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STATIC AND KINE [ ATIC ANALYSIS OF FLAT TRUSS OF REGULAR TYPE
[ .N. Kirsanov!

Nati onal ResefaPElBh University i
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'Dr of Physics and [athedat i-i3aic2lp@yd.rdssor, t el

The scheme of statically determinate truss with a periodic structuemalyzed. Formulas are derived for the

deflection of the truss, depending on the size of the truss and the number of panels. To generalize a number of solutions
for trusses with different number of panels, the induction method is aPplied to the gereralldeansformations and

solutions of the equations of node equilibrium are performed in the system of computer mathematics Maple. To find the
recurrence equations, which are satisfied by the coefficients in the formulas, special operators of the owtiptte

matics system Maple are involved. It is shown that in some cases with a certain number of panels the trusses become
kinematically variable. APpropriate schemes for the distribution of possible node velocities are given. The asymptotic
property of tke solution is found. The problem is solved for three types of symmetric load. It is shown that the obtained
dependence has a jurike character. This allows you to use the solution in optimization problems when choosing the
number of panels of the desighstructure.

Keywords: A j te,d5@uction,f aple, deflection, kindgtic variability
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ANALYSIS OF STRESSED-DEFORMED STATE
RECTANGULAR PLATE WITH DIFFERENT METHODS
OF THE SURFACING OF THE EDGES AND ARBI TRARY LOADING
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The calculation of a rectangular slab according to the technical theory (thin rigid slab), based
on the KirchhoffLove hypotheses, isonsidered in this article. Such plates are most widely used in
construction practice. For the calculation, the solution of M. Lewi $ingle trigonometric series is
applied. Analytical expressions for the desired quantities are derived for all t&gexyahe edges
of the slab for which it is possible to use the Levy solution. Calculations are performed using the
Mathcad computer math package, in the medium of which the computer program was developed
and registered. The results obtained were coetpaiith the numerical solution of the samelpro
lems with the help of PC Lyra. The convergence of the numerical solution to the Levy analytical
solution was investigated with decreasing finite element sizes.

Keywords: rectangular plate, deflection, bendingpment, torque, shear force, Mathcad,
FEM.
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Statically determinate girder with upward braces and parallel belts reinforced with additional
braces. On thdalf of the upper belt, the truss is loaded with forces evenly distributed over the
nodes. The deflection of the truss is calculated by the MasMatir formula. The forces in the
rods in the analytical form are the method of cutting nodes according pyateam of symbolic
transformations Maple. According to the solution of a series of problems with different successively
increasing number of panels, a sequence of coefficients of the desired formula is obtained. The
General term of the coefficients seque is determined by solving a linear homogeneous recurrent
eguation.
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Introduction. Analysis of eigenfrequency spectra of mechanical systems and structures is of
great practical importance. In [1] on the specifics of the spectrum of oscillations of the system is
proposed to detect defects in products. The temperature and the crysthitogragntation of the
lattice, as shown in [2], affect the spectrum of the oscillations of the singg&al rotor blades of
the engine. Analysis of the adequacy of the mathematical model of the comjoms$enser unit
in [3] is carried out on the speem of oscillations obtained by the finite element method.

Among the mechanical systems and building structures, a class of regular systems can be
singled out separately, having periodically repeated elements or groups of elements in their stru
ture [5-8]. We show that the spectra of some regular systems have one previously unnopieed pro
ertyd the embedding property of frequency spectra.

Natural oscillations of regular trusses were studied+h3P

Cargo system on a smooth plane fixed on one sideonsider the equations of small osaill
tions of the system of loads connected by linear elastic elements (springs) with stifffigsq).

