném moayns u a3y 9Toii XapaKTepUCTHKHU:
: 1-j2m 1 . 20
W(jo)= o = 20
1+ j20)1- j20) 1+4w 1+4w
. 1 . - 20
nm ReW (jo) = o ImW(jo) = )
(Jo) 1+ 40? (Jo) 1+ 4w?

OTtcrona nomydaeM:

W (jo) = ——;
V1+40?

I'paduyeckoe mpencTaBieHne YaCTOTHBIX XapaKTEPUCTHK CH-

CTeMbI NpuBeAcHO Ha puc. 40, U3 KOTOPOTO CIEAYET, YTO JaHHAs

cUCTeMa MpEACTaBisieT co00r0 (uiabTp HHU3KOM yactoThl (DHY),

HO)IaBJIflIOHH/IfI BBICOKOYAaCTOTHYIO YaCTh CIICKTpa BXOJHOI'0 CUIHa-

na. da3a BBIXOJTHOTO CHUTHAJA C POCTOM YacTOThI OTCTAET OT BXOJ-
Horo BIoTh A0 (-90 rpan).

o(w) =arctg(—2m) .

1
W(i,co) =—
1+1-2m
1 . ®
: complex — 5 -2 5
1+1-20 1+ 40 1+ 40
W(co = 1 - 1
1+i2m 1
2
(1+4-co )
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(@)

Puc. 40. YactoTHBIE XapaKTepUCTHKH (DUITBTpa
HU3KHX YaCTOT
ITpumep 9.
OmnpenenuM CBOICTBA CHCTEMBI C YaCTOTHOH XapaKTepUCTH-

20
1+ j20
[Mopsimox ananmu3a B makere Mathcad  u ero pesynbraThl
IpeacTaBieHbl Ha puc. 41.

W(jo)=

W(i,co) = i
1+i-20
. 2
1-2m ® . 0
- complex —>4-—2+2-|-—2
1+120 1440 1440
iI-2m c02
W(oa) = - factor — 2- 5
1+i-2m 1+4-0

o(0) = t(i)
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103 90
0 : v 67.5
1180
20l0g(W(w))-10 / 4C)
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Puc. 41. YactoTHbIE XapaKTepUCTUKH (DUIIBTpa
BBICOKMX 4acTOT

PaccmarpuBaeMoe yCTpOHMCTBO, B OTJIMYUE OT CUCTEMBI U3
npumepa 11.8, mogaBisieT HU3KOYACTOTHYIO YacTh CIEKTpa BXO-
HOT'O CUTHAJIa U Ha3bIBaeTCs PUIBTPOM BBICOKHX YacToT (PBY).

®a3oBbIi cABUT 3TOrO (UiIBTpa U3MeHseTcs oT +90 rpag Ha
HU3KUX gacToTax 110 0 rpaj B 1uana3oHe BHICOKUX YaCTOT.

ITpumep 10.

Bo3eméM cucteMy ¢ Oosee coKHOM 4acTOTHON (DyHKIIHEH:

36 — 4o’
27-90° + j(27- %)

DOTa XapaKTepUCTHKA OIHUCHIBAET COOOIO0 Y3KOIOJIOCHBIN 3a-
rpaxparonmi  GuibTp (QEIBTP-TIpOOKY), HE MPOMYCKAOIMI dYa-
CTOTY =3 ¢t Kpome sToro cBoiicTBa, Kak ciaeayeT u3 puc. 42, cu-
CcTeMa TIOfBIIsIeT BHICOKUE 4acToThl 0>10 ¢ (OBY). Crexyer 06-
paTUTh BHHMaHHE, YTO Pa3pbiB (pa3oBON XapaKTEPUCTHKH MPOHUC-
XOJUT HE HA YaCTOTE 3arpaxACHUus =3 c'l, a Ha yactore ®=1,7 ¢t
XapaKTepUu3yroIiecss HeOONbIIMMU PE30HAHCHBIMH CBOMCTBAMU
CHCTEMBI, MPOSIBJISIONIMMUCS Ha PUCYHKE aMIUTUTYIHOW YaCTOTHOM
xapakrepuctukd W(w). Ha camoii wactore 3arpaxjcHus 3HAYEeHHE
¢azoBoro casura paBHo Hymo. [lonHble BeipaxeHus mit W(o) u
@(®), B CHITy MX TPOMO3IKOCTH, Ha pUC. 42 He MPUBEICHBI.

W(jo)=
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2
Wi o) = 36 — 4o

27 — 9c02 + i-(27 - 0)3)

R(CO) = Re[ 36_40)2 ]

27 — 9032 + i-(27 - 0)3)

2
((D) —Im 36 - 4o ]
| | [279m2+i-(27m3)

2
W((,O) — 36 — 4o

27 — 9002 + i-(27 - 0)3)

10
0

10
20log(W(w))20 S
30

40

50
0.1 1 10 100

100

50
o(0)-180
n N
50 \‘ '“\\
100
0.1 1 10 100

(O]

Puc. 42. YacToTHBIC XapaKTEPUCTUKH 3arpakIAIoNero (uibTpa
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PaccmoTpuM Temeph, Kak BOCHOJIB30BATHCS YaCTOTHBIMHU Xa-
paKTepUCTUKAMHU CHCTEMBI ISl aHaIM3a MPOXOXKJIEHUS uepe3 Heé
CHTHAJIA.

B cootBerctBUM ¢ ompenenenuem (11.18) wactoTHoil dyHK-
i W(jo) criekrp BbixoHoro curnana Fa(jo) Beraucsercs us pa-
BCHCTBA!

F,(jo) =W(jo)F(jo), (11.20)
13 KOTOPOTO BBHITEKAET MOPAIOK aHAIN3a TPeoOpazoBaHMil:

1. K wu3BecTHOMYy BXOJHOMY CHUTHAly, IpPEJICTABICHHOMY
¢yukuueit Bpemenu fi(t), mpumenuTs mpeobpasoBanune Dypre u
nonyuuTh crekrp Fi(jo):

F(jo)= [ f(e " dt.

2. To mu3BectHO# wactotHo# (ynkiuu W(jw) cuctems, mpe-
obpasytorneii curHai fi(t), Haiitu cekrp F2(j®) BBIXOAHOTO CUTHA-
na fy(t):

F(jo) =W(jo)F (jo)

3. [lpumenuB k monydeHHOMY criekrpy F2(jm) obpaTHOe mpe-
obpazoBanue Dypwe, ONMPENeIUTh BHIXOIHOW CUTHAT B BUJIC (yHK-
uu Bpemenu fo(t):

1T
fz(t):z—n[OFz(jw)eJ iy

(. R )

TrAmAR rn

\ Fa(jo)

fi-\

Puc. 43. Tlopsimok aHaM3a 4aCTOTHOTO
npeoOpa3oBaHus CUTHANIA
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[Tpumep 11.

OmnpenennuTthb, KaK K3MEHUTCS] CUTHAJ, HMEIOLHH (hopMy Ofr-
HOYHOTO MPSIMOYTOJIBHOTO UMITYJIbCA [UTHTEIBHOCTHIO 2 C M aMILIH-
tyny 5 B (cM. mpumep 5) mpu MPOXOXKICHHUH €ro depe3 (QHIbTp
HU3KHX YacTOT, ONMMCAHHBIN B IpuMepe 8.

Beraucnienus, nposeaéunsie B makere Mathcad, mpencrasie-
HBI Ha puc. 44.

T:=2 a:= 1-10_3

1) =5]om-e - ot-1)e 7]

Fi(i,0) = 5. 10004 (1 —e‘i"”)
(~1000) o + i
. 1
Wli,o) =
(I (D) 1+i2m

(=5000) + 5000.¢(~2)1®

F2(|,Q)) = W(l,(!))l:-‘]-(l’(’))_> 2
(-1002) ‘i-® — 1 + 2000-

Fl(o) = |5 _ 1000% (1 —ghe 'T)

(~1000)-® + i

) (2o
a(o) o | (5000) + 5000 :

(=1002)-i-0 — 1 + 2000-0
00
) (20
- L.| (5000 + 5000-e Ze..w.t .
2n (~1002)-i-® — 1 + 20000
—©

180



A =
/ <
™ o)
o~
‘—|H_‘ © 3
\
° o
T
N o
©WL T O»NAO N O © © - ~N o
—~ — -
N -
N S
friy ~
~
(s
o =
<
™ o)
N #>
e
*"_< o
- [ °
“
o >
e
T
N o
©OL ST MmN A O N O o 0w ol
— —
N -
— S
— ~
—
(s

Puc. 44. YactoTHbI# aHan3 MmpeoOpa3oBaHUs IPSIMOYTOJIb-
HOTO UMITYJIbca (UIBTPOM HU3KUX YACTOT
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AHnanu3 puc. 45 MOKa3bIBAET, YTO B pe3y/IbTaTe MOJABICHUS
(GUIBTPOM HU3KUX YaCTOT BBICOKOYACTOTHOM YacTU CIEKTpa Hc-
XOJTHOTO CHTHaJa TIPOUCXOANT MCKaXEeHHE (3aTsruBanue) GppoHTa 1
craja UMITyJIbCa.

IIpumep 12.

OnpenenuThb, KaK U3MEHUTCS CUTHAJ, UMEIOIMN (GopMy Ofu-
HOYHOT'O NPSAMOYTOJIBHOTO UMITYJIbCA JUIMTENBHOCTBIO 2 C U aMILIH-
Tyay 5 B (cm. mpumep S5) npu IpOXOKISHUU €ro uepe3 (QriIbTp BbI-
COKHMX 4acTOT, ONNMCAaHHBIN B Ipumepe 9.

Beruncnenus B makere Mathcad, HpeI[CTaBIIeHBI Ha puc. 45.

T: a=1 10
[ r) e a-(t—r)]
- 1000 i ot
F1 =5  |1-
<.,m> T ( e 07
. i-20
W =
l.0) 1+i20
(-0) + o-gl72To

W(i,0)-F1(i,0) - 10000-i- :
(-1002)-i-0> - 1+ 2000-©
1000-i i
Fl = 57 1_
(o) (_1000){0“( e 0]

(—03) +® -e(_ 2)io

F2(w) := |10000-i

(-1002) -0 — 1+ 20000
200
(-2)io

(—co) +o-e

f2(t) = 1 10000-- 2
g (-1002)i-® — 1 + 2000-
~200
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Puc. 45. YactoTHslil aHanu3 npeoOpa3oBaHus IPSIMOYrOJb-
HIO UMITYJIbCa (PUIBTPOM BBICOKMX YaCTOT
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Pe3ynbprar BBIYMCIIEHUM MMOKa3bIBaeT, YTO (PUIBTP BBICOKUX
94acTOT, MOJABJISISI HU3KOYACTOTHBIM JHANa30H CHEKTpa BXOJHOTO
CUTHAaJa, TPUBOJUT K MCKHKCHUIO MMIYJIbCAa Ha TEX WHTEpPBaJIaX
BpEMEHHU, TJIe €r0 aMILJIUTY/Aa HEe U3MEHSETCS BO BPEMEHH.

Crnenyer oOpaTUTh BHEMaHUE, YTO IJI1 YMEHBIIICHHUS BpeMe-
HU Pacy€TOB Ha MPAKTUKE 1€71eCO00pa3HO COKpAIATh IPeIeNbl UH-
TEerpupoOBaHusl B TpeoOpazoBaHusx Dypbe, OrpaHUUYMBAsACH, KAk,
MOKa3aHO Ha pHC. 45 MOJOCOW CHeKTpa ¢ AMANa30HOM YacTOT, B
KOTOpOM 3HaueHus F2(m) OTIINYaloTCst Ha [BA-TPH MOPSIIKA.

[Tpumep 13.

OmnpenenuTs u3MeHenne curuana f(t)=e®, t>0 (mpumep 1)
IPH MPOXOXKICHUH Yepe3 Y3KOIOJIOCHBIN 3arpaXIalonmii QuibTp,
HaCTPOEHHBIN Ha 4acTOTy 0=3 ¢t (mpumep 10), puc. 46:

36 — 4o’
27-90° + j(27- %)
Pesynprarel ananm3a npexacrasiensl Ha puc. 11.15.

W(jo)=

a:=2 f(t) = o) !
2
Fili0) =~ Wi0)= 20
o -2 2790+ if27- 0
Foli,0) = W(i,0)Fili,0)  Fi(o) = |[——
0 -2
2 |
F2(0) = 33_4(’) . - .
27-90 +i-(27—(o ) -2
150 :
() = — 3?‘4“’ = oty
on 77907+ ilor-0%) © -2

-150
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Puc. 46. YactoTHblil aHanu3 npeoOpa3oBaHusl CUTHAJA
f(t)=e"*, t>0 3arpaxnarommm GUILTPOM
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Ha puc. 46 BuaHO, uto B cniekrpe F2() BBIXOJHOTO CUTHANA
rapMOHHKA C 4acToTOH ®=3 ¢’ moxasiena. DTO MPUBENO K CyIe-
CTBEHHOMY MCKaXCHHUIO GopMbl BbixonHoro curHana fo(t) mo cpas-
HEHHIO ¢ BXOHbIM f1(t).

[Tpumep 14.

Paccmorpum mpumep ¢uibrpanuu curnana fi(t), seusromre-
rocss CyMMOW JIByX FApMOHUK:

f (t)=sin3t+sint, t>0.

B pesynbrare mpoXokKIEHHS 3TOTO CHTHaja 4yepes 3arpa-
aoumid UIBTP, HACTPOSHHBIM HAa YacTOTy M=3 ¢, rapMOHUKA
sindt mopmamisieTcs, ¥ Ha BbIXole (UiIbTpa OcTaércs rapMOHHKA
fo(t)=sint ¢ wacroroit =1 ¢ u mepuomom T=271=6,28 ¢

(cMm. puc. 46).

['pomo3zkue BbIpakeHUs HAa pHUC. 46 TOMEIIEHBI B CKPBITHIC
obmactu Matchcad’a, oToOpaxéHHbBIC Ha PUCYHKE CEpbIMH TOPH-
30HTAIBHBIMHU Y4aCTKaMH.