7 c S S I
%f VNN NN NN WY
- o

Fig. 1. Cargo system with elastic bonds on a smooth piat,

Es d M0 das,2019
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Applying the Lagrange formalism, we introduce generalized coordidatéisear displae-
ments of loads. The kinetic energy of the system of loads of the same mass m has the form

n
T=mg ¥/2, (1)
k=1
where X is the velocity of th&-th point. The coordinatex, corresponds to the attachment point
of the left spring. The potential energy of compression of springs has the form
n
P =cd (%1 %)°12, % &

k=1
We write the system of Lagrange equations of the 2nd kitetZ,...n)

d apT OFT Al

didfog 2 T

in matrix form

mX+[D] X 9, @)

where[D,] is the stiffness matrixX 8 the displacement vector of loads of Iength>'_(' 0 vector
of accelerations. Far=4 this matrix, for example, has the form
e2c -¢c 0 O
[D4] ec 2c < O . 3)
-C 2c <
éO 0 -c c
Note that this matrix is not symmetric with respect to the side diagonal. If we multiply (2)
by the matrix of compliancdB,] inverse to[D,], then takinginto account the substitution
X = Asinut +/,) equivalent to the replacemeb?t: WX , the problem is reduced to the pro
lem of the eigenvalues of the matfB,] : mu?[B] X= X, where /" the eigenvalue coer
sponds to the eigenfrequenay or [B] X =/ X . At n=4 the matrix{B,] has the form

111

[841—1gl
5

The elements of the upper (right) triangle of this symmetric matrix in General for an arbitrary
valuen have the form:

N N DN
A WODN

2
3
3

b, =i 4..n },j On 1

Eigenfrequency spectra for systems with different number of loagslatl/m, m =1 kg are
shown by curves (Fig2). Conventionally, each curve connects the points corresponding t@the fr
guencies of the system withmasses, anklis the number of frequencies.
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n=12

Fig. 2. Eigenfrequency spectra of unilaterally fixed cargags,

Discoveredhe next match of frequencies:

W =) =@ eelgdt, W W M. 1618t

WD =) =@ sooet, W W I 1248

= 0 = §0.. 8oz !, ...

The observed patterns allow to obtain some frequencies without resorting to calculations:
I =06187, X ® =1,618 ¥, pF V2000t ; MY 4247

nf =180, k =1,2,...

The list goes on.

Cargo system on the plane, fixed on both sideShe equations of oscillation of loads,

connected by springs, not stressed at rest (Fig. 3), almost no different from the previous example.
The potential energy of compression of springs has the form:

n+l

P =Cl (X%.1 %)°12, % %4 O

k=1

%f‘\\f\f\/‘\J‘\f‘\J\f‘x/‘xf‘\f“«f NI A

Fig. 3. Cargo system with elastic ties on a smooth plane
and doublesided fastening)=6
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The stiffness matrix in (2) at=4 differs from (3) only in the element on the last line and has
the form

g2c -¢c 0 O
e -c 2c < O
-c 2 <
éO 0 -c Z
The matrix of compliance inverse tcetmatrix[D,] has the property of symmetry. At4
it has the form:

[D4]

4 321
[34]:ig“” 6 4 2
5cé&2 4 6 3

& 2 3 4

A generalization of the form of this matrix to the General case is obvious. The compliance
matrices for an arbitrary number of loadsave the form

en n-1 .. 2 1

gn-1 20 ) .. 4 2
B]= 312 3n-) .. 6 3.
[Bil = (hiDos (n -1)

g e

g1 2 .. n-1n

Graph of frequency distribution in the spectra (Fig. 4) with a different number of masses is
similar to the schedule in figure 2. However, there is a fundamental difference that constitutes the
main idea of this article. If in the first problem on the bston of loads fixed on the one hand
there is only a coincidence of some frequencies, here, in the symmetric problem, the frequency
spectra{ Wj, k=1,2,... have the property of embedding (Fig. ¥4 E W, , wherea, b is the

number of masses in the systems. We have the following relatikrsht, 2 , €

{ME Wh{ W{E WA } WE I} {WEB.W (4)
Moreover, these relations admit one more simple generalization:
{W} H Wa} ik E2. )