Kpome Toro, ciemyer 3aMeTHTh, YTO B MaTEeMaTHUYECKUX I1a-
kerax, B ToM uncie u B Mathcad’e, ecTb BCTpOEHHBIC Omeparuu
npsMoro u obpaTHoro npeodpasoBanuii Pypre, 0JHAKO HETOCpe -
CTBEHHBIC MPe0oOpa30BaHUs CIOKHBIX (DYHKIHI C MOMOIIBIO dTHX
IPOIIeyp HE BCET/Ia BO3MOXKHO.

a:= 0.001
f1(t) = (sin(3-1) + sin(t)).q)(t).e—a‘t

00

R11(w) = J sin(3t)-®(t)-e~
0

a't~cos(w 1) dt

111(0) = —J sin(3t)-@ ()6~ 2 Lsin(w -t) dt
0
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F11(i,0) = R11(o) + i-111(o)
~3000000

F11(i, 0) =
(i.0) (1000-® — 3000 — i)-(1000-® + 3000 — i)

Rlz(oo) = J sin(t)-CD(t)~e_a’t-cos(oa-t) dt

0

112(0) = —J sin(t)-@ (1) e~ 2 Lsin(w-t) dt
0

F12(i,0) = R12(0) + i-112(0)
F1(i,0) = R11(0) + R12(w) + i-(111(e) + 112(0))

2
W(i,oa) = 36 - 40

27 — 9c02 + i-(27 - 0)3)
F2(i,0) = W(i,0)F1(i,0)

F1(o) = |R11(0) + R12(0) + i-(111(w) + 112(0))|

FZ(O)) = |F2(i ,03)‘

15
f2(t) = i.J Fo(i,0)e @ tdo
2m J_15
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Puc. 47. TlpeobpazoBanue CyMMBbI IBYX TAPMOHHUK
Y3KOTIOJIOCHBIM 3arpaKIatolM (pUIBTPOM
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11.2. /InckpeTHBIE MHTETPaJIbHbIE MPe00pPa3oBaHUsI

11.2.1. UHTerpanbHbie npeodpasoBaHus TUCKPEeTHBIX
CHTHAJIOB

[Tpu 06paboTke (PU3MYECKUX CUTHAJIOB, 33JJaHHBIX HE aHAJIHU-
TUYECKH, a OOBIYHOM IMOCIEeN0BATENbHOCThIO (MaccuBoM) u3 N 3a-
¢ukcpoBaHHBIX C ImaroM At maHHBIX B (opMe NeHCTBUTEIBHBIX
qHCe:

£*(t) = {£(0), f (At), f (2A),..., T (N —1)- At)}={fo, ;... Fyy)

CIICKTp CUTHAJIa MOKET OBITH MMOJIYUCH npeo6p33013aHHeM
Dypse (11.14);

F*(jo)= [ " (e " dt,

nyréMm auckperusanuu Bpemenn t=K-At, k=(-c0,00) u mepe-
XOZIOM OT MHTEIPUPOBAHUS K CYMMHUPOBAHUIO:

F'(jo)= Y f(t)e % At, (11.21)
k=—00
rae f(tk) — muckpernbie 3Hauenus curnana f(t); MHOXHTETH
At BBeACH IS MPAKTUYECKH YAOOHOTO JoompeAencHus (yHKIHH
f(tx) B mHTepBaax BpemeHH ty<t<ty+1; CBOMM MOCIECIHUM 3HAYCHUEM
f(tk) (3xcTpamonsIus HyJIeBOrO MOPSIKA).

YuuTeiBasi, 4T0 B peanbHbIX Habopax maHubix f(K-At)=0 mpu
k<0 m k>N-1, To mepemenHyt0 K mpu CyMMHUpPOBaHHH JAOCTATOYHO
usmenste B uHTepBaie K=[0,N-1], u Boipaxenue (11.21) MoxHO
nepernucaTh B BUJIE:

N-1 .
F(jo)=> f(k-At)e ¥4 At (11.22)
k=0

Beipaxenue (11.22) sBisercs mpakTUUECKH HCIIONb3YEMOMN
dopmyroii mpeobpazoBanust Dypbe ISl JUCKPETHBIX CUTHAJIOB.
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[MpuHIKMIHaATBEHOW 0COOEHHOCTRIO criekTpa F*(jm) muckper-
HOoro curHama f*(t) sBiseTcst ero MepUOANYHOCTh MO YaCTOTE C

2n
IEPHOIOM M, = A YroObl OKa3aTh 3TO, npeactaBuM f*(t) B Buae

CYMMBI CIMHUYHBIX HMITYJIbCOB, OMKChIBACMBIX (yHKIKEH J{npaka:
d(t- k-At), — cMen€HHBIX MO BpeMeHH Ha K-At U yMHOKEHHBIX Ha
3Ha4YCHUs HenpepblBHOTO curHana f(t) B MomeHTsI BpemeHu K-At:

£5(t) = i f (KAL) - 8(t — KAL) . (11.23)
k=—00

IMockonbky 6 (t- K-At)=0 mpu t=kAt, To (3.23) MoxHO TIepenu-
Ccarth:

F(t)= F(t) 3 5(t—kAY). (11.24)
k=—c0

2n
[IpencTaBuB MEPUOAUUYECKYIO C IIEPHOAOM O, :A_t rmocnie-

JIOBATEIIbHOCTh SAMHUYHBIX UMITYJIBCOB B BHJIE psia Dypbe B KOM-
TIIIeKCHOU hopme:

D 3(t—kAt) = S >cel et (11.25)
k=-o0 At r=—o0

rac

At ©
c, = j ( > 8(t—kat) g Adt,

0 \k=—0
npuuéM C=1 mo cBoiicTBy ¢yHkIMN Jupaka: IS(t)dt =1.

—00

Toraa, moacrassist (11.25) B (11.24), momyunm:
fr)=f (t)i Zejr“’”t : (11.26)
At r=—o0

HenpepoiBubiii ciekrp F*(jo) muckperHoro curaama f*(t)
MoJIy4aeM MpsMbIM npeodpazoBanuem Oypoe (11.4):

190



F*(jo)= [ f* (e dt = Alt | (f(t)ZE"“’“tje Wt =

—00

_ L i [ e,

At
NI, OKOHYATCIBHO!
* - 1 ks -
Frlo)=— 2 Flio-ro,)]. (11.27)
r=—o0

Beipaxenue (11.27) mokas3piBaeT, 4TO CHEKTP AMCKPETHOTO
curraia f*(t) ¢ Tounocteio 10 MHOXHTENS 1/At paBeH cymMe Criek-
tpa F(jo) ncxomnoro — nenpepsiBHOro curnana f(t) ¢ rpancronu-
POBaHHBIMHU COCTABIISIOIIMMU, paBHbIMU F(j®), HO mepuoaUecKu
CMEIIEHHBIMU Ha 4YacToTy l®,, r#0 (3aMeTuM, 4TO MpHU UCHOJIb30-
BaHuU AoonpeneneHus B (11.2), moaydum TouHOE paBeHCTBO):

F(jo)= S Fli(o—ro,)].

3

T:=2 a:=110"
f(t) = 5- |:(D(t) e M _o(t-1)e a'(t‘r)]
. 1000-i —io-T
= 57 l _
Fli.o) (-1000)-0 + i ( © )
Flo) = 5. 0000 1—e_i'w'T)
' (-1000)-® + i

At:=0.2 N:=11
fIN=(55555550505515)

FN(i,0) = (ﬂ\IO e‘i"”'k'm)-m
k=0
[ BEIpaXenve s FN(f;,oMera)
FN(o) = |[FN(i, 0)

[ BEIpaXenvie oS FIN{oMera)
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Puc. 48. MnnmrocTpamus cBOWCTBA TEPUOIUIHOCTH CIIEKTPa
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W3 cBoiictBa mepuoanvyHoctd F*(jo) BbITEKaeT BaxHOE
MPAKTUYECKOE CJEACTBHE: Ui BOCCTAaHOBJICHUS HEMPEPHIBHOTO
curnana f(t) u3 cmexrpa F*(jo) muckpernoro curaana f*(t) Heoo-
XOJMMO, YTOOBI TPAaHCIOHWPOBaHHBIC cocTaBisironme F*(jo) He
MEepeKPBIBAIUCH, pUC. 49. DTOT BBIBOA CHOPMYIUPOBAH B MU3BECT-
HOU uMIyabcHOU TeopeMe KoTtenbHukoBa:

Ou 220, (11.28)
e O,, — TPaHUYHAas 4acToTa crekrpa F(jo).

® =31.4c 1

u

14
12

8

FN1(w)

oON MO

40 30 20 10 O 10 20 30 40

o0 = 12.560_

14
12

8

FN2(o)

oN h~O

40 30 20 10 O 10 20 30 40
[0)

Puc. 49. Unntoctpaiyst BIUSHUS YaCTOTHl KBAHTOBAHUS (O,
Ha YQPeKT TEePEeKPHITHS TPAHCIOHNPOBAHHBIX COCTABJISIOIIIX

193



CpaBHuBas crekrpsl Ha puc. 56 ¢ w,=31,4 clu ¢ ®,=12,56
c'l, MOKHO YBUJIETB:

BOCCTaHOBUTH Hcxoaubli curnai f(t) us cmexrpa F*(jo) ¢ mo-
CTaTOYHOW JUIsl TIPAKTHKH TOYHOCTBIO MOXKHO, €CIIU IPOIYCTUTh
F*(jo) uepe3 GuIbTp HU3KAX YACTOT, MOJABJISIONMN YaCTOTHI B
JMana3’oHe, BBIIE 0,,~10...15 c'l;

ecin ®, <2,p, To crekrp F*(jo) u3-3a HaJIOXKEeHHS TPaHCIIO-
HUPOBAHHBIX COCTABIIIIOIIMX HCKAKAETCs 1Mo cpaBHEHUIo ¢ F(jo), n
naxke rmocie QHIBTPAUU 9acToT ® <., UcXoaHbIi curHai f(t) Oy-
JIeT BOCCTAHOBJICH C MCKaKCHUSIMHU.

®opmyna (11.22) onpenenser coboro npsmoe npeodpa3oBa-
Hue Oypwe s auckperHoro curHana f*(t), mosBossomee mosy-
YUTh HENpepbiBHBIN criekrp F*(jo) curnana f(t), nuckperusupo-
BaHHOT'O BO BPEMEHHU C MHTepBasiaMu At.

3amaaumcst Terepb 0OpaTHOW 3a/1adyeii: M0 M3BECTHOMY CITCK-
py F*(jo) muckpernoro curnama f*(t), mepeiitn k wmcxomHOM
¢yaxuun f(t), T.e mocraBuM 3amady oOpaTHOTrO IpeoOpa3zoBaHUs
Dypse.

Kak 6p1510 ycranosneno B (11.15):

f(t):z—ln_J;oF(jco)ej“’t do.

riae F(jo) — nenpepsiBHbIN cniekrp curnaia f(t). Eciu B 310
BBIPOKCHUE IMOJCTaBUTh cHektp F*(jo) auckpeTHOro curHana
f*(t), To B pesymprate oOparHoro npeobpazoBanus Dypbe MOKHO
MTOJY4YHUTh, C TOW MM WHOW CTENEHBIO TOYHOCTH MCXOAHBIN CUTHAII

f(t):
1 “r * ok joo! .
f(t)=z7£,F (jo)e’ do
Ha puc. 50 u 51 npencraBieHbl TpUMEpPhl TaKUX OOPaTHBIX

npeoOpa3oBaHU i1 ciaydaeB, Korga Teopema KorelbHUKOBA BbI-
nonHsiercs (puc. 50) 1 He BBIIOJIHSIETCS

(puc. 51).
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Atl:=02 NI:=11
fNI:=(5 555555555 5)
N1-1 _

FN1(i, ) = > (leo,k-e_"m'k'Atl)-Atl

k=0

> T, raj

FN1(0) = [FN1(i, 0)|

[MBbIpaX eHne Oimd FIN T{OMera)

12

1 -

f1(t) = —- J FNI(i,0)¢"® " do
T -12

[MBBbIpaX eHne Amda 11(t)

At2:=05 N2:=5
fN2:=(5 5 5 5 5)

N2-1 _
N2io) = (fN2o’k-e_l'm 'k'Atz)-Atz
k=0

> I, raj

FN2(0) = [FN2(i, 0)]

[MBbIpaX eHne Oind FNZ(OMera)

12

1 .

£2(t) = —- J FN2(i,0)-¢' @ ' do
2n \J_12

MBBIpaX eHne amda 12(1)
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6

5

4

fN1g k3

! 2

1

0

240123465
K1-Atl
® :31.4(:_1
n
14
12
10
FN1 (o) 2
4
2 | |
0 Wwwwil [Ty
40 30 20 40 0 10 20 30 40
()]

£1(t)

O N B~ OO ©©

o

21012 3 45
t

Puc. 50. Boccranosienue curnana fi(t) oOpaTasiM mpeo0-
pazoBanreM Dypbe MpH BBHIOJHCHUH TeopeMbl KOoTelbHHKOBA
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6
5
4
fN2g k3
2
1
0
241012345
K2-At2
© =1256¢ 1
Hu
14
12
10
N2(w) 2
4
2
0
40 30 20 40 0 10 20 30 40
()]
8
6
4
Q)
2o, Ufﬂ\
0 V
5 { W‘

21012 3 45
t

Puc. 51. Boccranosienue curnana fa(t) oOpaTasiM mpeo0-
pasoBanueM Dypbe MpU HEBBIMIOIHEHUH TeopeMbl KoTenbHuKOBa
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11.2.2. IuckpeTHOE npeodpa3zoBanue Dypne

HeobxomuMocTs TpUMEHEHUS HU(PPOBBIX BBIYHCIUTEIBHBIX
MAaIllMH JUIsi CIIEKTPaJIbHOTO aHaINM3a CUCTEM U CHTHAJIOB TpeOyeT
nepexojia OT KJIACCUYECKUX HENPEPhIBHBIX IpeoOpasoBanuii @ ypne
(11.14) m (11.15) K UX TUCKPETHBIM aHAIOTAM.