Ry
7

4

7 4
/|

1 2 3 4 5 b 7 8 3 10 " 12

@

o

-

i

o
@

o
=

Fig. 4. Spectra of the eigenfrequencies of the system of goods two sides dikeHori-
zontal lines indicate the matching frequency
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n=1,[1.414]
n=2.[1.000,1732]
n= 3,[0.765,1.414, 1.848]
n= 4,[0.618 1176, 1.618,1.902]
n= 5,[0.518,1.000,1.414,1.732, 1.932]
7= 6,[0.445,0.868,1.247, 1.564. 1.802, 1.950]
= 7.[0.390,0.765 1.111, 1.414, 1663, L8483, 1.962]
n= 8§, [ 0.347,0.684,1.000, 1.286, 1.532,1.732,1.879, 1.970]
n=9,[0313,0.618,0908,1.176,1.414, 1.618, 1.782, 1.902,1.975]
n= 10,[0.285,0.563, 0.831, 1.081, 1.310, 1.511, 1.683, 1.819, 1.919, 1.980]
n= 11,[0.261,0.518, 0.765, 1.000, 1.218, 1.414, 1.587, 1.732, 1848, 1.932, 1.983]
n= 12,[0.241,0.479, 0.709, 0.929, 1.136, 1%"6?9" 1.646,1.771, 1.870, 1.942, 1.985]
7= 13,[0.224,0.445,0.661, 0 868. 1.064, 1.247. 1.414. 1.564, 1.693, | .802. 1.888, 1.950, 1.987]
n= 14,[0.209, 0.416, 0.618, 0.813, 1.000, 1.176, 1.338, 1.486, 1.618, 1.732, 1.827, 1.902, 1.956, 1.989]

Fig. 5. The attachment of the spectrasagenfrequencies of the system loads, mounted on two sides

Loads on an elastic beam (version 1Consider the vertical oscillations of the system of
loads of mass, located on a linearly elastic weightless beam at the same distance from each other
and flom the supports (Fig. 6).

Fig. 6. Beam with masses=9 (version 1)

The differential equation of small oscillations of this system does not differ from equation

(2), where X i the vector of vertical displacements of masses, and the elements of the matrix of
compliance, inverse tfD,] , are calculated by the Maxwéohr formula:

b= Pl Mz 9%
0 J
wherem (X and m; (X are the diagrams of bending moments in the beam from the action- of ve

tical unit forces applied to the places of massasdj (Fig. 7), whereEJ is the bending rigidity of
beams. Diagrams of moments included in the Maxivbhr formula have the form

.’Cl X

-

Fig. 7. Moment plots for calculating the elements of the compliance matrix
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Maximum plot values:
M (%) =% (L -x)/ L k& ], (6)
whereL=(n+1)a is the beam length. If the loads are at the same distance from each other and from
the supports (span split with stap thenx, = ak, k =, j. Plots have an analytical expression

_ XM (%) X%, 0¢ x X,
MO =L OMO (L %), % & L

Thus, the coefficients of theompliance matrix have the form

L ., . ,
AN g dG-n DE F 6 DR

- S
N = I EJ
b =b;, | d.

At n =4 the matrix has the form:
32 45 40 23

I8,]- a® 95 72 68 40
7 30E) &40 68 72 45
€3 40 45 32

The eigenvalue/ " of this matrix corresponds to the eigenfrequen¢y =1/, £”m. The

spectra of own frequencies of fluctuations, relatedlE:]/ (méa) , for beams with various numbers
of goodsdisplayed curves (Fig. 8) similar curves in figures 2 and 4.

7 ‘.
1) L o o e ) bl i s

Fig. 8. Natural frequency spectra of loads on the beam]-48 (version 1)
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n=1,[2.449]
n= 2,[1.095,4.243]
n= 3,[0.617,2.449,5201]
n= 4 [0395 1.575. 3487 5742
n= 5, [(’)"“-4 1.095,2.449, 4243, 6.070]
n= 6,[0.201, 0.805, 1.807,3.176, 4.793, 6.281 |
n= .[(_).154.(_).(_71“ 1.385,2.449, 3.766, 5.201, 64"’4]
n= 8, [0.122, 0487, 1.095, 1.942,3.008, 4243, 5507, 6.525]
n=9,[0.099,0.395, 0.888, 1.575, 2.449, 3.487, 4.628, 5._-12.().599]
n= 10,[0.082, 0.326, 0.734, 1.303, 2.030, 2.903, 3.895, 4.943, 5925, 6.654]
n= 11,[0.069. 0274, 0,617, 1.095. 1.708. 2.449, 3,305, 4243, 5.201. 6.070, 6.697 |
n= 12,[0.058,0.234, 0.525,0.934, 1.457,2.092, 2.831, 3.658, 4539, 5414, 6.187,6.730]
n=.13,[0.050,0.201, 0.453, 0.805, 1.257. 1.807, 2.449, 3.176, 3.969, 4.793, 5.592, 6.281, 6.757 ]
n= 14,10.044,0.175,0.395,0.702, 1.095, 1.575, 2.138,2.779, 3.487, 4.243,5.012, 5.742, 6.366, 6.779]