B n.11.2.1. 6pu10 MOKa3aHO, YTO AUCKPETU3ALUS HENPEPhIB-
Horo curHaia f(t) Bo BpeMEHHOI 00IAcTH OCYIIECTBISETCS €TrO
KBaHTOBaHHEM C IAroM BO BpeMeHU At. B pesynmbrare monydaercs
KOHEYHOE  MHOXXECTBO  JMCKPETHBIX  3HAUeHUW  (QyHKIUHU
f*(t)=f(kAt), k=0,N -1, rme [0,(N-1)At] — BpemeHHO# HHTEpBaI
paccmotpenus f(t).

AHaJIOTHYHBIM 00pa30M MOXXHO OCYIIECTBUTH JHCKpPETH3a-
U0 HempepsIBHOTO criekrpa F(jo) B yacToTHOH 00acTd myTém
€ro KBaHTOBaHUS C IaroMm A® 1o JacTtote. B pe3ynbraTe moaydnt-
Csl MHOKECTBO JMCKPETHBIX 3HaUYeHuM criekrpa F*(jo,)==F(jnAw),
rae [0,(N-1)A®] — yacToTHBIN WHTEpBaT paccMoTpeHus F(jo).

BzanmMHOE COOTBETCTBHE MEXIy YCTaHOBJICHHBIMH YKa3aH-
HbIM 00pa3zom BenuunHamu f*(ty) u F*(jon) onpenensercs npsMbiM
(11.29) u oOparusiM (11.30) nuckpeTHBIMH NpPeoOpa30BaHUSIMU
dypee:

F'(jo,)= Y (t)e "% - At, (11.29)
k=—0
F(t,) zzi S F (jo,)er - Aw (11.30)
n=—0

Panee ObL10 mOKazaHo, 4To auckperuzarus f(t) ¢ marom At
MPUBOJAUT K TEPUOAU3AIMU CIEKTpa F*(jo) ¢ nepuomom

2
®,=— C

At
X0JIe OT YaCTOTHOM 00JacTH K BpeMEeHHOI: muckperusamus F(jo)

' Amanornumsiii >QQekT oGHAPYKMBACTCA MPH TEpe-
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¢ marom A® upuBoauT K mnepuoamsanuu f(t) ¢ mepuomom

21
T =— c. Takum oOpa3om, ciieyeT pa3aInvarh:

u

Aw

F(jo) — HenpepbIBHBIH CIEKTP HenpepbiBHOM (yHKiuu f(t);

F*(®) — nepuomuyeckuii ¢ MEpUOJIOM @, HETPEPHIBHBIN
CIIEKTp AUCKpeTHO# dynkmmu F*(ty);

F*(jon) — meproauyueckuii ¢ MepuoaoM ®, U JUCKPETHBINH C
maroM A® CIEKTp AUCKpeTHON QyHKIuu f*(ty);

f*(tx) — mepuoanueckast ¢ mepuoaoM 7, U JUCKPETHAS C Ia-
rom At QyHKIUS BpeMeHH.

CpaBHEHHUE TIEPUOIOB TUCKpeTHOTO criekrpa F*(jon) u auc-
KpeTHO# (yHKIMU BpemeHu *(ty):

_2m 21

o, =—, mm —=(N-1)Aw;
At At

T =2% 25— (N DAL,
A® A®

nokasbiBaeT, uto paBeHCTBO (N-1)AwAt=(N-1)AtAw® moxer
BBITIOJTHATBCS TOJBKO MPH OJMHAKOBOM umciie N oTcu€roB (yHK-
uud U e€ crekrpa. [10CKOJIbKY B peajbHBIX CHTHAJIaX JHAra3oH

BPEMEHHM HEOTpHUIATENIeH, TO IpakTU4eckas (Gopma BbIpaKEHUI
(11.29) u (11.30) umeer Bu:

N-1 )
F (jo,) = f(kat)e 14 At
k=0 (11.31)

_E1E’ (X)n:nA(D,
2 2

N-L

2 .
F*(jnAm)e % . Aw;
-1

r

ROEED)

n=

(11.32)
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YucnoBas wmmmocTpanus npeodpasoanuii (11.31) u (11.32)
IpejacTaBieHa Ha puc. 52.

N=51 k=0.N-1 n:= —NT_:LNT_:L L:=10
tN-1:=0 FNN-1:=0 fN-1:=0 fNo N-1=0 oN-1:=0
L 2
At = Ao = —T o No1 = DAo  tg=k-At
N-1 (N-Dac w2
At =0.2 Aw = 0.628
fN:= | for ie0.N-1
fNp,i <0
for i€0..10
fNp,j < 5
N-1 - i~(n+Nz_1j kAt
= fNo,k-e -At
N1 = [FNGLo) g
"o

FIBEIpaX eAne e f(tjk
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21012345
k-At

N-L N-l o 20.109.20 o -314c

ni=-——.——
2 2 "

15

FNo

N-110
n+2

T =10c

2.013.9.9 9.9

21012345
k-At

Puc. 52. UnnrocTpariusi mpssMoro U oOpaTHOTro
JTMCKPETHBIX MpeoOpazoBaHuii Dyphe

=y
O P NN W bk~ 01O
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11.2.3. YacroTHblii aHaan3 00padoTku UHG opManumn
B JUCKPETHBIX CHCTEMAaX

PaccMOTpUM HMMIYIBCHYIO CHUCTEMY, MPEACTAaBICHHYIO Ha
puc. 53, rne D — UMIyJIbCHBINA 3JE€MEHT, OCYIIECTBIISIONMMN KC-
kperusanuio curnana fi(t) ¢ uarepsamom At; W(jow) — gactorHas
XapaKTEePUCTUKA CUCTEMBI.

£ [a\ H3
'I\l) X fa(t)
Fl(j(D/ l'l Jo FZ(J(D)

Puc. 53. [IpoxoxxieHue curHana 4epe3 UMIYJIbCHYIO CUCTEMY

Crekrp F2(jo) curnana f(t) Ha BbIXOZE CHCTEMBI OIpeje-
JIMTCS U3 BBIPAKEHUS:

F,(jo) =W(jo) F (jo), (11.33)
rie, B cooterctBuu ¢ (3.27): F(jo) = Ait Z Flj(o-ro,)].
r=—o0

Breigenmu B (11.33) cnmaraemoe, cootBerctBytomee =0, mo-
JY4UM:

Fy(joo) = AitW<jco>F1(jco)+Aitvv<jco) S Fli(o-ro,)]. (11.34)

r=—x0
r=0

B Bripaxenuu 11.34 nepBoe ciaraemoe npeacTaBisieT co00k0
criektp curHana fo(t), kKoTopsiii Men Obl MECTO B HEMPEPHIBHOMW CH-

. . 1 .
CTeMe C YaCTOTHOU (PyHKIIHEH EW(](D). Bropoe ciaraemoe cBu-

ACTCIILCTBYCT O IMOABJICHHUUN HA BBIXOAC CUCTEMbBI BBICOKOYACTOTHBIX
COCTAaBJIAIOIINX, KOTOPBIX HEC ObLIO B CIICKTPC BXOAHOT'O0 CHUTHAJIA

Fl(j(x)).
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Takum 00pa3zoM, BBEJICHHE B CUCTEMY UMITYJIbCHOTO DJIEMEH-
Ta CYIIECTBEHHO U3MEHSET CIIEKTP BBIXOJAHOIO CHTHAJIA 110 CPaBH e-
HUIO C HENMpepBIBHOU cuctemoit 6e3 3. OqHaxo, eciim mocienoBa-

tenbHo ¢ W(jo) BrItounTh (uiibTp Hu3koi yactorel W, (jo) (puc.
54), NMONaBJISIONMN TPAHCIOHUPOBAHHBIE COCTABIIAIONME, TO B
criektpe F2(jo) ocTanercs Tonbko nepBoe ciaraemoe u3 (11.34):

. 1 . . .
F(jo)= A—tWHL,(Jm)W(Jco) F(jo),
WJIH, ¢ YIETOM IKCTPAIOJISIIUY HYJIEBOTO Topsinka B ND:
F(jo)=W(jo)W,,(jo)F (jo),

U3 Yero CIexyeT, YTo Ipu [\/\/Hq(jw)|w<m ~1 wuMIynbCHAsA
P

CHUCTEMa CTAHOBUTCS DKBUBAJICHTHOW HEIPEPHIBHOM CUCTEME C Ya-
crotaoi pynkiuein W(jm).

£ I/I P 9

Il A 12 e fz c
(t) —7- j ‘ Hull) Hq([)

11U H (Jo 5 63 |:2

nu(jo) nu(jo)

Puc. 54. Obecneuenue yciioBus KBa3HHENPEPIBHOCTH
B UMITYJIbCHON CUCTEME
Nnnroctpanus 3TOro moJIoKEHUs MpeICTaBlIeHa Ha puc. 55, B
KOTOPOM:

1
f,(t) =d(t)e™™; W(jo)=—>"—;
1 (1) = (1) (jo) 11 0.05]0
1

1-0.00250% +0.1jo

BXOJHOW curHan onpenenéH Ha orpeske t=[0,10] ¢ marom

At=0,1 c; yacToTa IUCKpeTU3aIuU BO BpeMeHU Am=62,8 ct.

W,..(Jo) =
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a-t

a:=2 f(t) == ()¢
_i 1
F(l,w) = : F(m) = 5
® =2 4+w
L
N:=101 L:=10 At= —— At=0.1
N-1

fN:= for ie0..N-1

fNp i « f(i-At)
N-1 _
FN1(i,0) = Z (fNO’k.e—lm .k.At)_At
k=0

[BEIpaxX eAne oy F N 1({i;omera)

FN1(o) = [FN1(i,0)

[BbIpaX eHne And FIN T{OMeray

1 1
Wii,0)= ——— WHq(i"”) N
1+0.05iw (1+0,05‘i-c0)2

1 1
W(o) = |—— WHq(CO) S P
1+0.051 (1+0,05-i-m)2

F260,pyli- ®) = W(i,0)-FN1(i, 0)

[F[BEIpaxX eAve 1A F 20e3t{i,omMera)

F26€3Hq(i ) (’))

F2663Hq(°’) =

[BbIpaX eHne And F Zoe3HH({OMera)

F2qyli,0) = Wli,0) FN1(i,0) W, (i,0)

pIBEIpax enve mms + 2cH H(i;oMera)

cmHLI((D) = cmHq(l , (,0)

[BbEIpaX enne And F ZCHYH{OMEra)
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1
0.83
Wo(0) 067

o o 0 05

T N e

-100 50 0 50 100
0]
0.6
0.5
F((D) 0.4
0.3
0.1
0 - -.4!---/‘ -
-100 50 0 50 100
®

Puc. 55. O6ecnieuenue ycnoBuil KBa3uHENPePbIBHOCTH
B UMITYJIbCHOW CHCTEME

Criemyer 0OpaTuTh BHUMaHHE, YTO YCIOBHE KBA3WHEIPEPhIB-
HOCTH MOXET HapyIIATHCS, JaKEe €CIIM B CHCTEME BBIMOJIHSETCS
UMITybCHas Teopema KortenpHukoBa. MOXHO cCKa3aTh, YTO BBI-
IOJIHEHHE MMITYIbCHOH TEOPEMBI (0,2, ABISCTCS HEOOXOIHMBIM
YCIOBHEM KBA3HMHEPEPHIBHOCTH, TOTA KaK JOCTATOYHOE YCIOBUE
KBa3WHEIPEPBIBHOCTH TPEOyeT COOIIOICH IS HEPaBEHCTBA:

W20 pF 02 1
I .y — I0JOCAa IPONYCKAHHS YaCTOTHOH XapaKTepHCTUKH
W(jo) cucremsl.
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11.2.4. BoicTpoe npeodpa3oBanne @ypne

PaccmoTpenne mporenyp IHCKPETHBIX IpeoOpa3soBaHHMA
Dypbe MOKa3bIBACT, YTO JUIS OCYILISCTBIICHUSI, HAIIPUMED, MIPSIMOT0O
npeoOpa3oBaHMS:

N-1 )
F*(jo,) =D f(kAt)e 1. At
k=0 (11.35)
N-1 N-1,

n= , ; 0, =NAo,
2 2

HEO0OX0IMMO MATPUILy € pazmepHocThio [NxN] yMHOXKUTE Ha
Bektop f(KAt) pasmeprocteio [Nx1]. TpymoéMKOCTh 3THX BBIUKC-
nenuit cocramsier N? omepamuii, Kamas U3 KOTOPBIX COIEPIKHT
YMHOKEHHUE U ClIoKeHHe. [Ipr MajIbIX 3HAYCHUSX IATOB JUCKPETH-
3aruu 3HadyeHue N ObICTPO BO3pacTaeT W BO3HHKAET HEOOXOIH-
MOCTh YMCHBIIICHUS TPYIOEMKOCTH TPeoOpa3OBaHMUIA.

C 2T0i1 1ebI0 UCTIONB3YIOT TaK Ha3bIBaeMoe ObICTpOe mpeod-
pazoBanune dypoe (FFT — Fast Fourier Transform), cyrs koToporo
COCTOHT B CJIC/TyIOILIEM.

Ucxonuwiii maccus f*(t)=f(ty), k=0,1,..N-1 u3 N auckpeTHbIX
orcuéToB (MpuUMeM i omnpeneaéHHOcTH, yTo N u€THOe 4ucio),
pazOuBaeTcs Ha JIBE YaCTHU:

— jopkAt

f(to)={fo.f2,....Tn-2}; k = [o; N _1} — 4ETHBIC OTCYETHI,
2

f(toker)={f1,f3,....Fn-1}; k = [0; N _1J — HEYETHBIE OTCYETEI.
2

K kaxmoil momydeHHOW MOCIENOBAaTENbHOCTH MPUMEHSETCS
nucKpeTHoe npeobpazoBanue (11.35):

Ny

2 .
F!;m(jmn) = Z f (ZkAt)e_Jm”ZkAt -At;
k=0 (11.36)

n =0,ﬂ—1; o, = NAo,
2
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Na

2 .
Fu*eu(jm”) = Z f[(2k _|_1)At]e—1mn(2k+1)At 'At;
0 (11.37)

n=0,%—]; o, =NA®.