Fig. 9. The attachmentf the spectra of eigenfrequencies of the system loads on the beam. Same
frequency are underlined
There is also an embedding of spectra of the form (4) and (5) found in the problem of loads
with elastic bonds on amooth plane (Fig. 3). The dimensionless oscillation frequency

WP =6 =2,449 atn=1 coincides with the known result for the oscillation frequency of the load

on a beam lengtha2 w=+/6EJ / (m&) [14].

Loads on a shortened elastibeam (version 2).Consider another fastening of masses, also
evenly distributed over the beam (Fig. 10). The difference from the previous problem is the shor
ened distances of the initial and last masses to the supperésthe beam lengttFna.

% & ® L @ @ L @ 7;7

:a/2: a | a | a : a : a : a :a/2}

Fig. 10.Beam with masses=7, (version 2)

The maximum values of the moments plots are calculated by the same formulas (6), where
X =a(k 1/2), k & ]. The coefficients of the compliance matrix, the eigenvalues of wheeh d

termine the oscillation frequency, have the form

qj—~m£2 ds =221 D] 2n DERE [+ j-2f n) 1)/448Ed )i |
0
b; =, j G
At n=4 the matrix has the form

49 95  §1 31
95 225 207 81
81 207 225 095

31 81 95 49]
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Let's write the sets of eigenvalués™ /" 9 . (P} of several matrices, where the
lower index means the eigenvalue number, the upplee order of the system. Let us refer these
values to/l(l) 148=a3/ (EJ):

LO =13, 2 pz8, ©L{ 873 40}

L@ 1,8 64 94/2}, @ {1=52/5 4/%,156 6¢°5

L® =1 8/3,8,40,320 °184¢ 3}.

@ n=ln=2n=3

=3

=17

E ¢ & 9 1 11 12 13 14 15 1B 17

Fig. 11

You can see that the embedding of spectra here is simpler thank#4)1At 2 , € we hav ¢

(W E W{ W{E MW } B W (WE 1

or {W} =] W, .k E2... . The latter equality also means that if the number of masses with this

arrangement on the beam is expressedRag@e number, then in the case of joint operation of se

eral similar systems with different number of loads, there will be no internal resophenore-

non. Another property of the frequency spectra found is that the higher frequency here dees not d
pend on the number of loadswhile for the first variant of the cargo arrangement (Fig. 6) this fr
guency increases with n  smoothly, asymptoticel approaching the value

w=1/48EJ /(m&) ©6,928¢" (Fig. 8)8 the highest frequency for the second variant of tha-loc

tion of goods. In fact, this corresponds to the principle of S&ntant.

Conclusion. The analysis of the spectra of frequencies of natural oscillations of two simple
regular systems have identified a property investment or spectra match the frequency of the systems
of different order. This property makes it possible in some cases lp @atsiin simple solutions to
the eigenfrequency problems of lardienensional systems, reducing them to simple systems. A
simple illustrative representation of the frequency spectra in the form of certain curves connecting
the frequency points of the sprcis proposed. Formulas for matrix elements whose eigenvalues
determine the frequencies of the system are obtained for an arbitrary order of the system. In the
problem of small oscillations of loads on the beam it is shown that the higher frequencyl af os
tions does not depend on the number of loads.
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THE PROPERTY OF EMBEDDING OF NATURAL FREQUENCIES SPECTRA
OF REGULAR MECHANICAL SYSTEMS

[ . N. Kirsanov

Nati onal ResefaPElBh University A
Moscow, Russia

Dr of Physics and Mathematics, professor, tel.: +7(495)36273tvilec216 @ya.ru

The frequency spectra of natural oscillations of some simple regular systems are analyzed.