Cnoxxenue noxydeHHbIX cnekrpoB (11.36) u (11.37) ¢ yué-
TOM CIIBUTA BO BPEMEHHOW 00JIaCcTH:
21 21

At= = ,
Ao(N-1) o,(N-1)

ocymecTBisiercs ¢ ymuoskenneM F. (jo,) Ha Bekrop:

. 27n
on D _
€ n =€ -,
(cM. Tabm. 1):
. 270

% * . * . ]
l:l (J(’)n):Fqé'm(an)"'F (J(")n)e N,

HeY

(11.38)

n:O,ﬁ—l; ®, =NA®.
2

Beipaxxenue (11.38) maér monoBuHy cnekrpa F*(jon), mns
2
BBIYUCIIEHUS] KOTOPOM moTpedyeTcs %+ 2(?j oneparui.
Mo>XHO MOKa3aTh, YTO JUIsl BBIYMCICHHUS BTOPOM MOJIOBUHBI
F, (jo,) crnexrpa F*(jon) s n= %; N —1 mocraro4Ho yxke H3-

o * - * .
BectHbIX 3Hauenuit F;,(jo,)u F, . (jo,) B BuIe:

. 2mn
%y . * - * - -1
F2 (J(’)n) = Fqé'm(JO)n) - FHeV(JO‘)n)e N_l’

n:ﬁ,N -1 o, =nAo.
2

(11.39)
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CookymHocTh (11.38) 1 (11.39) 00pa3yroT MOMHBIN CIIEKTP

2
F*(jon), ams BeiuuciieHus kotoporo tpedyercs N +2(%) , 4 HE

N2 onepanuil, Kak B 00ObIYHOM JUCKPETHOM Mpeodpa3zoBaHuu. Onu-
CaHHBIN NMPUEM MPUMEHSETCA Jajee K KaXJIOW M3 MOCIe0BaTelb-
Hocreit f(tax) u f(toks+1) pasmenenueM ux Ha 4ETHOE U HEUETHOE TIOI-
MHOJKECTBAa JIO0 TE€X IOp, IIOKA B KaXJIOM IOJIMHOXKECTBE HE OCTa-
HETCsI IO O/IHOMY DJIEMEHTY.

B wutore olmee umcio TpeOyembIxX omepanuii Oyaer paBHO:
O=Nlog;N, uro, manmpumep, npu N=64 cocrasur O=Nlog,N=384
no cpaBHeHuto ¢ N“=4096, 1.e. Ha nopsnok mensite. /g N=1024
JOCTHTAETCS Y)K€ CTOKPATHBIA BBIUTPHIII MO 00BEMY BBIUMCIICHUMN.
3aMeTuM, 4TO Ui ynoOCTBA IOCIEI0BATEIbHOIO JIEJIEHUs HA YET-
Hble Y HEUETHBIE MOJAMHOXKECTBA OOBIYHO MCIONB3YIOT N, paBHBIC
L[EJIBIM CTEIEHSAM JBYX, XOTS B YHUBEPCAIBHBIX AJITOPUTMAX OBICT-
poro npeoOpazoBanus Pypbe 3Ta peKOMEHAALUS yXKe HE ABISAETCS
00s13aTeNBHOM.

Ha puc. 56 npeacraBiieH npuMep UCIOJIb30BAHUS MTPSIMOTO U
obpatHoro OwbicTporo npeoOpaszoBanuii dypre B makere Mathcad.
Crnenyer oOpaTuTh BHUMaHUE, YTO B MAacCCHBAaxX JaHHBIX M MO OCH
a0CICC PUCYHKOB NPUMEHSIOTCS TOJIBKO HEOTPUIIAaTEIbHbIE HOME-
pa OTCuéTOB, a HE UCTUHHBIC 3HAUYCHUS MOMEHTOB BPEMEHH U 4Ya-
CTOT. DTO 0COOEHHOCTh 3HAYUTENIbHO yIpouReT (GopMaabHOE IpHU-
MEHEHHEe armnapara ObIcTporo npeobdpasoBanust Oypbe s pa3Ho-
00pa3HbIX MPAKTHUECKUX 33]a4, HO B KOKIOM KOHKPETHOM CITydae
TpeOyeT yCTaHOBJIEHHUS COOTBETCTBHUS (OPMalbHBIX BENTUUYUH (u-
3UYECKUM.

[IpenmymecTBoM ObIcTporo mpeodpasoBanus Dypbe sSBISET-
Csl HE TOJIbKO CYIIECTBEHHOE COKpAIlEHHE TPYAOEMKOCTH BBIUMC-
JICHWH, HO 3aMETHOE CHUXEHHE OUIMOOK OKPYITICHUH, HaKaIrjanBa-
€MBIX C POCTOM YHCIIa OTIEPaIU.
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N:=64 k:=0.N-1 flk):= |0
5 if k<10
fly == f1(k) F:=ffi(fl) 2 := ifft(F)
6
5
4
fly 3
o
1
0
40 0 10 20 30 40
Kk
8
7
\
6
[Fi| gif
E
Fi| 3
21N
A% |
o LTIV NI

0 3 6 91215182124

k

s
IS
oORr NWA U O

10 0 10 20 30 40

k

Puc. 56. Unmoctpanust npuMeHEeHUsI ObICTPBIX
npeobpasoBanuii ®ypne B makere Mathcad
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Koumponwvusie 6onpocwl u 3a0anus k pazoeny

1. Kakune ¢usnueckue mpoiieccsl ya00HO MOJCIUPOBATH C
MIOMOIIIBIO MHTETpalbHbIX ITpeodpa3oBanuilt dypre?

2. Jlns kakuX (QPyHKUMH MOXKHO OCYIIECTBHUTH WHTETPAIBHOE
npeobpazoBanue Oypne?

3. B ué™m ¢usnueckuii cmpicn ycnosus Jupuxie?

4. Yto Takoe unTerpan Oypre? B 4ém ero cXoacTBO U OTIHU-
yue ot psaga Oypwe?

5. Kakue npakruyeckne NpuémMbl UCIONIB3YIOT NIPU BBIYMCIIE-
HUKU uHTerpana Pypbe aus (QYHKIHI, ONMHCHIBAIOIMMX PEaNbHBIC
CUTHAJIbI?

6. Kak Beruncnuth unTerpan ®Oypve it GyHKIUU, HE yHO-
BJICTBOPSIOIICH YCIOBHUIO a0OCOTIOTHOM MHTETPHUPYEMOCTH?

7. Beruncnuts uHTErpansl Oypoe s GyHKIUN:

1 1-e® t
fty=1-e3; ft)=—1?: ft)=——; f(t)= .
® ® t+1 ® t+1 ® t2+1

8. B uém 3axmouaercs npakTudeckas OrpaHU4eHHOCTb HET 0-
CPEICTBEHHOTIO NpUMeHeHHs uHTerpana dypoe?

9. Kak mony4uTh KOMIUIEKCHYIO (opMy uHTerpana Oypoe?

10. Kakum oOpazom komruiekcHas ¢dopma uHTterpaia dypne
MO3BOJISIET MEPEHTH K YaCTOTHOMY IpelICTaBiIeHUI0 (QyHKIUM Bpe-
MeHH?

11. Yro Takoe npsimoe u oOpatHoe mpeodpazoBanusi Dypne?

12. Kak cBsizaH criektp (yHKIIMHA BPEMEHH C KOCUHYC- U CH-
Hyc-ipeoOpazoBanusmMu Pypre? Kak mpumeHseTcs 3Ta B3auMO-
CBSI3b B IPAKTUUYECKOM YaCTOTHOM aHAJIM3€ CUTHAJIOB?

13. BblunciauTh COEKTphbl CUTHAJIOB, OMUCHIBAEMbIX (DYHKIU-
sIMH, YKa3aHHBIMU B 3a/IaHUU 7.

14. Kakoe nmpakTuyeckoe NpuMEHEHHE UMEIOT CBOICTBA Tpe-
obpazoBanuii ®ypne?

15. B uém usuyeckuii cmbicn paBeHcTBa [lapceBans?

16. HaiiTu criekTpbl (yHKITHI
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f (t) = 3cos 20t OStsg; f(t)=2sin3mt, 0<t<n;
f(t)=2t, 0<t<3; f(t)=2—t, 0<t<2;

ft)=-e?)(2-1), 0<t<3; f()=[-e?)e? t>0.

17. Kak cBsizanbl psag @ypwe co crekrpom Dypbe ais ogqHON
U TOH ke (yHKIUU?

18. Uro Takoe vactotHas QyHkuus cuctembl? Kakoil ¢usm-
YEeCKUI CMBICIT €€ MOyl U (a3bl?

19. TocTpouTh aMIIUTYIHBIE U (Pa30BbIE YaCTOTHBIE Xapak-
TEPUCTUKU CUCTEM:

. 5 . 5+ jo
W W)= , W )= ]
(jo) 1- 40 +0.2 jo (Jo) 1-40%+0.2 jo
. 5+2jw . 5
W =— W =
Ue) = 020 U0) = 0210) o
. 5e~12¢ . Ge~12¢
W = w =—
o) =0 25 (Jo)

20. IIpoBecTH CHEKTpaJIbHBINA aHAJIU3 MPOXOXKJICHHUS CHUTHa-
JIOB, YKa3aHHBIX B 3aJjaHUM 16, yepe3 CUCTEeMbl, IPUBEIEHHBIC B
3amanuu 19.

21. Kakum o0Opa3oM MOXHO TMOJYYUTb CHEKTP AUCKPETHOMU
(byHKIMY BpeMeHH ?

22. Kakoe mpakTH4ecKoe CJIEJICTBUE BBITEKAET M3 CBOICTBa
HNEePUOAUYHOCTHU CHEKTpa JUCKPETHOIO CUrHasa?

23. OOBACHUTH UMIYIILCHYIO TeopeMy KoTenbHuKOBa U mIpu-
BECTH IIPUMEP, PACKPBIBAIOIMH €€ MPAKTUYECKOE 3HAUYEHHUE.

24. Yto Takoe nuckpeTHoe mpeobOpasoBanue Dypwe, U yeM
OHO OTJIMYAETCs O HENPEPBIBHOTO NTpeoOpa3oBaHus?

25. BBIMOJIHUTE MPsIMOE U 00OpaTHOE JUCKPETHOE Mpeodpas3o-
BaHust Oypbe 17151 CUTHAJIOB, YKa3aHHBIX B 3a/laHUU 16, U CPaBHUTH
MOJTy9E€HHBIE PE3YIbTATHI C HEMIPEPBIBHBIM IPE00pa30BaHUEM.
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26. Kakum o0pa3oM YacTOTHOE NPEACTABICHHUE CHUTHAJIOB
MO3BOJISIET CYUTh O CBOMCTBE KBA3MHEMPEPHIBHOCTH UMITYIbCHBIX
cucrem?

27. B npumepax u3 3aganus 20 BBECTH TUCKPETU3ALMNIO CHUT-
HaJIOB BO BPCMCHU U IPOBCPUTH BBIIIOJIHCHHUC YCJIOBUA KBA3WHC-
MPEPHIBHOCTHU JUCKPETHBIX CUCTEM.

28. B uém 3axmmovaercs ObicTpoe mpeodpazoBanue Oypne?

3AK/IIOYEHHUE

Jlannast pabota, KOTOpasi COAEPKUT YETKOE U KPAaTKOE H3J10-
JKEHHE TEOpPHH, OOJIBIIOE KOJIMYECTBO 33Jau M pPa300paHHBIX MPH-
MEPOB, CYIIECTBEHHO BOCIOJHUT UMEIOIIHMECS MPOOEIbl B y4eOHOH
JUTepaType IO BbIILEYKa3aHHbIM pa3JeslaM MaTeMaTUKd, 0COOeH-
HO NP MCIOJB30BAHUH Y4eOHOTO TOCOOMS B KaUueCTBE 3aauHUKA.

W3nanue pekomeHzyercs Ui paOOThl Ha MPAKTHUECKUX 3a-
HATHUSAX, IPU MOATOTOBKE K KOHTPOJBHBIM PaboTaM, a Tawkke Mpu
BBIITOJTHEHUN TUIIOBBIX PAacyeTOB M MPHU COCTaBICHUU KOMILIEKC-
HBIX 33/laHU{, AaTTECTALlMOHHBIX KOHTPOJBHBIX 3aJlaHUN IO yKa-
3aHHBIM TEMaM.

Cuutaem, 4TO JaHHOE 1MO0cOoOMEe MOMOXKET OoJjiee MTyOOKOMY U
MOJIHOMY YCBOCHMIO CTyAEHTaMM y4eOHOro MaTepuaa 1o JaHHbIM
B IOCOOMU paznenaM U OyaeT COOTBETCTBOBATh J(PEKTUBHON Op-
raHu3aluy y4eOHOoro npoiecca o Kypey «MaTteMaThkay.

OrpanuueHHBIH 00BEM TOCOOU S HE MO3BOJISIET OXBATUTH BEChH
OOIMPHBIA HAyYHBIH M TPHUKIAJHON Marepuai, HaKOIJICHHBIA B
HacTosIIee BpeMsi IO Teopuu mpeodOpasoBanuii dypbe U UX Mpu-
JOXEeHHUsIM. B dacTHOCTH, B TOCOOMM HE OCBEIICHBI aKTyaJIbHBIC
BOIIPOCHl TNPUMEHEHHUS OKOHHBIX IpeoOpa3zoBaHuili Dypre u
BelBJIeT MpeoOpa3oBaHUM, PacCMOTPEHHE KOTOPHIX TpedyeT OT-
JETBHOTO OOCTOSATEIBHOTO PACCMOTPEHHSL.
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