The property of embedding the spectra of systavith a smaller order in the spectra of systems

with a large order has been found. It is shown that the property of embedding spectra in the classical
problem of oscillation of elastically connected loads on a smooth plane is manifested depending on
the mounting system. In the problem of vertical oscillation of uniformly located loads on an elastic
weightless beam, it was found that the highest frequency does not depend on the number of loads.
Determination of the oscillation frequencies of systems wighgroperty of an embedding is-r

duced to finding eigenvalued a bisymmetric matrix.

Keywords: truss, inductionf aple, deflection, kinggtic variability.
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CLASSIFICATION OF STRUCTURES COMBINING REINFORCED CONCRETE
SLAB WITH STEEL BEAMS

A. V. Kozlov

VoronezhState Technical University
Russia,Voronezh

Sc. associate professor of the Department of Roads and Briggeming
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One of the important issues on the work of steaiforced concrete bridgé@staking into
account the impact of the shift between concrete and steel structural elements. The reliability and
durability of the structure depend on improving the accuracy of the calculation by modelig the a
tual operation of the structure of any complexity.wewer, it is necessary to develop a science
based methodology for the calculation of models of steetrete superstructures and structures
combining concrete and steel.

In the analysis of experimental and theoretical studies of the calculatgiaebfeinforced
concrete bridges, there are significant differences in the stiffness values obtained by different a
thors for the binding elements of steel and reinforced concrete parts of the cross section @fthe stru
ture. The requirements for the tedhwgy of calculation of stealoncrete span structures of bridges,
including taking into account the ultimate shear stiffness of the joints of the steel beam mwith rei
forced concrete slab, are not regulated in the developed interstate standards, &aallyhdavée
opment as part of national standards is certainly one of the most important tasks in the iraplement
tion of TR CU 014/2011.

The proposed algorithm of calculation with the ability to take into account the flexibility of
the shear connection allowsu to Refine the calculation of stemncrete span structures of lgid
es in accordance with modern computing power, allows you to increase the level of reliability of
bridge structures, laid at the design stage.

Keywords: connecting elements of reinfted concrete and steel part of the superstructure;
rigid, flexible, continuous support; anchor
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RELIABILITY AND DURABILITY OF TEAM  -MONOLITHIC
TIRE FLIGHT OF THE ROAD BRIDGE

V. S. Safronov, A. V. ¢ ntipoV?, ¢ . V. ChernikoV
Voronezh State Technical University

Dortransproekt LLE
Russia, Voronezh

1Dr. of Techn. Sciences, Professor of the Department of Structural Meghehics? (473) 2715230

J-mail: vss22@mail.ru
2 Senior Engineer

¥ MA Student of the Department of Structural Mechanics

The methodology and results of calculating the reliability and durability of the span of a reinforced concrete
slab road bridge are described, taking into account the influence of resistance @b [ttedsombined and mon
lithic parts of the composite section, as well as the parameters of variation of the strength characteristics of concrete
and reinforcement. The probabilistic method is based on the ideas of loading by a temporary load indhe form
random ergodic process with given statistical characteristics: expectation, variance, and correlation fumation. Co
putational procedures are based on the provisions of the theory of emissions of a stationary normal random function
for a constant normhaandom level with a given average and standard that meets the limit state of the supporting
structure.

The results of numerical studies of the reliability and durability of the prevastlithic structure of a slab
span structure reconstructed foodern temporary loads of a road bridge are presented. The dependences lef reliabi
ity and durability are studied depending on the effective loading period of the transport structure.

Keywords: slab reinforced concrete bridge, prefabricateaholithic congruction, probabilistic assessment
of reliability, theory of emissions of normal stationary processes, effective loading period, logarithmic reliability i
dicator, strength variation of materials and loads
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The finiteelement model of deformatiesirength calculation of the spatial lebdaring sg-
tem of amulti-storey building made of reinforced concrete in monolithic construction is developed.
This model is based on hybrid elements, which take into account the dependence of the mechanical
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